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Preface 


Over the years, I have taught a two semester graduate course on 
electromagnetism at the University of Rochester. The present book 
follows that material almost word-for-word. I have not attempted 
to polish the writing, and these lecture notes, therefore, reflect the 
informality of the class room. In fact, I even considered presenting the 
material in the original format, but lectures have a way of ending and 
starting in the middle of a topic, which is neither very appropriate 
nor expected of a book. Nonetheless, the subject is presented exactly 
in the order it was taught in class. 

Some of the material is repeated in places, but this was deemed 
important for clarifying the lectures. The book is self-contained, in 
the sense that most of the steps in the development of the subject 
are derived in detail, and integrals are either evaluated or listed when 
needed. A motivated student should be able to work through the 
notes independently and without difficulty. Throughout the book, I 
followed the convention of representing three dimensional vectors by 
bold-faced symbols, and I use CGS units because of their relevance 
in special relativity. 

In preparing lectures for the course, I relied, at least partially, 
on the material contained in the following texts: 


1. P. C. Clemmow, “Introduction to Electromagnetic Theory”, 
Cambridge University Press (1973). 


2. L. Eyges, “The Classical Electromagnetic Field”, Dover Publi- 
cation (1972). 


3. J. Frenkel, “Principios de Eletrodinamica Classica”, Editora da 
Universidade de Sao Paulo (1996). 


4. W. Hauser, “Introduction to the Principles of Electromagnetism” , 
Addison-Wesley Publishing (1971). 
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sincerely appreciate everyone’s input. 

Part of the lecture notes were converted to ATpX by Diane Pick- 
ersgill. The present format of the book in 4TRX is largely due to the 
meticulous work of Dr. Alex Constandache, who succeeded in giving 
it amore “user friendly” appearance. Most of the figures were drawn 
using PSTricks, while a few were done using Gnuplot and Xfig. I 
would like to thank Drs A. Constandache and F. T. Brandt for help 
with several figures. 

It is also a pleasure to thank the editors of the TRiPS series, as 
well as the publisher, for being so accommodating to all my requests 
in connection with the book. 

Finally, I thank the members of my family, in particular for 
their patient support and understanding during the completion of 
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Ashok Das 
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Preface to the second edition 


The modifications in this second edition of the book arose mainly 
from the requests made by various readers. Several typos in the 
earlier version have been fixed and the presentation made clearer at 
many places, sometimes with longer derivations of the results. The 
figures now carry captions with references to them in the text. In 
addition to the numerous examples and exercises that were already 
present in the text, I have now included a few selected problems at 
the end of (almost) every chapter in the present edition. 


Ashok Das 
Rochester 


CHAPTER 1 


Electrostatics 


Electrostatics is the study of the properties of electric charge distri- 
butions at rest. This is the first step in the understanding of elec- 
tromagnetic phenomena. In the next few lectures, we will discuss 
various properties of time independent charge distributions. 


1.1 Coulomb’s law 


It was observed quite early that when particles carrying electric charge 
are brought closer, they experience a force, and this force was called 
the electric force. The main question that one studies in electrostat- 
ics is the analysis of the electric force experienced by a given charge 
due to a complicated distribution of static electric charges in space. 
(As a side remark, let us simply note here that although at the mo- 
ment it may seem like the course is only concerned with developing 
techniques for solving problems in electromagnetism, the techniques 
are quite general and are so powerful that they may be used in any 
other field of research as well. In that sense, we can think of the 
material of the course as developing powerful techniques for solving 
theoretical problems through examples of electromagnetism.) Fun- 
damental to this study, therefore, is the understanding of the force 
between a pair of static charges separated by a given distance. This 
question was, in fact, studied by Coulomb in a series of impressive 
experiments and he found that the electric force between a pair of 
static particles carrying electric charge 


1. is linearly proportional to the individual charges on each of the 
particles, 


2. varies inversely as the square of the distance between the two 
particles, 
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3. and is a vector along the line joining the positions of the two 
particles carrying charge. It is attractive if the charges of the 
two particles have opposite sign and is repulsive otherwise. 


Quantitatively, we can, therefore, write that the force experi- 
enced by a particle with charge q at the coordinate r because of the 
presence of a static particle carrying charge q, at the coordinate r, is 
given by 


F(r—r,) = bog on) = Rp R= kp (1.1) 
Here, we have defined R = r — r, (see Fig. 1.1) and have used the 
notation (which we will use throughout the lectures) that a bold- 
face quantity represents a vector while a boldface quantity with a 
“hat” simply stands for a unit vector and, in the above equation, k 
represents the constant of proportionality. 


Figure 1.1: Direction of the electrostatic force experienced by a charge 
q at r due to a charge q, of the same sign at coordinate ry. 


There are several things to note about the force from the ex- 
pression in (1.1). First, it is translationally invariant, namely, under 
a translation of the coordinate system, the expression is unchanged. 
Sometimes, one takes advantage of this to translate the coordinate 
system such that q, is at the origin, in which case, the force has the 
simple form 


F(r) = Tats k —r, (1.2) 


where r denotes the coordinate of the charge q in the new frame 
(with respect to the new origin). Second, the value of the constant 


1.1 COULOMB’s LAW 3 


k, depends on the system of units used. In the CGS (Gaussian) units 
(which we will work with throughout these lectures), where distances 
are measured in centimeters and the force in dynes, & = 1 while in the 
MKS (SI) units (which is used mostly in engineering applications), 
where distances are measured in meters and the force in Newtons, 
k = 10-"¢ Nop Here “N” stands for Newton, “C” for Coulomb 
and “m” for meter and c is the speed of light (just the value ~ 3 x 108 
in the MKS system without the dimensions). The rationale behind 
the choice of different units is as follows. In applications (SI units), 
currents are measured in units of Ampere which is defined to be 
Coulomb/sec. Therefore, one can define the unit of electric charge, 
Coulomb, from Ampere’s law which involves the magnetic force be- 
tween two currents. Once the unit of charge, Coulomb, is defined 
in this way, consistency determines the constant k in the Coulomb’s 
law. (Basically, once the unit of charge has been defined from the 
magnetic force, it has to be consistent with the definition of force in 
Coulomb’s law. The peculiar value of the constant arises because it 
involves the vacuum magnetic permeability since it originates from 
the definition of the magnetic force and the constant can be identified 
with k = on where ¢€o is the dielectric permittivity of the vacuum 
through usual relations.) On the other hand, in the CGS (Gaussian) 
units, the desire is more to be consistent with the requirements of 
relativistic invariance. We know from the studies in relativity that 
electric and magnetic fields can be mapped to each other under a 
Lorentz transformation. The simplest way to see this is to note that 
if we have a static charge, it only produces an electric field. However, 
in a different Lorentz frame, the charge would be moving giving rise to 
a current and, therefore, to a magnetic field as well. Thus, relativis- 
tic invariance treats electric and magnetic fields on the same footing. 
From the form of Lorentz transformations, we can also see that they 
have to have the same dimension. The choice k = 1 enforces this and 
we see that if we choose k = 1, then, Coulomb’s law can be thought 
of as defining the unit of electric charge in the CGS units, which is 
an “esu”. (The electric force between two charges of magnitude 1 esu 
each, at a separation of 1 cm, is defined to be 1 dyne.) It is quite 
easy to see from this that (remember that 1N = 10°dynes) 


1 esu = 1 statCoulomb = (10c)~! C = (3 x 10°)! C. (1.3) 


In fact, let us suppose, 1 esu = aC. Then, 


4 1 ELECTROSTATICS 


N—-m? 
= —7 2 
k=10 ‘ec Ce 
10° x 10* dyne — cm? 
Sj ee 
. aW?2 esu2 
= 10? a? = 1, (1.4) 


which determines a = (10c)~! and, therefore, 1 esu = (10c)~!C. (We 
note here that the magnitude of electric charge on an electron or on 
a proton is known to be 1.6 x 107-!%C = 4.8 x 107 'esu.) 

Experimentally, it is also observed that when more charges are 
present, the force on a given charge adds vectorially as if each of the 
source charges interacts (pairwise) with the given charge independent 
of the presence of the others. Namely, if we have a distribution of 
static source charges q;,i = 1,2,...,n, at the coordinates r;, then, 
the force experienced by a test charge q at the coordinate r is given 
by (in the CGS system that we have chosen) 


n 


F(r) = )> — (r—-13). (1.5) 


ai Ie — Fl? 


This is known as the law of superposition of electric forces. 

As a digression, let us talk briefly about the experimental va- 
lidity of Coulomb’s law. Of course, there are various uncertainties 
associated with any experiment and it is impossible to say experi- 
mentally that the electric force is given exactly by Coulomb’s law. 
One can only put limits on its validity. There are two meaningful 
ways one puts limits on the experimental validity of Coulomb’s law. 
The first is to assume that the force, instead of varying exactly as the 
inverse square of the distance, varies as |r — r,|~?~° and find an ex- 
perimental bound for 6. Experiments, of course, have become much 
more sensitive since the time of Coulomb (although the philosophy 
of the experiments remains essentially the same) and the present day 
experiments give us a bound of 6 ~ 107!° and, therefore, we can 
think of the electric force as varying inversely as the square of the 
distance for all practical purposes. 

A second way of putting an experimental limit on the form of 
Coulomb’s law is to parameterize the potential (from which the force 
is obtained) as — where r represents the magnitude of the sepa- 
ration between the two charges (in the earlier notation |r — r,|) and 
js a mass parameter so that the exponential will be dimensionless 
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(in some units). If Coulomb’s law is exact, we should have yp = 0 
giving the Coulomb potential. However, if uw 4 0, the potential is 
called the Yukawa potential and the present experimental bound on 
the mass is given by  < 10-29m., where me represents the mass 
of the electron. The reason for such a parameterization of the po- 
tential is of a quantum nature. Quantum mechanically, if we think 
of a force as arising due to the exchange of a particle (quantum), 
then yz would represent the mass of the exchanged particle which, in 
the case of electromagnetic forces, is called the photon. The exper- 
imental bound suggests that the photon is massless which is what 
we would expect from gauge invariance of the Maxwell’s equations 
which we will discuss later. Furthermore, all these results are ob- 
tained from laboratory as well as satellite experiments. Thus, to 
summarize, Coulomb’s law holds quite well over a wide range of dis- 
tances — from very small to very large — and experimentally, we find 
that the mass of the exchanged particle (photon) associated with the 
Coulomb force is consistent with zero. 


1.2 Electric field 


From the form of the force in (1.5) it is clear that, even in the presence 
of a distribution of static charges, the force is linearly proportional to 
the charge of the test particle. Therefore, by dividing out the charge 
of the test particle, we can define an auxiliary quantity which we call 
the electric field. For a single source charge q, at r,, the electric field 
at the coordinate r is given by (k = 1 in our units) 


= M1 
E(r) = =a (r—r,), (1.6) 
while, for a distribution of static charges, the electric field at r is 
given by (the electric field also depends on the locations of the source 
charges which we are suppressing for simplicity) 


E(r) = pon t- (1.7) 
i=1 


This quantity is inherently a characteristic of a given distribution of 
static charges and has no reference to the test charge. The electric 
field is not directly measurable, rather the electric force on a particle 
is and, from the definition of the electric field, we can think of the 
electric field as the force per unit charge. Namely, when an electrically 
charged particle with charge qg is brought to the coordinate r in the 
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presence of a distribution of charges, it would experience an electric 
force 


F(r) = qE(r). (1.8) 


However, the assumption here is that in bringing the test charge to 
the coordinate r, we should not alter the electric field of the charge 
distribution appreciably (namely, the magnitude of the test charge 
should not be large). The concept of an electric field is not as crucial 
for the study of problems in electrostatics as it is for the study of 
time-dependent phenomena which we will deal with later. Finally, 
let us simply note here that the standard unit of the electric field in 
MKS (SI) system is Volt while it is statVolt in the CGS system and 
they are related as 

1 Volt seq pind stat Volt zt o-4 stat Volt 


= 3 x1 a (1.9) 

So far, we have talked about a distribution of discrete charges. 
However, in many physical examples, we may have a continuous dis- 
tribution of charges. Of course, as we know, electric charge is quan- 
tized in units of the charge of the electron. However, the magnitude 


of the charge carried by an electron is quite small, 
e=4.8x 107 eu =1.6 x 10°C. (1.10) 


Consequently, it is quite meaningful to talk about a continuous distri- 
bution of charges. Furthermore, as we know, in quantum mechanics 
a particle has a probabilistic description and that the probability 
density associated with a particle is a continuous function (of the co- 
ordinates) leading, in the case of a charged particle, to a continuous 
distribution of charge. For all of these reasons, it is meaningful for us 
to develop various concepts for a continuous distribution of charges 
which is really quite simple. For example, if p(r) represents the vol- 
ume density of a continuous charge distribution, then, the electric 
field produced by this charge distribution at r has the form 


/ 
B= ae aw Lu 
@) =f pe eH), (1.11) 
where V denotes the volume containing the charge. This can be seen 
simply as follows. The total charge contained in a small volume d?r’ 
around r’ is given by Ag = d?r’ p(r’) which will produce an electric 
field at the coordinate r, 


as poop e*) = aeyt PO) (yy), (1.12) 


AE(r) 
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Integrating this over the volume containing the charge, we obtain 
the electric field due to a continuous distribution of charges as given 
in (1.11). Similarly, if we have a surface density o(r) or a linear 
density A(r) of charges, the corresponding expressions for the electric 
field would involve a surface integral or a line integral respectively. 
However, to make a connection between a continuous and a discrete 
charge distribution, we need the concept of the Dirac delta function 
which we will discuss next. 

The Dirac delta function is one of the most fundamental con- 
cepts in the study of microscopic systems and will probably be cov- 
ered in greater detail in your study of quantum mechanics. However, 
let us discuss here only what we need from the point of view of the 
present discussions. The Dirac delta function is, in some sense, a gen- 
eralization of the Kronecker delta to the case of continuous indices. 
It is denoted by 6°(r — r’) (this is true in three dimensions and, in 
general, in n dimensions it is denoted by 6"(r — r’)) and is defined 
such that 


[eer 0°) 8x) = FH, 
[ar P(r—r') = 1, (1.13) 


for any well behaved function f(r). The second relation in (1.13), in 
fact, follows from the first if we choose f(r) = 1. The two relations 
imply that the delta function must vanish at points where its argu- 
ment does not vanish and that at points where its argument vanishes, 
it must diverge (see Fig. 1.2) in such a way that its integral is unity 
(namely, the area under the curve is normalized). 

This does not correspond to the behavior of any simple function 
that we know of. In fact, the Dirac delta function is truly not a func- 
tion, rather it can be thought of as a limit of a sequence of functions. 
Without going into detail, let us note some explicit representations 
for the delta function. In one dimension, for example, we can write 

d(x — x’) = lim panel 2) z 
goo nm (4-2) 

CO 


g 
Sa ae if dk ebke-#") — / AK ik(e—2') 
—g 


goo 2 27 


d(z — 2’) = lim frene, 
a—-oo T 


—oco 
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Figure 1.2: A graphical representation of the Dirac delta function 
(r—r’). 


dé(x — x’) 
dg = 


where O(a — x’) is the step function defined to be 


O(a —2') = (1.14) 


; 1, for x—2'>Q0, 
Oe—2)= (1.15) 


0, for x—-2' <0. 


The one dimensional representations in (1.14) can be easily gener- 
alized to higher dimensions. For example, in Cartesian coordinates, 
P(r —r') = 6(¢ — x')d(y — y')5(z — 2’). 

The delta function has some important and useful properties 
which can be easily derived from its definition in (1.13). Let us simply 
note some of them here (in one dimension) 


6(a(x — x')) = —d(x — 2’), (1.16) 


and so on. It is important to note from the defining relation for the 
delta function in (1.13) that it has the dimension of a density (inverse 
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volume of the space on which it is defined). Consequently, it is clear 
that we can define the charge density for a discrete charge q, at the 
point r, as 


pr) = 4 6°(r —11). (1.17) 


It follows then, from the defining relation in (1.11), that the electric 
field produced at the coordinate r by a point charge q, located at the 
point r, is given by 


Sei) (1.18) 


as it should be (see (1.6)). A similar derivation follows as well for the 
electric field produced by a distribution of point charges. 


1.3 Gauss’ law 


Let us consider a continuous charge distribution given by the volume 
charge density p(r) contained in a finite region bounded by a surface 
as shown in Fig. 1.3. It is a simple matter to calculate the flux of 
electric field out of this surface in the following manner. 


Figure 1.3: A finite volume containing a continuous distribution of 
charge. 


From the defining relation in (1.11), we obtain the flux of the 
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electric field to be 


PEO a ered r—r') hy (1.19) 


where we have interchanged the orders of integration. The surface 
integral, on the right hand side, can be simplified by calculating it 
around r’. The infinitesimal surface (area) element at r would, then, 
be a vector pointing radially outwards along (r —r’) and would have 
the form 


ds = dQ|r—r'|(r—1’), (1.20) 


where dQ represents the solid angle subtended at r’ by the infinites- 
imal surface area so that we have 


ds: (r—r’) =dQ|r—r'/°. leat) 


Let us add here some clarification on the expression for the sur- 
face element in (1.20). First, consider an infinitesimal line element 
vector in polar coordinates (see Fig. 1.4) which has the form 


dé 


Figure 1.4: An infinitesimal line element vector in polar coordinates. 


dé=rdo0. (122)) 


Now, let us consider a surface (area) element in spherical coordinates 
shown in Fig. 1.5. For an infinitesimal change d@ and d@ of the 
angular coordinates (and no change in r), we can write the surface 
(area) element vector to be (note that @ x @ = #) 


ds=rdd@xr sindd¢dg@=r? sindd@d¢dt=r7dQ#. (1.23) 
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Figure 1.5: An infinitesimal surface (area) element vector in spherical 
coordinates. 


Here dQ) is the solid angle subtended by the surface element at the 
origin and we have 


wT 20 
[2 = [o sin 0 [eo = An, (1.24) 
0 0 


showing that the total solid angle around a point is 47. An alternative 
way to understand the surface element is to note that the line element 
vector in spherical coordinates has the form 


dé=drt+rd06+rsindddd, (1.25) 


so that the area along the direction of r is simply given by (here r is 
fixed and 6 x @ =#) 


ds = déy x dég =rd00 xr sinddod 
=r’ sind dd dot = r? di, (1.26) 


which is the result obtained earlier in (1.23). Using (1.21), the surface 
integral on the right hand side of (1.19) simplifies and we have 


f as-Bl = far'p wr’) fan 


= 47 [ar p(r’) = 4t Qenclosed; (1.27) 
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where we have used (1.24) (namely, the fact that the total solid angle 
around r’ is 47) and Qenclosea represents the total charge enclosed 
inside the volume bounded by the surface. Note that if there are 
electric charges outside the enclosing surface, then the flux of the 
electric field, due to such charges, enters as well as exits the surface 
the same number of times (can be more than once depending on the 
topology of the volume), thereby canceling (since the directions of 
the surfaces at the point of entry and exit are opposite) any further 
contribution to the total flux due to charges external to the given 
volume. Thus, independent of the shape of the enclosing surface, we 
have the general result 


[es . E(r) = 4n CO) sticlosed: (1.28) 
s 


This is known as Gauss’ law which says that the total electric 
flux out of a closed surface equals 47 times the total electric charge 
enclosed in the volume bounded by the surface. In fact, (1.28) repre- 
sents the integral form of Gauss’ law. We can also write a differential 
form for Gauss’ law by appealing to Gauss’ theorem which says that, 
for any vector function A(r), 


[erv-ag) = NG (1.29) 


where S' represents the surface enclosing the volume V. Using this in 
(1.28), we obtain 


[os : E(r) = 4t Qenclosed; 


s 
or, perv -E(r) = 470 [er ot), 
Vv Vv 


or, V-E(r) =47p(r). (1.30) 


This is the differential form of Gauss’ law. It is worth commenting 
here that Gauss’ law is a consequence of the + form of the Coulomb 
force (1.1). (Otherwise the coordinate dependent factors from the 
surface element and the force law would not cancel.) Such laws also 
arise for other forces which vary as inverse square of the distance 
and, in particular, one can write down a Gauss’ law for gravitation 
as well. Furthermore, an experimental test of + behavior of the 
Coulomb force corresponds to testing Gauss’ law as well. 
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> Example (Modified Coulomb’s law). Let us consider the hypothetical example 
of a point charge q at the origin producing an electric field at a point r of the form 


E(r) = =r é. (1.31) 


For 6 = 0, we have the Coulomb behavior, but if 6 #4 0 (6 can be positive or 
negative), the charge will carry a nontrivial dimensionality. 

In this case, the electric flux out of a large sphere of radius R enclosing the 
point charge (origin) will be given by 


2 q 4nq 


Namely, we observe that a modification of the Coulomb’s law will lead to a mod- 
ified Gauss’ law where the electric flux out of a sphere will not be 47Qencloseda, 
rather it will depend on the radius of the spherical surface. Consequently, the 
electric flux out of a spherical surface will change as the radius of the sphere 
changes even though the charge contained inside is the same. 

Similarly, recalling that the divergence of a vector A in spherical coordinates 
has the form 
1 O(r?A,) 1 O(sin OAs) 1 OAg 


Wena Or end 00 Wand Od’ 


(1.33) 


we obtain the modified differential form of Gauss’ law on the surface of a large 
sphere of radius R to be 


10 2 q qé 
V-El, = a5 (r ais)|_=-3a0 (1.34) 
which also differs from the usual differential form of Gauss’ law. < 


Gauss’ law is quite useful in determining the electric field when 
we know the charge distribution. However, the integral form is mean- 
ingful (easier to solve) only when there is a symmetry in the problem. 
As examples, let us solve some problems with symmetry. 


> Example (Infinitely long charged wire). Let us consider a thin wire which is 
infinitely long along the z-axis and which carries a constant linear charge density 
of A. We would like to determine the electric field produced by such a charge 
distribution. 

This problem has a cylindrical symmetry and hence we expect the electric 
field to point radially perpendicular to the wire and that its magnitude will be the 
same at any point on the surface of a cylinder whose axis lies along the wire. (Any 
non-radial component of the electric field would vanish by the up-down symmetry 
of the system. In other words, any non-radial component of the electric field 
due to charges in the upper half of the wire would be canceled exactly by that 
due to the charges in the lower half of the wire. The magnitude of the electric 
field will be a constant on a cylindrical surface because of the radial symmetry.) 
Thus, drawing a cylindrical Gaussian surface of radius r (normally the radius in 
cylindrical coordinates is denoted by p, but we use r instead to avoid any confusion 
with the volume charge density) and height h around the wire as shown in Fig. 
1.6, we obtain from Gauss’ law (1.28) (applied to this surface and note that there 
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Figure 1.6: The dashed surface represents a cylindrical Gaussian sur- 
face enclosing a part of the infinitely long thin wire along the z-axis 
carrying a constant linear charge density A. 


is no flux through the top or the bottom of the cylinder because of the radial 
nature of the electric field), 


[as -E(r) = 47 Q, 


S 
or, |E(r)| 27rh = 47 hd, 


or, |E(r)| = * (1.35) 
and the field points radially perpendicular to the wire. (Normally, one writes this 
as E(r) = 2s p, where p represents the radial vector on the plane in cylindrical 
coordinates. The cylindrical coordinates are conventionally denoted by (p, ¢, z).) 
We see that the strength of the electric field in this case decreases inversely with 
the perpendicular distance from the wire. We also note here that |E(r)| denotes 
the magnitude of the electric field, namely, E(r) = |E(r)|f. < 


Exercise. Compare this with the behavior of the electric field due to a point charge. 


> Example (Charged spherical shell). Let us next consider a spherical shell of 
radius R, carrying a uniform distribution of charge characterized by the constant 
surface charge density o. We would like to calculate the electric field due to such 
a charge distribution. 

Choosing the center of the shell to be the origin, let us note that the problem 
has spherical symmetry and, consequently, the only direction that is physically 
meaningful is the radial direction from the origin (center of the shell). The electric 
field, being a vector, can only point along this direction. Furthermore, because 
of the spherical symmetry, the magnitude of the electric field at any point on 
the surface of a spherical shell of radius r around the origin (concentric spherical 
shell) must be the same. Therefore, let us imagine a spherical Gaussian surface of 
radius r > R as shown in Fig. 1.7 and apply Gauss’ law to determine the electric 
flux through this surface. This gives, 
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Figure 1.7: The dashed surface represents a spherical Gaussian sur- 
face enclosing the spherical shell of radius R carrying a constant sur- 
face charge density oa. 


os E(r) = 47 Q, 


Ss 
or, [Peaiee) = 4rQ, 
Q 


or, |E(r)| =, (1.36) 
where, Q = 47 R?o is the total charge carried by the spherical shell. Furthermore, 


recalling that the electric field can only point radially, for r > R, we have 


2 
Q,_ 4k an 


r2 r2 


K(r) = 


(1.37) 


Namely, outside the spherical shell, the electric field behaves as if the entire charge 
on the surface of the shell were located at the center of the shell. 

On the other hand, for points inside the shell, if we apply Gauss’ law and 
calculate the electric flux through a spherical shell of radius r < R (see Fig. 1.8), 
we obtain, 


[es -E(r) =0, (1.38) 
s 
since there is no charge inside the Gaussian surface and this leads to the fact that 


inside the shell the electric field vanishes. Therefore, we determine the electric 
field to have the general form 


At Ro . 
af (1.39) 


B(r) = a(r— R) S¥ = 0(r — R) 


which shows explicitly that the electric field is discontinuous across the charged 
surface. This is, of course, reminiscent of the behavior of the gravitational field 
which satisfies the inverse square law as well. Let us note from (1.39) that the 
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Figure 1.8: The dashed surface represents a spherical Gaussian sur- 
face inside the spherical shell of radius R carrying a constant surface 
charge density o. 


discontinuity in the normal component of the electric field across the surface car- 
rying charge is given by (R and L refer respectively to right and left of the shell, 
or even more appropriate outside and inside the shell) 


#-(Ex-Ex)| = Fan - Ena] = 4 cals: (1.40) 


< 


> Example (Charged infinite plane). As another example of a system with sym- 
metry, let us consider a thin rectangular plane of infinite extent carrying a constant 
surface charge density of o and we would like to calculate the electric field that it 
produces. 

From the symmetry of the problem, we realize that the direction of the 
electric field at any point would be perpendicular to the plane and its magnitude 
will be the same at points whose perpendicular distance from the plane is the 
same. Thus, drawing a rectangular Gaussian surface (see Fig. 1.9) whose end 
surfaces are equidistant from the plane and have area A, we obtain from Gauss’ 
law that 


[as B=4n0, 


s 
or, 2|E|A = 470A, 
or, |B| = 270. (1.41) 
Thus, we can write 
E(r) = 270 ni, (1.42) 


where n represents the outward unit vector normal to the plane. We see that, in 
this case, the magnitude of the electric field is constant at every point in space 
(although the direction changes on either side of the plane). We note again that 
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Figure 1.9: The dashed surface represents a rectangular Gaussian 
surface enclosing a part of the infinite plane with a constant surface 
charge density o. 


the normal component of the electric field is discontinuous across the surface 
carrying charge with the discontinuity given by 


n- (Er Ex) ER — Ent] = 400, (1.43) 


where the restriction refers to the location of the plane and (1.43) can be compared 
with (1.40). < 


This demonstrates how the integral form of Gauss’ law (1.28) is 
useful in determining the electric field when there is enough symmetry 
in the problem. However, we note that if there is no symmetry in 
the problem, the electric field on the Gaussian surface need not be 
constant and, consequently, the surface integration becomes more 
involved and the method is less useful. 


1.4 Potential 


We have seen that the electric field produced by a static charge dis- 
tribution is a vector given by (1.11). Let us discuss briefly the nature 
of this vector for a static distribution of charges. The analysis of 
this section obviously may not hold when the charge distribution is 
non-static and we will come back to this question later. For the 
time being, however, we are interested in solving problems only in 
electrostatics and, therefore, this is quite meaningful as we will see 
shortly. 
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We have already seen that the electric field for an arbitrary 
distribution of charges is given by 


Bir) = far SE 2), (1.44) 


where p(r) represents the charge density of the distribution of charges 
in a given volume. Let us recall the identities 


1 1 
v(—=a] ~ fr—r' ay 


V (ae) =r», (1.45) 


r-—r 


1 3 
v(—7) ~ rrp (rr), 


and so on, which are readily verified in the Cartesian coordinates. 
For example, we note that 


” (aa) 


= ———__(r-r’), (1.46) 


and so on. 
Using the last relation in (1.45), it is now clear from the defini- 
tion of the electric field in (1.44) that 


V x E(r ae tr —r)x (r—-r’) 
0, (1.47) 
where we have also used the familiar vector identity 
Vxr=0. (1.48) 


We could also have seen the identity (1.47) alternatively as follows. 
Note that upon using the first relation in (1.45), we can also write 
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the electric field (1.44) as 


/ 
E(r) =—V foe a (1.49) 
from which it follows that 
/ 
V x E(r) = —-V x v fa = . =0. (1.50) 
—fFT 


Namely, we see from the definition of a static electric field that its 
curl vanishes and, consequently, the electric field, in this case, is a 
conservative field. (This is not necessarily true if the source charges 
are not static as we will see later.) We know from Stokes’ theorem 
that, for any vector function A(r), 


[os (vx a= pata, (1.51) 


where C' represents a closed contour which bounds the surface S. 
Since the curl of the electric field vanishes, it follows from Stokes’ 
theorem that along any closed curve 


¢ dé-E=0, (1.52) 
C 


so that the value of the line integral of the electric field between any 
two points depends only on the end points independent of the path 
of integration. 

It is well known that any vector, which falls off rapidly at infinite, 
can be decomposed uniquely into the sum of two vectors, one of which 
is divergence free while the other has vanishing curl. This is com- 
monly known as the Helmholtz theorem. Explicitly, the Helmholtz 
theorem says that, if A is a vector function, we can write it as 


A=B-+4C, (1.53) 
where 
Vb] 0=V.xe: (1.54) 
Furthermore, we can easily express B and C in terms of A to write 
1 V’ x A(r’) 
A(r) = — 37! —_ 
(r) avxfa v al 


1 V’- A(r’) 
esl d?7’ —— + : 
zv/ eee (1.55) 


—y’ 
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which can be readily verified by using the identity 


Vv? (—) i Sy eae. (1.56) 


A more physical way to understand the Helmholtz theorem is 
to recognize that any vector can always be uniquely decomposed into 
a longitudinal and a transverse component with respect to a given 
direction. The gradient operation (V) indeed provides a direction 
and any vector can be decomposed into a parallel and a perpendicular 
component with respect to this direction. In modern parlance, one 
says that a vector can be projected parallel to the direction of V and 
perpendicular to it and writes formally (repeated indices are summed) 


ViV; ViV; 
a ( vt (% 7 v)) an aa 


where it is understood that V2 = V;V; with all the components 
(indices) summed. Furthermore, written this way, it is quite clear 
that 


(Lt) _ Viv; 
Vins Vv? ’ 
r ViVi 
Pun $5 od (1.58) 


denote respectively the longitudinal (curl free) and the transverse 
(divergence free) projection operators with respect to the gradient. 

The Helmholtz theorem is particularly interesting in the case 
of a static electric field because, in this case, the electric field has 
vanishing curl. Consequently, we see that for a static distribution 
of charges we can write the electric field as the gradient of a scalar 
function (the negative sign is a convention whose rationale would 
become clear when we deal with relativistic systems) 


E(r) = —V@(r), (1.59) 


and the form of the scalar function follows from the general form of 
an arbitrary vector in (1.55) (from the Helmholtz theorem) to be 


V'-E(r’) eats p(r’) 
3,,/ 3,./ 
=; fe 45 fav? ae (1.60) 


Here, we have used the differential form of Gauss’ law (1.30) in the 
last step. Let us note that we could have derived the result in (1.60) 
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also directly from the definitions of the electric field in (1.49) and 
(1.59), namely, 


E(r) = =v f ar = 


lr—r 


= —VO(r), 


/ 
-_ 307 p(x’) 
Or, P(r) = fa r jr—r'’ (1.61) 
where we have ignored a constant of integration (which is related to 
the choice of a reference point, as we will see). Alternatively, from 
(1.59) we can also write 


B(r) = - [een (1.62) 


The scalar function ®(r) is called the potential or the scalar 
potential or the potential function (not to be confused with the po- 
tential energy) and it is clear that if we know ®(r), we can determine 
the electric field simply by the gradient operation. The surfaces on 
which ®(r) is a constant are known as equipotential surfaces. Such 
surfaces are important in the study of electrostatics because the elec- 
tric field lines are normal to them (because of the gradient nature of 
the electric field). The importance of ®(r) lies in the fact that it is a 
scalar function and, consequently, is much easier to handle than the 
vector field E(r). Going back to the differential form of Gauss’ law in 
(1.30), we see that with the identification in (1.59) the potential for a 
given distribution of charges satisfies the partial differential equation 


V -E(r) =479(r), 
or, V?@(r) = —4p(r), (1.63) 


which is known as the Poisson equation. In regions where there are 
no source charges, the Poisson equation reduces to the form 


V0(r) = 0, (1.64) 


which is known as the Laplace equation. (WV? is conventionally called 
the Laplacian.) Solving problems in electrostatics, therefore, cor- 
responds to solving the Poisson equation or the Laplace equation 
subject to appropriate boundary conditions. (Once the potential is 
determined, the electric field can be determined by taking the gra- 
dient.) We will develop general methods for solving these equations 
later when the meaning of the particular integral representation of 
®(r) obtained in (1.60) will also become clear. 
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> Example. Let us consider a charge distribution that produces an electric field 
of the form 

E(r) = = (1.65) 
where a is a real parameter and a # 3. (For a = 3, we have the electric field of 
a point charge that we have already studied in (1.6).) We would like to calculate 
the charge density that produces such an electric field as well as the potential 
associated with it. 

Using (1.45) and (1.48) in (1.65) we note that 


V x E(r) = 0, (1.66) 


namely, the electric field (1.65) is curl free. Second, we obtain the divergence of 
the electric field to be 


V -E(r)=qV < 
=a|v(4)-r+4v | 
r r 
ee (ee 3] _ GB-a)q 
=a| para r+3| = va : (1.67) 


Comparing this with the differential form of Gauss’ law (1.30), we identify the 
charge density that produces such an electric field to be 


iva Cus (1.68) 


Arr 
We can use (1.62) to calculate the potential as 


r 


vr) =- faeE 


i dr’ gr2-¢ 
= -af Ge ae, (1.69) 


where we have used the fact that the electric field is conservative (curl free) and 
correspondingly chosen a radial path to do the line integral. (Recall that the 
electric field is along the radial direction. We have also thrown away a divergent 
constant for the case a < 2.) Note that when a = 2, the above expression needs 
to be calculated in a limiting manner and gives 


®,=2(r) = —qInr, (1.70) 


where we have thrown away an infinite constant. 
This problem can also be studied in an alternative manner as follows. Note 
from (1.65) that the electric field can be rewritten as 


_q_s 4g 1 \_o4 26, 
EG) =" ==—_5 V (4) =5_ Vv (r°*). (1.71) 
It follows from this that the electric field is curl free 


V x E(r) = 0, (1.72) 
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and the potential can be identified with 


2-a 
qr 


as derived earlier. Furthermore, the divergence of the electric field is given by 


V-Blr) = V(r) = wes) = LSS (2) ee 


~ 29-ar or or 


J? (Gs aie) ae Ne. (1.74) 


re 


which coincides with the earlier result and leads to the charge density through 
Gauss’ law. < 


> Example. As another example, let us consider the Yukawa potential that we 
have discussed earlier. Namely, let us assume that the potential due to a charge 
distribution has the form 
euch? 
O(r) = aa (1.75) 
where yz represents a mass scale. 
In this case, the electric field can be easily calculated to have the form 


, Oe" 
E(r) = —V®(r) = —qt ae 
= = (1+ pr)e"#", (1.76) 


We note that when yp = 0, this reduces to the Coulomb field (1.6) for a point 
charge at the origin. 

We can also calculate the charge density that produces this potential by 
using the differential form of Gauss’ law. Namely, we note that 


V-E(r) =qV- (1 t+urje™ 


= q |4n5°(r) — r en] = 4ro(r). (1.77) 


Here we have used (1.56) in the intermediate step. This determines the charge 
density associated with the Yukawa potential to be 


p(r) = q6°(r) — Bes ee (1.78) 


We note that for ps = 0, this reduces to (1.17). < 
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Meaning of the potential. To get a feeling for the meaning of the 
potential function, let us consider a test charge gq being brought in 
from a reference point r, to the point r in the presence of an electric 
field E. Since the electric field exerts a force on the charged particle, 
work has to be done to move the electric charge and the amount of 
work needed to bring it to r is given by 


w=- [ae-P=-q/ae-B=q fae-vo 
ry ryA ry 


= q(®(r) — ®(r4)). (1.79) 


Namely, the work done is given by the difference of the potential at 
the two coordinates up to the multiplicative factor of the charge of the 
test particle. This is indeed a consequence of the conservative nature 
of the electric field and the result is independent of the path along 
which the test charge is brought to the final point. Furthermore, if 
we choose the reference point to be at infinity, where the potential for 
most physical systems vanishes (namely, if we assume that the electric 
field vanishes at infinity as is done in the Helmholtz theorem), then, 
we can write 


W = q®(r). (1.80) 


Namely, we can think of the potential as the work done in bringing 
a unit charge from spatial infinity to a given coordinate point in the 
presence of an electric field. The work done, of course, can be thought 
of as the potential energy of the charge. The potential is measured in 
Volts in the MKS (SI) system whereas the unit in the CGS system is 
stat Volt. From the definition of the potential above, it is quite clear 
that 


Joule _ 10’ erg 
C  -10cesu 


= 10° c~! stat Volt 


1 Volt = 1 


1 
San 10~? statVolt, (1.81) 


where we have used (1.3). Eq. (1.81) is consistent with (1.9). 


1.5 Electrostatic energy 


Let us next calculate the electrostatic potential energy for a given dis- 
tribution of charges. As we will see, the form of the result is different 
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depending on whether we are calculating the energy for a discrete 
distribution of charges or a continuous distribution of charges. So, 
let us analyze this feature in some detail. First, let us assume that we 
have a discrete distribution of point charges. Let us not worry about 
how the charges were produced and assume that the potential energy 
for such a system of charges, when they are infinitely separated from 
one another, is zero. We want to calculate the electrostatic energy 
associated with such a distribution of charges. To this end, we note 
that, given a charge q, at r,, if we bring in a second charge qo to the 
coordinate rz, the work done (and hence the potential energy) would 
be given by 


r2 
Wie=- f ae-Pu 


_ . (1.82) 


where |r| = r and, since the integral is independent of the path, owing 
to the conservative nature of the electric field, we have chosen a radial 
path in evaluating the integral. We can now keep adding more and 
more charges and since the electric force is additive, the calculation 
simplifies. For example, to bring in a third charge q3 to the point rz, 
the total work done is given by 


r3 
W123 = Wi2 — ju (Fi3 + Fo3) 


— _ 4% ze 193 # 9293 (1.83) 

lr, —re| [ti —4s| [ra — ¥s| 
It is obvious that this expression is completely symmetric in the per- 
mutation of any pair of charged particles (charges and coordinates) 
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and hence, the order in which the charges are brought in does not 
matter. Carrying this out for n charged particles, it is easily obtained 
that the total work required is 


1 Gd; 
wes eee 1.84 

2 x lti— yl ey 
t,9,tAJ 


; is there to avoid double counting. This is, 
therefore, the electrostatic energy for a distribution of point charges. 
Let us next calculate the electrostatic energy for a continuous 


distribution of charges. Once again, generalizing (1.84) to a continu- 
ous distribution of charges, we can write 


_ » P(r) e(r") 
W= 5 f drat e—r] 
= 37 o( 3,¢_P(r") 37 p/ 
=5 [ &row far jr—r|] 5 | ero 
== =| dr (V20(r)) &(r) 
Z = ; Br (V(r) - (V(r) 
= fare, (1.85) 


where the factor of 


where we have used the differential form of Gauss’ law in (1.63) (Pois- 
son equation) as well as the relation between the electric field and the 
potential. We have also neglected surface terms in the integration by 
parts with the assumption that the electric field falls off rapidly at 
infinity. 

The difference between the two cases needs to be discussed. 
First, we note that the energy for a continuous distribution of charges 
is completely given in terms of the electric field and is non-negative. 
On the other hand, for a distribution of point charges the sign of the 
energy in (1.84) clearly depends on the signs of various charges and 
can, in fact, be negative. Let us recall that the electrostatic energy 
for a pair of similarly charged particles is positive while it is neg- 
ative if the charges of the two particles are opposite in sign. This 
difference in the behavior of the electrostatic energy between a dis- 
crete and a continuous distribution of charges arises mainly because 
of our choice of the reference system in the case of point charges. 
We assumed the zero of the energy to correspond to the system of 
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point charges separated by an infinite distance thereby discarding the 
self-energy associated with the point charges. (Experimentally, one 
measures only the differences in energy and, therefore, this is quite 
acceptable.) The reason for such a choice is that the self-energy for a 
point charge is known to diverge and hence, it is meaningful to throw 
away such a divergent constant in the calculation. In contrast, the 
expression for the electrostatic energy of a continuous distribution of 
charges is more complete in that it contains the self-energy. 

To summarize what we have learnt so far, all of electrostatics 
can be described by the two equations 


VxE=0 => E(r)=-V G(r), (1.86) 
and 
V -E(r) = 47 p(r) = V’°O(r) = —4r p(r). (1.87) 


These equations can also be written in the respective integral forms 


as 
§ ue-B=0, 
C 


[ask aor (1.88) 


Ss 


Furthermore, the solution of the Poisson equation has the general 
form 


®(r) = i: oy ee (1.89) 


It is worth remarking here that the true dynamical equations of 
electromagnetism (which we will study later) are coupled equations, 
involving both electric and magnetic fields, as one would expect from 
relativistic invariance. However, in the static limit these equations 
decouple, making it possible and meaningful to study electrostatics 
and magnetostatics separately. 


1.6 Selected problems 


1. Prove the following relations from vector analysis (A and B are 
three dimensional vectors) 


Vx(VxA)=V(V-A)—V°A, 
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V-(A x B)=B-(V x A)—A-(V xB), 
V-r=3, Vxr=0, 


V? (=) = -4n5%C). 


. Show that if Tj;,7,7 = 1,2,3, denotes a second rank three 
dimensional tensor, then a generalization of Gauss’ theorem 


would lead to 
[eran = ic Thy, 
Vv Ss 


where S denotes the surface bounding the volume V and re- 
peated indices are assumed to be summed. 


. Using the result from the last problem show that for an arbi- 
trary vector A we have 


Jarvx as fasxa, 
Vv S 


where S denotes the surface bounding the volume V. 


. Given the following two vectors, E, which do you think would 
describe a true static electric field? 


(i) E=klxyk& + 2yzy + 3x24], 


(ii) E=k[y?& + (Qary + 2*)¥ + 2yzd]. 


Here, k is a constant. For the true electric field, determine the 
potential with the origin as the reference point. 


. Consider the hypothetical case that the Yukawa potential given 
by 


eM 
on So 
- 
where r = |r| and yu is a mass parameter (in units of c,h) is 


produced by a point charge q at the origin. Would Gauss’ law 
be valid for such a case? Show that, for r 4 0, this potential 
satisfies the equation 


V78(r) = p?G(r). 
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6. Calculate the electric field inside and outside of a solid sphere 
of radius R carrying a constant volume charge density p. 


7. Consider a spherical region V of radius R without any charge 
and a point charge q outside the spherical region at a distance 
r from the center. Evaluate explicitly the net electric flux out 
of the surface S which bounds the spherical region V. 


8. Consider a spherical shell of radius R with a uniform surface 
charge density 0. What is the electrostatic energy stored in such 
a system. What happens as the radius of the sphere decreases? 
What is the electrostatic energy for a solid sphere of radius R 
carrying a uniform volume charge density p? 


9. Consider a spherical distribution of charge for which the volume 
charge density is nonzero only for 0 < r < R and has the form 


pr) =kr™, 


where both k and n are positive constants. Calculate the elec- 
trostatic energy associated with such a distribution of charges. 
For what values of n is the energy finite? 
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CHAPTER 2 


Potential for simple systems 


Let us next calculate the potential function for some simple systems 
with known charge distributions, to get a feeling for its properties. 
The simplest example, of course, is the potential for a point charge. 
Let us assume that a charge gq; is located at the coordinate rj. In 
such a case, we can write the charge density as (see (1.17)) 


p(r) = 1 (r — 11), (2.1) 


so that the potential at the coordinate r is easily obtained to be 


(2.2) 


as we would expect. Similarly, we can also calculate the potential for 
a system of point charges. One thing to note from this calculation is 
the fact that the potential for a single charge is a continuous function 
of r. Furthermore, it vanishes as |r| > oo for a fixed rj. This is 
consistent with our choice of the reference point for the potential, 
namely, that the potential vanishes for infinite separation. 


> Example (Hydrogen atom). The electric charge distribution (due to the elec- 
tron) in the ground state of the Hydrogen atom is given by 


p(t) =—Ge*, (2.3) 


where q represents the charge of the electron and a, the Bohr radius. We would 
like to calculate the potential as well as the electric field due to such a charge 
distribution. We note that the total charge of the distribution is given by 


co 


3 aa Pee ie meee = 
fa rp(r) = 8 (4n) f arr e€ 5 parr e€ 5 I(3) =4q, (2.4) 
0 0 
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which is to be expected since the charge density in (2.3) is simply q times the 
(quantum mechanical) probability density in the ground state. 

The calculation of the potential and the electric field can be carried out 
in one of two ways. First, let us note that the charge distribution is spherically 
symmetric. Consequently, we expect the electric field as well as the potential 
to reflect this. Using Gauss’ law to integrate the electric field over a spherical 
(Gaussian) surface of radius r we obtain 


[os -E= an [ ar’ ple) 


7 


or, 4rr?|E(r)| =4n fan frPar 


TO 
0 
Tr 
y 
or, |E(r)| = 4 5 (an) far’ pr? ea 
Ta3r 
0 
2r 
a 
=35 dr’ r'2 e7" 


Therefore, we conclude that the radial electric field is given by 
qr Qr  2r? _2r 
Br) =F )i- (1424+ )e a (2.6) 


The potential is then easily determined from 


r 


O(r) = — jae: E(r’) 


f 1, q Qr’  Qr'?\ art 
== fw Sh-0+24% é€ a 
1 fas s 1- ee oe 
—¢ dr’ |r’ a 
qd 


=o E - (1 + ) eo] ; (2.7) 


The second way of solving the problem is to note that given the charge 
density, we can obtain the potential simply as 


—2rt 
®(r) =f ae sae at fat’ —— 
jr—r’| xa jr—r’| 
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co 1 


dcos 9 


= (2m) far’ ees /—— - 
‘ a, (r2 + r/2 — 2rr’ cos 6)? 


2r! 


ee en) [ar ree (lr—r'|—(r+r’)) 
0 


ras 
= at [ow ree +r Jove] 
Ta 
0) r 
ag [i- (1+ a) ee] (2.8) 
r a 


This is the same result as obtained in the earlier method in (2.7). The electric 
field now follows from the definition 


BOS yews E 2 (1 4 ) ot] 
rr 
qr 2r or —2r 
-§)1-(+7+4) a (2.9) 
which is what we had obtained earlier in (2.6). < 


Before we proceed further with calculations, let us recall some 
of the results from our earlier analyses in the last chapter. We have 
noted from the calculations of the electric fields in the presence of 
surface charges that the electric field is discontinuous across a surface 
carrying charge. In fact, the general result is (see (1.40)) 


n- (Ep — E,) = 470, (2.10) 


where Er and Ey represent the electric fields infinitesimally close to 
the surface to the right and to the left respectively and n denotes 
the unit vector normal to the surface on the right. In contrast, the 
tangential components of the electric fields are continuous across the 
surface. Let us next examine the behavior of the electric potential 
across a surface carrying a charge density. 


2.1 Potential for a thin spherical shell 


Let us consider a thin spherical shell of radius R with a constant 
surface charge density o as shown in Fig. 2.1. When we have a 
surface charge density, as opposed to a volume charge density, the 
expression for the potential can be rewritten as a surface integral 


r—-r 


_ if! a(r’) 
®(r) =fa Teese 7) (2.11) 
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Figure 2.1: A thin spherical shell of radius R with a constant surface 
charge density o. 


Alternatively, we note that we can express the surface charge density 
as a volume charge density through the use of the Dirac delta func- 
tion, which in the present case takes the form (remember that the 
delta function has the inverse dimension of its argument) 


p(r) = od(r — R). (2.12) 


Using this, then, we obtain from (2.1), 


®(r) = fore 


P= 
a6(r’ — R) 


(r?2 + r/2 — 2rr' cos 6’)2 


= [rar sin 6’ dé’ dd’ 


NIF 


1 
. US| ae oa (r?2 + R? - ae 


=) r? + R? — 2rRa) 


— on Ro (on ( (r— RP? - Vr+RP) (2.13) 


Here, we have simplified our calculation by choosing the z-axis to be 
parallel to r and have defined a = cos 6’ in the intermediate step. 
In evaluating the final form of the potential, we have to be careful 
in choosing the positive square root, particularly in the first factor. 
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Recognizing that Q = 47 R?c, we obtain from (2.13) 


27R 
O(c) = = (r+ R-|r— RI) 
Anke — 2 forr > R, (2.14) 
— *) Ano g forr < R. 
We can also rewrite this as 
B(x) = 0(r — R) 2 LO(R—1) 2. (2.15) 


There are several things to observe from the result in (2.15) (or 
(2.14)). First, the potential is spherically symmetric, as it should be 
because of the symmetry in the problem. Second, it is a continuous 
function across r = R, namely, across the surface carrying the charge. 
This has to be contrasted with the behavior of the electric field. Out- 
side the shell, the potential behaves as if all the charge were located 
at the origin. We also note that the potential is a constant inside 
the shell. In fact, the value of the potential at the origin is readily 
seen to be the average of the potential over any closed surface within 
the shell. This, as we will see, is a general feature of the solutions 
of Laplace equation. Finally, given the potential, we can determine 
the electric field by taking the gradient (see (1.59)). Recalling from 
(2.15) that the potential only depends on the radial coordinate, we 
obtain 


E(r) = —V®(r) 
iz Q. Q 
=—ta- (6 R)— + A(R ng) 
= 0(r — R) @ r. (2.16) 


The important thing to note in this derivation is that the derivatives 
of the two theta functions give delta functions of opposite sign which 
cancel each other. Eq. (2.16) is, of course, our previous result ob- 
tained in (1.37) and (1.38), namely, the electric field is non-vanishing 
only outside the shell and, at such points, it behaves as if the to- 
tal charge were concentrated at the origin. Furthermore, expressed 
as in (2.16), the discontinuity in the electric field across the surface 
carrying charge is manifest. 
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2.2 Potential for an infinitely long wire 


Although this problem is quite simple, it is worth going through the 
derivation which brings out some particular property of the choice 
of the reference point. Let us consider an infinitely long and thin 
wire carrying a constant linear charge density A. For simplicity, we 
assume the wire to lie along the z-axis as shown in Fig. 2.2. 


Figure 2.2: An infinitely long wire along the z-axis carrying a constant 
linear charge density X. 


In this case the problem has cylindrical symmetry and, conse- 
quently, it is meaningful to use cylindrical coordinates (see Fig. 2.3) 
given by 


as (2.17) 
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where f represents the radial coordinate on the plane z = 0 (z = 
constant). (Normally, it is denoted as p. Here, we have added a tilde 
to distinguish it from the volume charge density.) 

Once again, since we have a problem with a linear charge density 
along the z-axis, we can write the potential as a line integral 


(r) = i pea ie (2.18) 


Ir —1"| 


Alternatively, we can express the linear density as a volume density, 
which, for the present problem, can be done in the following man- 
ner. We note that the wire carrying charge lies along the z-axis and, 
therefore, the charge density is nonzero only for x = 0 = y. Thus, we 
can write a volume charge density for the system as 


p(r) = 8()6(y) = a 5(A), (2.19) 


where the normalization factor of = - arises from the observation 
that if, 6(x)d(y) = cd(f) (c has to be independent of the angle ¢ by 
rotational symmetry), then, 


/ dr dy 6(«)5(y) = 


oi, / pdpdgcs(A) = 


1 


or, = amp 


(2.20) 


With (2.19), we can now calculate the potential due to a thin 
wire from the definition in aie 


= In (2 +J/P+ 2) x (2.21) 
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It is clear that the right hand side of (2.21) diverges and the reason 
for this is not hard to see. In writing an expression for the poten- 
tial, we had chosen the potential to vanish at infinity which we had 
taken as a reference point. However, in the present problem, such 
a choice is not consistent simply because the charge density extends 
to spatial infinity. (We have an infinitely long wire as is clear from 
the integration limits.) The proper way to analyze this problem is 
to recognize that we must choose a different reference point for this 
problem (or equivalently allow for a constant potential at infinity). 
In particular, let us note that a different choice of the reference point 
simply corresponds to adding a constant term to the potential, be it 
infinite. Thus, we can extract the finite meaningful potential from 
(2.21) by writing 


A 

O(r) = Jim A In (2+ p? +2)" 
[52 + 2 

so Tipe ei EA Be) 

ioe At (PER) 


[Ea AD)2 
=n i ne 
A->oo p 


4A? + 2p? + O(zz) 


~ lim Aln R 


A-oo 
= —2,\ Inf+ constant, (2.22) 


where the constant, on the right hand side, is a divergent constant. 
(The important thing to remember is that the potential is not observ- 
able, but the electric field is through the electric force. The electric 
field is obtained from the potential by the gradient operation so that 
a constant term in the potential does not contribute to the electric 
field.) Thus, discarding the constant we determine the potential for 
the infinitely long charged wire to be 


®(r) = —2\ Inf. (2.23) 


We see that the potential has cylindrical symmetry and it is con- 
tinuous. The electric field can be obtained from (2.23) (or (2.22)) 
by taking the gradient and since the potential only depends on the 
coordinate p, we obtain 


E(r) = —V@(r) = —p _ (—2A Inf) = = p, (2.24) 


which is the same result that we had obtained earlier in (1.35). 
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2.3 Potential for a circular charged disc 


Let us next consider a thin circular disc of radius R which carries a 
uniform surface charge density o. For simplicity, we choose the disc 
to lie in the x — y plane (at z = 0) with the center at the origin of 
the coordinate system as shown in Fig. 2.4. 


Figure 2.4: A thin circular disc of radius R carrying a uniform surface 
charge density o. 


Let us calculate the potential due to the disc at points along 
the z-axis, namely, at (x = 0,y = 0,z). Clearly, this is a problem 
with cylindrical symmetry and it is meaningful to use the cylindrical 
coordinates r = (r,¢,z) (namely, we are simply going to write r for 
what we called 6 before). Then, as before, we can write the surface 
density of charge as a volume density of the form 


p(r) = 0 5(z)O(R—-7T). (2.25) 


Note that the theta function implements the finite extension of the 
disc (and, therefore, the charge distribution). 

We can now calculate the potential at a point on the z-axis 
(x =0 = y) simply as 


/ 
O(¢=0,y =0,z) fore 


jr—2"| 


= fr dr'dg! de! 76(2')O(R — 1") 
(r? + (2 2!)?)2 


q el / 

r ar 
=2ne | 
J (r2 + 22)2 
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= 2no (Ve = iz!) (2.26) 


This shows that the potential is a continuous function. Note that, 
at very far off distances, namely, when |z| >> R, we can expand the 
potential in (2.26) in a power series to obtain 


R2\? 
(7 = 0,9 = 0, |2z| >> AR) = 276 | |Z (+5) —|z| 


Ps 
Pepa (2.27) 
lz] al 


where Q = 7R?o is the total charge contained on the disc. Thus, 
we see that very far away from the disc, the potential along the 
z-axis behaves as if all the charge were concentrated at the origin 
(like a point charge). We also note that, at the center of the disc 
(x = 0,y = 0, z = 0), the potential has the value 


O(c =0,y7 = 0,20) =2rcR. (2.28) 


Furthermore, the electric field along the z-axis can be obtained from 
the potential in (2.26) by taking the gradient which gives 


E(x = 0,y = 0,z) = —V®(z = 0,y = 0, z) 


=-Z 2 ono (VRe+ 2 — 21) 


z 
= —270 | ———— . — sen(z ) Z. 2.29 
(Fee) — 
Here, sgn (z) stands for the sign of z which can also be represented 
as an alternating step function. It is obvious from (2.29) that very 
close to the disc, namely, for z ~ 0, the electric field has the leading 
behavior 


E & sgn(z) 270 @. (2.30) 


First of all, this explicitly shows that the electric field is discontinuous 
across the surface. But, more interestingly, the form of the electric 
field, at such points, is like the electric field for the infinite plane 
which we have calculated earlier (see (1.42)). This can be understood 
qualitatively as a consequence of the fact that very close to the disc, 


2.3 POTENTIAL FOR A CIRCULAR CHARGED DISC 41 


Figure 2.5: A thin circular disc of radius R carrying a uniform surface 
charge density o. 


the disc appears to be of infinite extent even though it has a finite 
size. 


For this system (see Fig. 2.5), the value of the potential (or 
the electric field) at a general point is not easy to obtain in closed 
form, nor does it provide any meaningful insight. However, we can 
calculate the value of the potential at the rim of the disc quite easily. 
By rotational invariance on the plane, the value of the potential will 
be the same at any point on the rim and, for simplicity, we choose 
the point (x = R,y = 0, z = 0) to calculate the potential. Then, the 
potential has the form 


a6(2')0(R — 1’) 
((R —r' cos ¢/)? +r? sin? 6! + 22)2 


R 
// r'dr'dd¢' 
=O ll 
ie (r!2 — 2Rr’ cos ¢! + R2)2 
2 


= a [ ae! vr — 2Rr’' cos ¢’ + R? 
0 


r'dr'dd'dz' 


+ Rceos¢' In (avr? — 2Rr' cos ¢/ + R?2 + 2r’ — 2Rcos “| 


R 
0 
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=on fo | VI oso) (1 — cos ¢’) — 


Speeds te ire 


(1 — cos ¢’) 


mon fa [pain $1.4 con'm (14 nal (2.31) 
sm “> 


Here, in the intermediate steps, we have used some standard integrals 
from the tables (for example, see Gradshteyn and Ryzhik, 2.261 and 
2.264). Finally, integrating by parts the last term inside the bracket 
n (2.31), we have (the first term in the integration by parts vanishes 
at the limits) 


1 7 a (cos #) 
jw cos ¢’ n (re 5 are 


Qn 
= [eo (1 — sin 5) (2.32) 
0 
Using this in (2.31), we obtain 
if i i 
(c= hy =U; 2=0) ok | ao! [asin S —141 sin | 

0 
ss / 

= of | ao! sin 
0 

= oR. (2.33) 


It is interesting to compare this with the value of the potential at 
the center of the disc (2.28), which makes it clear that the potential 
decreases as we move out of the center of the disc. Consequently, 
there must exist a radial component of the electric field on the disc 
itself. 


2.4 Potential for a charge displaced along the z-axis 


The next example that we consider is really not that different from 
what we have studied earlier and yet has many features which will be 
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useful later. Let us consider a point charge q located at (2 = 0,y = 
0, z = R) as shown in Fig. 2.6. 


Figure 2.6: A point charge q displaced from the origin along the z-axis 
by a distance R. 


In this case, we can write the charge density as 


p(x) = 98(2)6(y)6(z — R) = = ir — R)5(9), (2.34) 
where, in the second step, we have rewritten the charge density in 
spherical coordinates. Note that the multiplicative factor arises from 
the normalization of the delta function and that, even though the 
factor appears to be singular (for example, sin @ in the denominator), 
it is, in fact, well behaved inside an integral. 

With this, we are now ready to calculate the potential at r due 
to this charge located on the z-axis, 


=¢ / r dr’ sin 6'd6'd¢! eT 
d(r’ — R)d(6’) 
(r?2 + r/? — 2rr! cos(@ — 9’))3 
nee eee (2.35) 
(r2 + R? — 2Rr cos 6)? 


x 


At this point, let us assume that we are interested in the poten- 
tial very far away from the point charge. Namely, let us assume that 
r >> R. Then, we can expand the denominator in (2.35) in a power 
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series as 
1 


(r? + R? — 2Rr cos 6)2 


1 2 oe 
a (1 Hanes (4) 
r r r 
Lf 2 ; 
1-3 (Bones ( )} 
2 , 
2 
a 2R (2) 
pe 608 0 | aT ei 
8 r r 


NI 


3|2 ee 


3 


1 Rcos@  R?(3cos? 6 — 1) 
==/1+ + 
r 2r 
1 Rcos@ R*(3cos*6—1) 
=|>4 = eee], (2.36) 


Substituting this back into the potential in (2.35), we obtain (for 
r >> RB), 
q  @qRcosd  qR?(3cos? 6 — 1) 
O(r) = . + an ean of a a a 
As we will see later, the angular coefficients of the expansion 
of the denominator in (2.36) can be identified with the Legendre 
polynomials, namely, 


(2.37) 


Po(cos 8) = 1, 
P,(cos 0) = cos 0, 
2 
—1 
Pico) = =. (2.38) 


and so on. Thus, very far away from the point charge, we can write 
the potential due to a charge displaced along the z-axis, as 
CO 
qh” 
n=0 
(Incidentally, by a similar expansion we can also show that when 
R>>-r the potential has the form 


e(r) = )> P,,(cos 0). (2.40) 
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This also follows from the fact that the expression for the potential 
in (2.35) is symmetric under r + R.) 

Such an expansion of the potential is known as the multipole 
expansion. We note that, very far away from the charge, the domi- 
nant term is the first term which we recognize to be the potential due 
to a point charge at the origin (also called a monopole term). How- 
ever, if for some reason, the first term is absent (namely, if we have 
a charge neutral system), then the dominant term will be the second 
term which is the potential due to a dipole. Furthermore, if we have 
a system for which the first two terms vanish, then the leading term 
would be the third term which is the potential due to a quadrupole 
and so on. 

As a parenthetical discussion, let us analyze the expansion of 
the denominator in (2.35) a bit more in detail. Let us recall that a 
translation by an amount a in one dimension is implemented by evas 
so that we can write 


f(e@+a)= (c*® f(2)) : (2.41) 


The exponential operator simply generates the Taylor series for the 
expansion of the function. In higher dimensions, this generalizes so 
that we can write 


f(e+a)= (eV f(r) ; (2.42) 


If we apply this to the denominator in (2.35) (say, for r >> R), we 


obtain (in spherical coordinates 2 = f cos # — @ sin @) 
1 casi 
(r2 + R2 — 2rRcos 6)? Ir—R| 


= (<r Bloods 50) *) (2.43) 


which, in fact, generates the series in (2.36). The other thing to 
observe is that, for r >> R, we can write the denominator in (2.35) as 


1 1 1 


SS = >  —_ (2.44) 
(r2 + R?—2Rrcosd)2? 7 (1—2zcos6 + 27)? 

where we have defined 
= a (2.45) 


r 
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Furthermore, it is well known that the second fraction on the right 
hand side of (2.44) is the generator of Legendre polynomials 


“>? P,(cos 6), (2.46) 


NIH 


(1 — 2z cos 6 + 2?) 
which explains the structure of the series in (2.39). 
2.5 Dipole 
Let us consider next a charge configuration as shown in Fig. 2.7 


where we are assuming that a charge gq is located at z = R while a 
second charge (—q) is located at z = —R. 


Figure 2.7: A dipole system with two point charges where charge q 
is at z = R while charge (—q) is at z = —R. 


The potential for this system can be simply obtained from what we 
have already calculated (see (2.39) or (2.40)), namely, for r >> R, 
we have (the potential due to the second charge, (—q) at z = —R, is 
obtained by letting gq > —q and 6 > 1 — 6) 


Rceos 6 R?(3 cos? 9 — 1 
1, ot eee | 
r r 2r 
R 6 R?(3 cos? 6 — 1 
[oR ee | 
r 2r 
2qR cos 0 
Seas: 
r 


(2.47) 


Here, we note that the potential at very large distances does not 
behave like that of a point charge. In fact, the total charge of the 
system is zero as seen from large distances. Therefore, it is the second 
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term in the expansion that gives the leading contribution. Such a 
configuration of (equal and opposite) charges, when the separation 
between them is small (or, when we are interested in the large distance 
behavior), is called a dipole (centered at the origin) and the dipole 
moment associated with the system is defined to be 


p = qd = 2qRz, (2.48) 


where d represents the vector from the negative charge to the positive 
charge. Incidentally, a more complete definition of the electric dipole 
moment for a continuous distribution of charges is given by 


p= [erro (2.49) 


which can be seen to reduce to the earlier definition in the case of 
point charges. In terms of the dipole moment in (2.48), we can rewrite 
the potential for the dipole (in (2.47)) to be 

p-r opr 


Paoic(l) = 72 _ ae) 


2650 (=) ay (2) ; (2.50) 


which shows that the potential for the dipole can, in fact, be written 
as a divergence (p is constant and hence can be taken inside the 
gradient operation). Thus, comparing with the potential for a point 
charge, we realize that the potential for the dipole behaves more 
like the electric field of a charge (just the gradient nature or the 
dependence on the distance and not the vector aspect). We can 
also calculate the electric field associated with the dipole system by 
recalling that in spherical coordinates, 


_.9 620 od Oo 
View on aoe = pene Oo’ eal) 


so that the electric field for a dipole has the form 
Edipole(Y) —: —V ®aipole(¥) 
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6qR cos 0 2qR - 
= 3 t- $F (cos 0 — sind 6) 


3(p-f)t—p 
a, (2.52) 
@ 
where we have used the relations between the unit vectors in the 
Cartesian and the spherical coordinates in the last step, namely, z = 
rcos@ — @sin@ (see Fig. 2.8), to rewrite the expression in terms of 


the dipole moment and the direction of observation. 


Figure 2.8: Unit vectors f, 6,2. 


Alternatively, the electric field in (2.52) can also be derived in a 
simpler manner in the following way. 


Eaipole (r) = —VOgipole (r) 
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= a(p-r)r Pp. 
[r|° [r|° 
3(p-t)f—p 
=e (2.53) 


where |r| = r. We see that both the potential and the electric field 
for a dipole decrease faster than the corresponding quantities for a 
point charge (monopole). Note also that the electric field for the 
dipole continues to be curl free (V x p = 0 since p is constant and 
V xt = 0). The curl free nature also follows from the fact that 
E= —V ®aipole- 
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> Example (Force on a dipole). Let us consider a dipole of length & where the 
vector from the origin of the coordinate system to the negative charge (—q) is r 
and £ <r (see Fig. 2.9). Let us further assume that the dipole is placed in an 
electric field E(r) which is not necessarily uniform. 


Figure 2.9: Dipole in an electric field. 


In this case, the negative and the positive charges of the dipole will experi- 
ence an electric force given respectively by 


F(_,) = —qE(r), F(a) _ qE(r + £), (2.54) 


where £ denotes the vector from the negative charge to the positive charge. As a 
result, the total force acting on the dipole can be written as 


F=F(_.+F(q = qgE(r) + qE(r + £) 
= —qE(r) + q(B(r) + (€- V)E(r)) 
= 4(l-V)E(r) = (p- V) E(x). (2.55) 


Here we have used the definition of the dipole moment in (2.48) to identify p = 
gf. We note that the dipole experiences an electrostatic force in the presence of 
a nonuniform electric field. On the other hand, if the electric field is uniform 
(constant), then it is clear that the net force on the dipole vanishes, namely, the 
positive and the negative charges experience equal and opposite forces. 

We can also calculate the torque exerted on the dipole due to such a force 
given in (2.55). The torque around the origin, for example, will have the form 


r= rx F(_q) + (r+ 2£) x F(a) 
—qr x E(r) + g(r + £) x (E(r) + (€- V)E(r)) 
w= qf x E(r) + qr x (€: V) E(r) 


2 


=px E(r)+r x (p- V) E(r). (2.56) 


We note that when the electric field is uniform, the second term on the right hand 
side vanishes, but the first term is nonzero. Therefore, the dipole experiences a 
torque even though the net force acting on the dipole is zero in this case. < 
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2.6 Continuous distribution of dipoles 


It is worth pointing out here that there are many physical systems in 
nature that behave like a dipole. In many molecules, for example, the 
centers of positive and negative charges may not coincide giving rise 
to an associated dipole moment even though the molecule as a whole 
is charge neutral. A prime example of this is the water molecule 
which behaves like a strong dipolar molecule and for these reasons, 
the study of dipoles is quite significant. In fact, just as we can define 
a continuous distribution of charges, for such dipolar material we can 
also define a continuous distribution of dipole moments. Let P(r) 
represent the dipole moment density centered at r so that we can 
write the total dipole moment associated with such a physical system 
as 


P= [ere (2.57) 


where V denotes the volume containing the distribution. From the 
form of the potential for a single dipole in (2.50), 


p-(r—r’) 


Paipole(r) = jr—r> ” (2.58) 


where we are assuming that the dipole is centered at r’, we see that 
for a continuous distribution of dipole moments we can write the 
potential as 


Paipot(t) = | eee) 


Pore 


rae ve) 


__w. 3 yf P(r’) 
=-V fp | Tt (2.59) 


r—r'| 


Here, in the last step we have used the fact that P(r’) does not 
depend on the coordinate r and hence the gradient operator does not 
act on it and can be taken outside the integral. Thus, we see that 
the potential for a continuous distribution of dipole moments can be 
written as a divergence as well. 

Given a potential we can always relate it to a charge distribu- 
tion through the Poisson equation. Therefore, it is meaningful to 
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ask what kind of a continuous charge distribution would give rise to 
the potential (2.59) for a given continuous dipole distribution. The 
answer is surprisingly not very difficult. Let us note from (2.59) that 
we can write 


Paipole(F) = apo ee y. )-V (=a) 
ean (=) 
Vs le 


ane a fees, id Vere) (2.60) 


E-F] aT ry 
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This shows that a dipole potential can equivalently be thought of as 
being produced by a combination of a surface charge density as well 
as a volume charge density given respectively by 


p(r) = —-V- P(r), (2.61) 


where n represents a unit vector normal to the given surface. (Here 
the volume and the surface integrals refer respectively to the volume 
where the dipole moments are localized and the surface bounding 
such a volume.) 


> Example. As an example of such a system, let us consider a sphere of radius 
R with a uniform distribution of dipole moments given by the density P along 
the z-axis as shown in Fig. 2.10. (A vector field is said to be uniform when its 
magnitude as well as its direction are the same at every point.) 

To calculate the potential due to such a distribution of dipoles we note that 
the total charge of the system is zero. Therefore, there is no monopole contribution 
and the leading term in the expansion of the potential is the potential due to the 
dipoles. We choose the origin of the coordinate system to coincide with the center 
of the sphere. Then, the calculation of the potential is straightforward, 


Paipole(r =-V. fares : = pat) 
ck 


r’| 


=p. v far / OC “a. (2.62) 
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Figure 2.10: A sphere of radius R with a uniform distribution of 


dipole moments along the z-axis. 


The integral can be evaluated in the following way. (We use the standard trick 
to simplify the evaluation of this integral, namely, let us assume that r lies along 
the z-axis, or alternatively that the angle 6’ is measured from r.) 


fer O(R— r’) 
lpr 
6(R—r’) 


(r? +r’? — 2rr’ cos 6')2 


= i r? dr’ sind’ dé’ d¢’ 


Tw 


R 
= an fr r? (=) (r? +r? — 2rr’ cos g/)2 
0 


us beat 1 , 
qe ten tetl (2.63) 


The value of this integral clearly depends on whether r > Rorr < R 
because of the second term. For r > R, we have 


3 
eee (2.64) 
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while, for r < R, we have 
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Therefore, we can write the potential (2.62) for the dipole distribution to 
be 


Baipoie(r) = -P-V ( — R) “ +0(R—r) a (s 7 (5)’)) . (2.66) 


where we have defined the total dipole moment of the sphere (V is the volume of 
the sphere) as 


3 
P=PV= at a (2.67) 


Furthermore, since the polarization is along the z-axis, we obtain 


Paipole(L) 
a -|PIE (007 — R) 2+ 08-1) 55 (s- ()’)) 
= [P| [560 - R) — e4(r— R) + Fs — R) + F(R -1)| 
= O(n — R)+ FE OR-"). (2.68) 


It is clear from the above calculation that the potential is continuous. Outside the 
sphere the potential behaves as if we have a single dipole with moment P centered 
at the origin while the potential inside the sphere is that of a uniform electric field 


(-&) (the negative sign is from the definition of the potential (-E-r) for a 
uniform field, or alternatively, from the definition E = —V®). < 


2.7 Quadrupole 


Let us consider a configuration of four charges as shown in Fig. 2.11. 
Once again, we can obtain the potential for this system from what we 
have already calculated in (2.39). The potential for the charge at the 
origin is obtained by setting R = 0 and gq > —2q, while the potential 
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Figure 2.11: A quadrupole configuration with two point charges q at 
z= +R and a point charge (—2q) at the origin. 


for the charge on the lower z-axis is obtained by letting 6 > a — @. 
The complete potential is given by 

q . qRcos@  qR?(3cos? @ — 1) 2q 

O(r) = f+ eo | irs 
2 2 
4 E 7 GEOR! i. qR = 6 —1) te] 
Tr r 2r 
R?(3.cos?6—1 

= or (2.69) 
This shows that for this system of charges both the monopole and 
the dipole terms in the potential vanish. The total charge of the 
system is zero which is why the monopole term in (2.69) vanishes, 
but we can also think of the system of four charges in Fig. 2.11 as 
two dipoles with opposite dipole moments which makes the dipole 
term vanish as well (total dipole moment is zero). As a result it is 
the third term in the multipole expansion which gives the leading 
behavior of the potential for large distances. Such a configuration 
of charges is known as a quadrupole. We note that unlike the case 
of dipoles, other configurations of quadrupoles are possible and this 
is not the unique quadrupole configuration. Furthermore, while the 
dipole moment is a vector, the quadrupole moment, in general, is a 
second rank symmetric traceless tensor. In fact, the n-th term in the 
multipole expansion (see, for example, (2.39)) leads to the 2n-th pole 
moment which is an n-th rank tensor. The monopole gives a 0-th 
rank tensor g = [ d°r p(r) which is a scalar, the dipole gives a rank 
one tensor which is a vector and so on. In Cartesian coordinates the 
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quadrupole moment tensor is defined to be 


Qij = [ee (32,2; = Oi x’) p(x), (2.70) 


which is manifestly symmetric and traceless. For the charge con- 
figuration in Fig. 2.11, which can be thought of as two dipoles 
aligned back to back along the z-axis, we have (note that p(x) = 
q((d(a3 — R) + 6(a3 + R)) — 24(x3)) (a1) 6 (a2) 


Qi = —2qR? = Qn, 
Q33 = 4qR? = —(Qui + Qo2) = —2Q11, (2.71) 


with all other components vanishing. (Note that knowing Q, and 
Q22, we could have predicted the value for Q33 from the tracelessness 
condition of the quadrupole moment tensor.) In general, the potential 
for the quadrupole can be written in terms of the quadrupole moment 
as (for large values of r = |x|) 


2 
De gdarapoelr) = a> Qij ee) (2.72) 
iJ 

which can be readily checked to give the leading term (the quadrupole 
potential) in (2.69) for the system under consideration. We can again 
obtain the electric fields associated with the quadrupole system by 
taking the gradient. But, we will not get into the details of this 
except for noting that the potential as well as the electric field for 
the quadrupole decrease even faster than those for the dipole. 


2.8 Potential due to a double layer of charges 


Let us consider a single plane of infinite extent carrying a constant 
surface charge density 0. We have already obtained the electric field 
for such a configuration in the last chapter using Gauss’ law (see 
(1.42)). Let us now calculate the potential associated with such a 
configuration as shown in Fig. 2.12. Let us assume that the plane is 
at z = 0 and because of the symmetry in the problem, we can always 
choose the z-axis to lie along the perpendicular to the plane from the 
coordinate where we are interested in evaluating the potential. 

The calculation of the potential is straightforward. We can write 
the volume charge density for the system to be 


p(r) = 00(z), (2.73) 
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Figure 2.12: An infinite plane located at z = 0 and carrying a con- 
stant surface charge density o. 


where o denotes the constant surface charge density. Consequently, 
using cylindrical coordinates, we obtain, 


wir) = f abr AOD 


jr —r"| 
r) / d 'd / 
= f rar! ag! ad — Eg | A 
(ri + (z a 2l)2\2 (r/2 + yea 
: dy! A 
= lim ano | = ~ = lim 2n0 (r? + z7)2 
—00 re + 22)2 —00 0 
= lim 270 (a? + 2)3 —|z| 
— oo 
= —2n0 |z| + constant, (2.74) 


where we recognize that the constant on the right hand side of (2.74) 
is a divergent constant. We also understand the origin of this diver- 
gent constant, namely, we have a charge distribution which extends 
to infinity. Consequently, the reference point for the potential has to 
be chosen differently or one has to allow for a (possibly) divergent 
constant in the potential. However, an additive constant is not mean- 
ingful if we are interested in physical quantities such as the electric 
field and, therefore, ignoring the constant we can write the potential 
for such a system of charge distribution to be 


®(r) = —270|z|. (2.75) 
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Taking the gradient of (2.75) we obtain the electric field to be 


E(r) = -—V®(r) = a2 


(—270|z|) = 270 sgn(z) Z, (2.76) 
which is the result we had obtained earlier in (1.42). 

Let us next consider two thin planes of infinite extent separated 
by a small distance d. Namely, let us assume that the two planes 
are located at z= q and z= -¢ and carry a uniform surface charge 
density of o and —o respectively as shown in Fig. 2.13. Thus, in some 
sense we have an infinite distribution of dipoles. Since the electric 
potential is additive, the potential for this distribution of charges can 
be easily obtained from the calculation for a single layer of infinite 
extent in (2.75) which leads to (remember that the locations of the 
planes are displaced from z = 0) 


Figure 2.13: Two infinite planes carrying constant surface charge 
densities o and (—o). 


d d 
O(r) = Oi (r) + Ga(r) =-2n0 (|-§ — +5) : (2.77) 
This can be simplified and written as 
2rod for z > q. 
®(r)=(4roz for —$<2z< 4, (2.78) 


—2nrod forz< —4. 
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Taking the gradient of the potential it is now easy to obtain that 


0 for z > q. 
E(r) = —V®(r) = 4 —420% for —¢ eS q. (2.79) 
0 for z< —¢. 


Let us note that for this system the electric field is nontrivial 
only between the two planes. Outside the two planes the electric 
field vanishes because the contributions from the two planes (which 
are oppositely charged) cancel exactly. Furthermore, there is one as- 
pect of the results in (2.78) and (2.79) which is worth emphasizing. 
Namely, when d is very small, the potential is discontinuous across 
the double layer, while the normal component of the electric field is 
continuous. The continuity of the normal component of the electric 
can be easily understood from the fact that across the double layer, 
the net surface charge density is zero. On the other hand, the discon- 
tinuity in the dipole potential is understood from the fact that it has 
the behavior similar to that of an electric field and, consequently, is 
discontinuous across the double layer simply because there is surface 
density of dipole moments in such a case. 


2.9 Conductors and insulators 


In studying problems of electromagnetism we are quite often in- 
terested in the behavior of various materials (not simply of point 
charges) in the presence of electromagnetic fields. All materials found 
in nature can be broadly classified into two groups depending on their 
response to an external electric field. One class of materials is known 
as conductors and metals are prime examples of such systems which 
contain a large number of free electrons. These electrons are free 
to move around inside the material (they cannot, of course, leave 
the material under normal circumstances) and they respond almost 
instantaneously (in an idealized situation) to any external applied 
field. When an electric field is set up within the material due to some 
external source the free electrons conduct electricity. 

In contrast, the second class of materials, known as insulators, 
are non-conductors. In such materials, the electrons are tightly bound 
to the atomic nuclei and are not free to move. When an external 
electric field is applied, the electrons may be displaced slightly from 
their normal position (the atomic nuclei are heavier, so they do not 
move appreciably), but they are still bound to the nuclei. As a re- 
sult, insulators do not conduct electricity. Dielectrics are insulators 
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which can be polarized in the presence of an external electric field 
(namely, the negative and the positive charge centers can be sep- 
arated). In some dielectrics permanent atomic (molecular) dipole 
moments may be present independent of any applied external field. 
The water molecule that we discussed earlier is an example of such 
a substance. In such materials, even though polarization (dipole mo- 
ment) is non-vanishing at smaller scales (for individual molecules), 
macroscopically the dielectric may be unpolarized. However, a small 
external electric field would be able to orient the dipoles giving rise 
to a net polarization for the dielectric. (Let us note here that, for all 
practical purposes, “dielectric” and “insulator” mean the same thing. 
Vacuum is the only insulator which cannot be polarized and hence is 
not a dielectric.) 

Although an ideal dielectric has zero conductivity (it does not 
conduct electricity at all), in reality, dielectrics may have a small 
conductivity. However, a typical conductor has a conductivity which 
is about 10° times larger than that of a typical dielectric and so, in 
our discussions, we can safely assume the conductivity of dielectrics to 
be zero. Similarly, even though conductors have a finite conductivity 
(collision of the electrons during motion gives rise to a resistivity 
to the flow of currents), for the purposes of our discussions we will 
assume that the conductors have an infinite conductivity. 

Besides conductors and insulators (dielectrics), there are also 
semi-conductors and electrolytes with intermediate properties as far 
as conductivity is concerned, but they have many other properties 
which make them interesting independently. However, we would limit 
ourselves only to conductors and dielectrics for the purposes of our 
discussions. 

Let us summarize here the properties of conductors. First, it is 
clear that if a conductor is in static equilibrium in the presence of 
an external electric field, then, the electric field inside the conductor 
must be zero. This must be so, because if the electric field is nonzero 
inside the conductor, the free electrons will experience an electric 
force and would move, violating the assumption of static equilibrium. 
The way conductors achieve static equilibrium is really quite simple. 
In response to an external electric field, the electrons move to one edge 
of the surface of the conductor leaving the opposite edge positively 
charged (see Fig. 2.14) and set up an internal electric field which 
exactly cancels the external field within the conductor. 

Since E = 0 inside a conductor, it follows from Gauss’ law that 
the net charge density must vanish inside a conductor. This simply 
means that there is an equal number of positive and negative charges 
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Figure 2.14: A conductor in an external electric field. 


in any small volume inside a conductor. The external electric field 
simply leads to a redistribution of the free electrons on the surface 
of the conductor giving rise to a nonzero surface density of charges. 
(It also follows from this that any charge that one puts inside a con- 
ductor must necessarily move to the surface for static equilibrium.) 
Furthermore, the potential must be a constant inside the conductor 
(E = 0) all the way up to the surface of the conductor. Thus, the sur- 
face of a conductor (in fact, any surface inside the conductor) defines 
an equipotential surface. There cannot be any tangential component 
of the electric field on the surface of the conductor (otherwise, static 
equilibrium will not hold). Outside the conductor, of course, the elec- 
tric field will not be zero and, in fact, from our earlier discussions, 
we can conclude that immediately outside the conductor the electric 
field would be normal to the surface with the value 


ER = 400, (2.80) 


where o denotes the surface density of the redistributed charges. 
The conductors need not always have a simple configuration. 
Sometimes, a conductor may contain a cavity inside. If such a con- 
ductor is placed in an external electric field with no charge in the 
cavity (see Fig. 2.15), once again there will be a surface distribution 
of charges (now there are two surfaces, one exterior and one interior) 
such that there would be no electric field inside the conductor as well 
as inside the cavity in the static equilibrium. The vanishing of the 
electric field inside the conductor can, of course, be understood along 
the lines of reasoning given above. The vanishing of the electric field 
inside the cavity follows simply from the fact that along any closed 
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Figure 2.15: A conductor with an internal cavity in an external elec- 
tric field. 


curve cutting the inner surface (see Fig. 2.15), we must have 


B B 
fae-p=fae-e= fap =o, (2.81) 
si A A 


implying that E = 0 inside the cavity. In deriving this result, we 
have chosen the path of integration inside the cavity to lie along the 
electric field (recall that E = 0 inside the conductor and because 
of the conservative nature of the electric field, the choice of path is 
irrelevant). This result is quite interesting because this shows that 
the electric field within the conductor as well as inside the cavity 
vanishes. Consequently, there is no discontinuity of the electric field 
across the inner surface. This is possible only if the inner surface does 
not carry any surface charge density. Therefore, we conclude that in 
such a case, the free electrons redistribute themselves in a way so 
that only the outer surface carries a surface charge density. This also 
shows that any external field cannot penetrate inside a cavity within 
a conductor. This is the principle behind electrical shielding which 
is used to shield electrical equipment by putting them inside a metal 
container (commonly known as the Faraday’s cage) and this is also 
the reason we do not get electrocuted inside a car during lightning. 
(One may think that this result can also be derived using a Gaussian 
surface inside the cavity. It is true that there is no charge inside and 
hence there will be no net flux. However, that does not mean that 
there is no electric field in the cavity.) 

Thus, the mechanism by which a conductor maintains a vanish- 
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Figure 2.16: A cavity carrying a charge q inside a conductor. 


ing E field within itself is that in the presence of external fields or 
charges, induced charges appear on the surface of the conductor to 
precisely cancel the external field. The actual distribution of the sur- 
face charges is, of course, a hard problem to calculate, but the charges 
rearrange themselves precisely in a way so as to give E = 0 within 
the conductor. If there is a cavity inside a conductor and the cavity 
carries a charge q (see Fig. 2.16), it would induce a charge density on 
the inner as well as the outer surfaces of the conductor so as to have 
a vanishing electric field within the conductor. On the other hand, 
the electric field would be non-vanishing within the cavity as well as 
outside the conductor. 
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Figure 2.17: A spherical Gaussian surface of radius r surrounding the 
conductor. 
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The electric field outside the conductor can be calculated simply 
by using Gauss’ law. Drawing a spherical Gaussian surface (centered 
at the charge q as in Fig. 2.17) of radius r which is much bigger than 
any dimension of the conductor, we see that the field at such points 
must be radial with the value 


B(r) = Tat, (2.82) 


independent of the shape of the cavity or the conductor. 
This discussion shows that in the presence of external electric 


fields the behavior of conductors is quite complex and interesting and 
needs to be analyzed carefully which we will do. 


2.10 Capacitor 


When we have two conductors carrying equal and opposite charge, 
they are said to form a capacitor system. The surfaces of the con- 
ductors are equipotential surfaces and let us denote the potentials on 
the surfaces of the two conductors as ®; and ®2 respectively with 
®, > ®g. Consequently, the potential difference between the two 
surfaces can be written as 


V = — $y, (2.83) 


and is conventionally known as the voltage between the two surfaces. 
From our discussion so far we know that the potential and, there- 
fore, the voltage depend linearly on the charge Q of the conductors. 
Consequently, we can write 


Q=CV, (2.84) 


where the constant of proportionality C’ is known as the capacitance 
of the system which can be thought of as the charge necessary to 
maintain a unit voltage across the two surfaces. In the CGS system, 
it is clear that the unit of capacitance is given by 

2 2 
esu (esu) 3 (esu)*/cm eae (2.85) 
statVolt esu—statVolt esu—statVolt 


2 
where we have used the fact that both eee)" and “esu—stat Volt” 
correspond to units of work, namely, “erg”. Since the capacitance 


has the dimension of a length, it is intuitively clear that it must be a 
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geometrical property of the system. We also note here that the MKS 
unit of capacitance is a farad (F) which is defined as 


Coulomb _ 3 x 10%esu 


1 farad = 1 ="). a 
Volt 3 x 10-?statVolt 


=9x10!'cm. (2.86) 


We see that a farad is quite large and, in fact, the capacitance of a 
typical capacitor is of the order of a microfarad (uF) or even smaller, 
a picofarad (pF or sometimes also written as pF). Let us also note 
here that sometimes one even talks about the capacitance of a single 
conductor. It is understood, in such a case, that the second conduct- 
ing surface lies at infinity. 


> Example (Parallel plate capacitor). Let us calculate the capacitance of some 
typical capacitors. The simplest is to consider a pair of parallel, rectangular 
conducting plates with area A separated by a distance d and carrying charges Q 
and (—Q) respectively, distributed uniformly over the two surfaces as in Fig. 2.18. 
If the separation d is small compared to the area A of the plates, we can think of 
them as two infinite plates carrying an equal and opposite surface charge density. 
This is a problem we have worked out earlier in detail and we conclude that the 
electric field will be nonzero only between the two plates and would be uniform 
given by (see (2.79)) 


|E| = 470, (2.87) 


Q 
A 


pointing from the upper to the lower plate. Here o = 
of the surface charge density. 


represents the magnitude 


Figure 2.18: Two parallel plates separated by a distance d and car- 
rying charges Q and (—Q). 


It follows, therefore, that the voltage across the plates is given by 


Vabldsaned = <Q. (2.88) 


As a result, we immediately identify the capacitance for the parallel plate system 
to be 


C=— (2.89) 
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and we see explicitly that it is determined by the geometry of the system. 

We note here that in deriving this result, we have pretended as if the two 
plates are of infinite extension. This is, of course, not true and consequently the 
electric fields are not uniform all over. In particular, at the edges of the plates, 
the electric fields are not uniform. Thus, our determination of the capacitance 
is not quite correct. If one determines the correction due to the edge effect, it 
turns out that the capacitance increases slightly, but to a first approximation, the 
idealized answer obtained above is quite good when d is very small. 

Let us now calculate the energy stored in this capacitor system. First, let 
us note that if the capacitance is C' and the magnitude of the charges on the two 
plates is Q with a voltage V, then, to increase the charge on the upper plate 
infinitesimally by an amount dQ (and, therefore, to decrease the charge on the 
lower plate by dQ), that is to take an amount of charge dQ from the lower plate 
and move it to the upper plate, we must do work against the electric force and 
the amount of work is given by 

dW = 46 (8, — $) =F a6 = oe. (2.90) 
Integrating this we can obtain the total work necessary to charge the capacitor 
plates starting from the uncharged state and the result is 


(Coes 
2 FOAQ) OV 2 Tenge 
w= [28-2 - =50V. (2.91) 
(0) 


This work must, of course, be stored in the capacitor as electrostatic energy. Now, 
let us recall that for the parallel plate system 


V =|Eld, 
A 
= —. 2.92 
. And ee) 


Using these we can also write 


df: A 2 1 2 1 2 
== x — (|E\d) = — Ex Ad= — E 1 2. 
Ww 58 Gad (|E|d) ps Sa Olu, (2.93) 
which is exactly the result we had obtained earlier for the electrostatic energy for 


a continuous distribution of charges in the last chapter (see (1.85)). < 


> Example (Spherical capacitor). As asecond example, let us consider two spher- 
ical conducting shells of radii Ri and Rz carrying charges Qi and Q2 respectively. 
We assume that Ri > Rez (see Fig. 2.19). 

The spherical symmetry of the problem determines that the charges would 
distribute uniformly over the two surfaces giving rise to the surface densities o1 
and o2 respectively. Thus, we can write 


p(r) = o10(r Ri) t 026(r Ra), (2.94) 


where 


Q1 — Qe 


O1 
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Figure 2.19: Two spherical shells of radius R; and Ro carrying charges 
@, and Qe respectively. 


The potential for this system can now be easily calculated. 


P(r) = fae ptr’) 


jr —r"| 


(a1 6(r’ = Ri) a o26(r’ = R2)) 


= / r? dr’ sin 6’ dé’ dd’ 
(r2 + r/2 — 2rr’ cos 6')2 


ao [Rio (-=z) (lr — Ral — (+ Ri) 


Ey eee (-=) (rails) 


rRo 
=0(r— Fa) 4 a(R: -n 
+6(r — Re) + 6(Ro =n) 2. (2.96) 


This shows that the surface at r = Ri is an equipotential surface with the 
potential given by 


s(n ie (2.97) 
Ri 
while the surface r = Rz has a constant potential given by 
Qi , Qe 
® =—4+—. 2. 
(Re) Ri + Ro (2.98) 


This can, of course, be qualitatively understood in terms of the properties of 
electric systems as well as the calculations we have already done. Namely, at 
r = Rj, the system behaves as if the entire charge (Qi + Q2) were concentrated 
at the origin. On the other hand, at r = Ro, the charge Q2 behaves like it is 
at the origin while the charge Q: gives a constant potential characteristic of the 
potential inside a shell of radius Ri. 
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This is quite general so far. Let us next assume that we have a spherical 
capacitor system in which case 


Q2=-Qi1=Q, Q>0. (2.99) 


(The other possibility is @2 = —Qi1 = —Q which can also be worked out in a 
parallel manner and leads to the same result for the capacitance.) In this case, 
the voltage across the two surfaces of the spherical capacitor system is given by 


Yorn =o (Fz zs i) 
_ (i= Re) 
=a. (2.100) 


Therefore, it follows that the capacitance of this capacitor is again a geometrical 
quantity given by 


Rik 


Furthermore, if we let Ri — oo, then, we have a single spherical shell of radius 
Re with a capacitance given by 


C= Ro. (2.102) 


Let us note here that capacitors are widely used to store charge. < 


2.11 Selected problems 


1. Consider a particle as a sphere of radius R carrying a volume 
charge density 


_ 3@ 


p(t) = 7 (R- 1), rok, 


where the coordinate origin is assumed to coincide with the 
center of the sphere. What is the total charge carried by the 
sphere? Calculate the electric fields both inside and outside the 
sphere. 


2. Consider a dipole centered at the origin in a uniform electric 
field. Calculate the torque on the dipole due to the electric 
field. If the dipole is initially parallel to the electric field, how 
much work would be needed to rotate it by an angle 6? 


3. a) Calculate the dipole moment for the following configuration 
of charges: three, each of value q, located at (x = 0,y = 0,2 = 
d), (x = R,y = 0,z = 0), (« = —R,y = 0,z = 0), as well asa 
charge of —3q located at (x = 0,y = 0,z = —d). 
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b) Calculate the quadrupole moment for the charge configura- 
tion where two charges of value q are at (x = 0,y = 0,z = R) 
and (« = 0,y = 0,z = —R), while two other charges of value 
—q are at (x = R,y =0,z =0) and (x = —R,y=0,z =0). 


. Consider a localized distribution of charge given by a density 


p(r) =r?e sin? 6. 
a) What is the potential due to this charge distribution at very 
far away distances? 


b) What are the nontrivial multipole moments present in this 
potential? 


. Two long cylindrical conductors (wires) of radii a; and ag re- 


spectively are separated by a distance d >> aj,ag. Find the 
capacitance per unit length for the system. If d = 0.5cm and 
a, = a2 = a, what must be the diameter of the wires to give a 
capacitance per unit length of 9 x 1073? 


. Consider a pair of coaxial, conducting, hollow cylinders of in- 


finite length and with radii R; and Re, where Rg > R,. The 
outer and the inner cylinders carry charges Q and —Q respec- 
tively. What is the capacitance per unit length for such a sys- 
tem? 


CHAPTER 3 


Boundary value problems 


3.1 Method of images 


When we have a system of conductors, the physical problem of in- 
terest may be, in general, much more complex than calculating the 
potential for a given distribution of point charges. For example, we 
may have a system of conductors in an electric field with the sur- 
faces of the conductors held fixed at some given value of the poten- 
tial. (A conductor may be grounded meaning that the surface is 
maintained at zero potential.) Such problems where boundary values 
of the potential may be specified are commonly known as boundary 
value problems. The proper way to solve such a problem is, of course, 
by determining the solution of the Laplace or the Poisson equation 
subject to the appropriate boundary conditions, which we will discuss 
later in this chapter. However, sometimes the physical system may 
be simple enough that one can determine the potential in a simple 
manner without having to derive the explicit solution of the Laplace 
or the Poisson equation. One such method is known as the method 
of images. Here, the idea is very simple. If we are given a physical 
system with a set of boundary conditions, we try to reproduce these 
conditions by a simple choice of fictitious “image” charge distribu- 
tions. If we can do this, then, solving the original problem subject 
to the boundary conditions is equivalent to solving the problem with 
these additional fictitious charges without any boundary condition. 
It is clear that if the boundary conditions are extremely complicated, 
finding the “image” charge distribution may prove difficult and, con- 
sequently, the method will not be very useful. However, for relatively 
simple boundary conditions this method works quite well as we will 
see from the following examples. 


> Example (Point charge above a conducting plane). Let us consider a system 


consisting of a conducting plane of infinite extent which is maintained at zero 
potential (grounded), and a point charge q which is above the plane at a height 
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d as shown in Fig. 3.1. Let us assume for concreteness that the charge is positive 
although this is not essential for our discussion. 


Figure 3.1: A point charge gq above an infinite conducting plane 
(grounded) at a height d. 


It is clear that the electric field is meaningful and nonzero only above the 
plane. This is because, for an insulated conductor, the point charge would induce 
charges of opposite sign on the two sides of the conductor in such a way as to 
cancel the field within the conductor. The charges on the lower surface of the 
conductor, positive charges in this case, would then give rise to an electric field on 
the lower half of the plane. Here, however, we have a conductor that is grounded 
and the ground has an infinite supply of negative charges which would move on to 
the conductor to annihilate all the positive charges. As a result of this, the surface 
would have a net negative charge and all the field lines originating from the point 
charge q would terminate on the plane and there will be no field lines below the 
plane. Namely, the electric field cannot penetrate a grounded conducting plane 
of infinite extent. Another way to see this is to note that, by grounding, the 
surface of the conductor is maintained at zero potential as is the surface of the 
plane infinitely below the conducting plane. Consequently, the potential difference 
(voltage) across these two planes is zero and there cannot be an electric field in 
this region. It is only at points above the plane that the electric field will be 
nonzero. 

Therefore, to determine the potential and the electric field above the plane 
for this physical system, we need to find a fictitious charge distribution which can 
reproduce the boundary condition. Without loss of generality, we can assume that 
the conducting plane lies in the x — y plane and that the charge q is located at 
a height d on the positive z-axis. Clearly the problem has cylindrical symmetry 
and, consequently, it is meaningful to use cylindrical coordinates to analyze this 
problem. Let us next assume that a second point charge q’ is located at a height 
d' below the plane on the negative z-axis (see Fig. 3.2). In the presence of these 
two charges, the potential at any point can be easily calculated and in particular 
on the plane at z = 0 it is given by 


Fs 
x. ae qd qd 
O(r,¢,2=0) = 2 + (3.1) 
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Figure 3.2: The system in Fig. 3.1 with an image charge qd’ at a 
distance d’ on the opposite side of the plane directly below the charge 


qd. 


where r represents the radial coordinate on the plane (in cylindrical coordinates). 
Requiring the potential to vanish on the plane (which is our boundary condition), 
we obtain 


¢ (r? 4 d’”) q? (r? d’) i> 0, 
2 


or, (¢ q?)r + (qd? q?d’) =0. (3.2) 


Requiring this to be true for any value of r (namely, at any point on the plane), 
we determine 


, 


q = 24g, d’ = +d. (3.3) 


Putting this back into the expression for ® in (3.1) and noting that both d and d’ 
are positive, we determine that the potential vanishes on the plane only for 


gd=-q, d=d. (3.4) 


We see that if we were to introduce a fictitious charge (—q) located at z = —d into 
the problem, then we can reproduce in a natural manner the boundary condition 
of the problem (namely, the plane is grounded). 

Thus, as far as the calculations of the potential and the electric field for pos- 
itive z are concerned, we can forget about the plane and the boundary condition 
and work with only these two charges. The charge above the plane is, of course, 
the physical charge. The second charge which is not real but which we can use 
in lieu of the boundary condition is known as the “image” charge borrowing the 
terminology from optics. At any point r above the plane (z > 0), the potential is 
given by (see Fig. 3.3) 


oo —————————— 
2) r2 + (z—d)? r2 +(z+d)2_ G 


Consequently, the electric field at any point above the plane (z > 0) is obtained 
to be 
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where we have used the fact that the potential is independent of the azimuthal 
angle @ and correspondingly have dropped the angular derivative in the gradient. 


Figure 3.3: The potential at a point above the plane due to the charge 
q and the “image” charge (—q) at a distance d above and below the 
plane respectively. 


Let us emphasize that the expressions for both the potential and the electric 
field are meaningful only for z > 0. As is obvious, they give the wrong result for 
z <0 as they should because we do not have a real charge for z < 0. It is worth 
noting here that for z + 0+, the electric field (3.6) takes the form 


2qd 


maar (3.7) 


E(r)|,_,9+ = 


That is, there is only a normal component of the electric field on the surface along 
the z-axis as we would expect. It is not a uniform electric field on the plane, but 
has cylindrical symmetry and, in fact, the field becomes weaker as we move away 
from the origin. (By the way, remember that r is the radial coordinate on the 
plane.) On the lower surface (z < 0), of course, there is no electric field and, 
consequently, the normal component of the electric field is discontinuous across 
the surface. And as we have seen (see, for example, (2.10)), the discontinuity is 
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proportional to the surface charge density 


EC oe ee (3.8) 
4n 2=0 Qn (r? + d?2)2 

Namely, the presence of the point charge q induces a charge density of opposite 
sign on the surface of the grounded conductor. (For our case, with the choice 
q > 0, there would be a negative induced surface charge.) The surface charge 
density is invariant under rotations on the plane, but is not uniform. In fact, like 
the electric field, it falls off rapidly as we move away from the center. We can, of 
course, obtain the total induced surface charge by integrating over the entire area 
and we have 


Qinduced = f asain) 


_ _ ad / rdrdd 
Qn (r2 + d2)2 


=-ai [ rdr 
2 +a%)3 


oo 


1 
"Pe 
Namely, the total induced charge on the plane is equal to the “image” charge 
(which, in this case, is equal in magnitude to the physical charge, but opposite in 
sign). 

The induced charge, of course, would lead to an attractive force between the 
point charge and the plane and this can be calculated in the following way. Let 
us note that at any point on the z-axis, the electric field produced by the induced 
surface charge density on the plane would be along the z-axis by symmetry. We 
can calculate it in a simple manner. The potential at any point along the z-axis 
due to the surface charges is given by (z > 0) 


=-4¢. (3.9) 


0 


/ 
O(c = 0,y = 0,2) = fr'ar'ag 2 
(r/2 + z2)2 


= Lem [a 
Qn (r’2 + d2)2 (r/2 + 22)2 


 — 
2 Od 4 x? + (d?2 + z2)a + d?z? 


Bed 2 2 2 2 2 2 2y]|°%° 
=$5 nave + (a? + 2?) a4 d?z? + 2x + (d +2)I|" 
at. 2 ee 
5 5d | ) In(z + d) aa (3.10) 


(It can be seen in two different, but equivalent, ways that the upper limit does 
not contribute. If we take the derivative Zz first and then the limit, it is obvious. 
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Alternatively, we note that the upper limit gives rise to an infinite constant which 
vanishes upon taking the derivative 2) We recognize this to be the potential 
at a point along the z-axis in the upper half plane due to the fictitious “image” 
charge (see (3.5)). The electric field due to the induced surface charge can now 
be calculated and gives the value for z = d to be (actually, this can be obtained 


from the general expression for the E field derived in (3.6) as well) 


, O q dq 2 
E d — =—-— 7%. 1 
Therefore, the force of attraction experienced by the point charge has the value 
(this is the force of attraction between the conducting plane and the point charge) 


ce, 
Ad? ~~ 
Once again, we see that this is exactly the attractive force between the point charge 
and the “image” charge and, consequently, on the positive z-axis the “image” 
charge truly reproduces the effect of the induced surface charge on the plane. 
Finally, let us note that we can calculate the electrostatic energy of the 
system in a simple way. Let us recall that if the point charge is at a distance 


z from the plane on the positive z-axis, then, the force between the conducting 
plate and the charge is given by (see (3.12)) 


F = qE(a = 0,y = 0, z = d) (3.12) 


Using this, we can calculate the work that must be done to bring the point charge 
from infinity to a distance d above the plane on the z-axis. From the defining 
relation, we have 


da “ a P 
qd z qd 
= =!) devia oe) eee 
we [rae cfs 4z |. 


In deriving this result, we have used the fact that the work is independent of the 
choice of the path and, consequently, we have chosen a path along the z-axis for 
simplicity. It is worth noting here that this energy is half the energy between the 
point charge and its “image”. This can be understood in the following way. The 
“image” charge is not real. But, if we had calculated the work done to bring the 
point charge and its “image” from infinity to the final position, we would have 
done twice the work because we have to move the “image” charge as well. This 
is, of course, wrong because the “image” charge is not real. So, had we calculated 
the electrostatic energy using the “image” charge, we would have obtained an 
erroneous result. (An alternative way to see why one would get twice the result 
using the “image” charge is to note that the electrostatic energy is related to 
the square of the electric field integrated over the entire volume, as discussed in 
chapter 1. With the “image” charge, of course, there is an associated electric 
field even in the lower half of the plane and by symmetry, it contributes an exact 
amount as the physical electric field above the plane. That is why the electrostatic 
energy calculated with the “image” charge would give twice the actual value. In 
reality, of course, there is no electric field in the lower half plane and that is how 
the error creeps in.) 

Although we have found a solution to the problem of a point charge above 
a grounded conducting plane of infinite extent by the method of images, it is not 


=-7: (3.14) 
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clear whether this solution is unique. The uniqueness of the solution can be seen 
only from an analysis of the Laplace or the Poisson equation which we will discuss 
later in this chapter. < 


> Example (Point charge between two grounded intersecting planes). As a sec- 
ond example we study a physical system consisting of a point charge q in front of 
two intersecting orthogonal conducting planes which are of infinite extent and are 
grounded as shown in Fig. 3.4. We will use the method of images to solve this 
problem (without going into too much detail). We will see that the solution for 
this system can be determined provided we have three “image” charges. 


Y 
dy 
=a q 
: ty 
2d | 
2 : oe 
9) 
[nee ae 


Figure 3.4: The point charge q at (x = dj,y = do,z = 0) and the 
three image charges. 


Let the two infinite, orthogonal and intersecting conducting planes be de- 
scribed by x = 0,y > 0 and y = 0, x > 0 respectively. If we assume that the point 
charge is on the plane z = 0, then, it is easy to conclude that all the “image” 
charges would also lie on the same plane. In fact, it is easy to check that with the 
choice of the “image” charges shown in the figure, the potential at any point on 
the plane at xz = 0 is 


Ce) a ——— 
(d? + (d2—y)2 +22)?  (d? + (do —y)? +22)? 
a ee ee a | 
(42+ (doty)?+22)? (d2?+(d2t+y)?+2)? 
= 0. (3.15) 


Similarly, the potential at any point on the plane at y = 0 also vanishes. 


= _ qd qd 
®(x,y = 0, 2) = ————+_____ - —___1____- 
(di —a)?+d§+27)2 ((di +a)? +3 +4 2?)2 
ay 
((di +2)? +3422)? © ((di — 2)? +3 422)? 
= 0. (3.16) 


Thus, these image charges indeed reproduce the boundary condition of vanishing 
potential on the two infinite planes. 
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Once we have determined the “image” charges, we can forget about the 
conducting planes and determine the potential in the region x > 0 and y > 0 
simply to be 


P(x, y, z —————— a 
UA Gant Ga eee 
aa aa Se ee ee 
(a + di)? + (y— da)? +22)? — ((a — di)? + (y t+: da)? + 22)? 
ip tn (3.17) 
((a + di)? + (y + da)? + 22)2 


The electric field can be obtained from (3.17) by taking the gradient. It has a 
general structure (namely, all the X, ¥,Z components are nonzero) at an arbitrary 
point. However, close to the planes, the electric field takes a simpler form. For 
example, when x = 0, the electric field has the form 


E(a = 0,y > 0, z) 


1 1 


ae! We (3.18) 
(Q+u+hyP+2je (G+u-HP +2) 


= 2qdi x 


while, for y = 0, it has the form 
E(a > 0,y = 0, z) 


1 1 


md | . (3.19) 


= 2qd2 yy | —————_—__z 
(+h) +0342)? (a- hj? +Q+2)3 


The surface charge densities now follow from the discontinuities of the elec- 
tric field across the two planes. Namely, 


1 
a(t =0,y > 0,2) = 7% E(x = 0,y > 0,2) 


_ oh 
On 


1 1 
(d? + (y+ do)? + 22)3 aoa | 


1 
a(x > 0,y=0,2) = 7 ¥- E(x > 0,y = 0,2) 


4 ae a (3.20) 


(edi)? +dB+2)2  ((e—dh) +d} +2)? 


Using (3.20), the total induced charge on the conducting planes can now be de- 
termined as follows. 


Qinduced = ic / dzo(x =0,y > 0,2) 
0 —oo 


+ fav [ deo(e>0,y=0,2) 
0) —oo 
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a lh dydz 
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(2+ agar aug 


1 1 
((e + di)? +3 +2)? aa 


ae 1 1 
Vly tWdayt eta y2—Wdoytd+d 
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_ 2qdz i fae 1 7 1 
x2 4+2dje+d?+d2 2x? —2dix+d?+d2 

0 

2qd1 1 = do 2qdz2 1 = dy 
=-———t —)- —t — 

7 do ($) 7 do \d 

2q -1 [de fd 
eee ey pa t ga! 

5 (an (F + tan a 

2q_ = 


=-4 x Fag (3.21) 


In deriving this result, we have used some standard integrals from the tables 
(Gradshteyn and Ryzhik, 2.172 and 2.271) as well as the trigonometric relation 
that, for x > 0, 


aq fl T 
tan>*a+tan7'(—}) =<. 22 
an «+ tan (+) 5 (3.22) 


Once again, we see that the total induced charge (on the two plates) is equal to 
the sum of all the “image” charges (which is equal in magnitude to the physical 
point charge, but opposite in sign). However, the amount of charges on the two 
plates depends on the ratio of the perpendicular distances di and dz of the point 
charge from the two planes. < 


> Example (Point charge outside a grounded conducting sphere). Another exa- 
mple of the method of images is the system of a point charge q at a distance d 
from the center of a conducting sphere of radius R where we will assume that 
d > R. The sphere is grounded, namely, the surface of the sphere is maintained 
at zero potential. Clearly, the potential inside the conducting sphere will be zero 
(since every surface inside the conducting sphere defines an equipotential surface 
with the same potential as the surface of the sphere) and the electric field within 
the sphere will also be zero. Thus, the region where the potential and the electric 
field would be nontrivial lies outside the sphere. 

Let us assume the origin of our coordinate system to coincide with the 
center of the sphere. Without any loss of generality, we can choose the charge to 
lie along the z-axis. Then, let us consider the following system of charges, charge 
q at z = d and another charge q’ at z = d'. Namely, we are considering the effect 
of an additional charge located on the line connecting the point charge and the 
center of the sphere as shown in Fig. 3.5. It is clear now that the potential for 
this combined system of charges at any point r with r > R is given by 
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Figure 3.5: A point charge q outside a grounded conducting sphere 
and its image charge. 
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[a (3.23) 
(r? + d’? — 2rd’ cos 6)? 


(r? + d? — 2rdcos 0) 
If we require that this potential vanishes when r = R for any angle @ and ¢ 
(namely, on the surface of the sphere), we obtain, 


q’(R? +d” — 2Rd' cos@) — q?(R? + d? — 2Rdcos 6) = 0, 


1\2 , 2 1\2 
or, Ria (4 +d? (1- ae — 2Rd' cos@ { 1— a a =0 
q qd’ q/ da 
(3.24) 


Since this must hold for any 0, the coefficient of the last term in (3.24) must vanish 
leading to 


/ 
12 2d 


= 2 
ae (3.25) 


Substituting this back into (3.24), the other two terms lead to 


R? R 
See ape (eae 
d , @g a( ). (3.26) 


Actually, there are two solutions for the charge (as is clear from (3.25)), but this is 
the one which gives a vanishing potential (see (3.23)) on the surface of the sphere 
r=R. 

Thus, we see that, studying the problem of a point charge outside a con- 
ducting sphere which is grounded, is equivalent to studying the point charge in 
the presence of an “image” charge inside the sphere. The potential at an arbitrary 
point outside the sphere is now easily determined to be 
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8(r) = —__—_——_§_—_. +. ——_——_ 
(r? + d? — 2rdcos@)2 — (r?2 + d’?? — 2rd’ cos 0)? 


1 
ee a ee ee ee 
(r?2 + d? — 2rdcos@)2 = (r?d?. + R4 — 2rdR? cos 6)? 


The electric field can, of course, be calculated from this by taking the gradient 
and it is clear that it would, in general, have both a radial and an angular compo- 
nent. However, near the surface of the sphere, namely, when r = R, the angular 
components cancel out (The simplest way to see this is to note that when taking 
derivative with respect to 0, we can set r = R, but then the potential vanishes and 
so does the 8 component of the gradient at such points. Physically, of course, this 
means that there is no tangential component of E on the surface of the conductor 
as we would expect.) and we have only a radial component 


O 


E(r)|,-r = — VO(r)|-k = — 5 PO) 
r=R 
. (R — dcos@) R(Rd? — R?dcos 6) 
Nee eS Say ee ee 
(d? + R? —2dRcos@)2  R3(d? + R? — 2dRcos 6)? 


oe aa Es (3.28) 
R(d2 + R2 — 2dRcos6)? | , 


Consequently, we can determine the surface distribution of the charges from the 
discontinuity of the electric field, namely, 
1 


a(r = R, 9, ¢) = An r- E(r)|,_2 


2 p2 
= _ g(a — FR’) ——— (3.29) 
4nR  (d? + R? — 2dRcos0)2 


The total induced charge on the surface of the sphere can now be obtained 
from (3.29) through a simple integration and we obtain, 


Qinducea = [Re sin 6 dé d¢a(r = R,6,¢) 


1 

2 p2 

ee Cae ce ee ape | —— _ 
4nR J (@ + BR? -2dRz)? 


_  q(d?—R?)R (=z) 1 
dR} (d2 + R? —2dRex)? 


-1 


= (4) = (3.30) 


This again shows that the total charge induced on the sphere is identical to the 
“image” charge (which is not equal in magnitude to the point charge in this case). 
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The force of attraction between the point charge and the sphere can again 
be calculated directly or from the “image” charge. 


F(z =0,y =0,z =d) ag Z=-—qx ag Z 
¥=0, Cray (a8) 
d 
2 
qdR.. 
Te Rp * (3.31) 


It is clear from this that, at any point on the z-axis, the force experienced by the 
point charge is 

gzR 4 
(22 — R22 
Therefore, the work done in bringing the charge from infinity is easily obtained 
to be 


F(z# =0,y =0,z) =- (3.32) 


dz 


w= face fu (lity 


co 


2 d 2 
_ GR - 1 oe qR 
=i x a at ray: (3.33) 


oe) 


Once again, this is half of the energy that we would have found from a calculation 
using the “image” charge for reasons which we have discussed earlier. The method 
of images works well for all quantities except for the energy of the system. < 


Although we have discussed the method of images only within 
the context of point charges, it works well for other systems such as 
line charges etc. But, it is clear from our discussions that only when 
there is some symmetry in the problem, it may be easier to determine 
the “image” charges, otherwise, the method may not be very useful. 


3.2 Boundary conditions for differential equations 


In solving dynamical equations of second order such as Newton’s 
equation, we normally require two initial conditions (namely, the ini- 
tial position and the initial velocity) to solve the equation uniquely. 
The Laplace equation as well as the Poisson equation are also second 
order equations and yet, we saw that given just one condition such 
as the potential on the surface of a conductor, we could solve the 
problem completely. Therefore, this raises the question of how one 
determines what kind of boundary conditions (or initial conditions) 
are necessary for solving a differential equation uniquely. 

To examine this, let us start with an ordinary differential equa- 
tion of order m of the form 

a f(z) d™1F(0) 


ao (2) Fan + aa (2) Fat +++++4m(x) f(x) =F, (3.34) 
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where f(x) represents the unknown variable to be determined. In 
general, the function F may depend on z as well as f(x). When it 
does depend on f(a) in a nonlinear manner, the equation is said to 
be nonlinear. However, in most of our discussions we will be inter- 
ested in linear equations where F' can at the most depend on z (if it 
depends linearly on f(x), the linear terms in F' can always be com- 
bined with the terms on the left). Of course, an equation can have 
an infinity of solutions in general and the one appropriate for a par- 
ticular physical situation is uniquely selected by the given boundary 
conditions. Thus, for example, we know from the study of the har- 
monic oscillator equation (which is second order in the time variable) 
that, in general, there is an infinity of solutions given by an arbitrary 
linear superposition of e+’ where w is the natural frequency of the 
oscillator. However, if we further specify the initial position as well 
as the initial velocity of the oscillator, then the solution is uniquely 
determined. Thus, the boundary conditions as well as the surface on 
which they are prescribed (in the case of Newton’s equation, they are 
known as initial conditions because they are prescribed on the initial 
surface t = 0) are quite crucial in determining the unique solution of 
a given physical problem. 

For the case of the mth order equation in (3.34), it is clear from 
our experience with Newton’s equation that a unique solution may 
be possible if we know the function f(x) as well as its first (m — 1) 
derivatives at some point xo. (It is assumed that F(x) is a known 
function whose value at 29 is known.) This is because at any point 
in space, the function f(x) (which we assume to be continuous as is 
the case for the potential) has a Taylor expansion of the form 


f(x) = Fao) + (@ - 20) F sas 
|. 
(x — 29)" d”f 
se dz” i (3.35) 


We see from this that determining f(x) involves a knowledge of the 
derivatives of the function at 29 to all orders. However, we note that 
if we know the function and its first (m — 1) derivatives at xo, we 
can determine all the higher order derivatives from the differential 
equation itself. For example, from (3.34) we have 
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— : Z a —F (x0) + @m(®0)f(%0) + @m—1(Xo) _ es 
m—-l1 
+++++a1(x0) — , 38) 


and so on for the higher order derivatives. Thus, we see that a 
unique solution of an mth order ordinary differential equation needs 
m boundary conditions, namely, the values of the function as well as 
its first (m—1) derivatives at a coordinate, say xo. Note that the mth 
derivative (as well as the higher order ones) can no longer be specified 
independently, but is (are) determined from the differential equation 
itself. Specifying the mth derivative as well will only over-specify the 
solution. In contrast, specifying a fewer number of derivatives will 
not determine the solution uniquely. 


Let us also note that if we specify the boundary conditions at a 
coordinate where ag(xo) = 0, then it is clear from (3.36) that FH lno 
as well as the higher derivatives cannot be determined and hence a 
solution cannot be uniquely determined. In fact, in such a case, ei- 
ther the boundary conditions are consistent with the equation itself 
in which case infinitely many solutions are possible, or the boundary 
conditions are inconsistent with the equation implying that no solu- 
tion satisfying the given boundary conditions is possible. The point 
xq where the coefficient of the highest derivative term of the differ- 
ential equation vanishes is known as the characteristic point of the 
equation and it is clear that to have a unique solution, we need to 
specify the right number of boundary conditions at points which are 
not characteristic points of the equation. Boundary conditions where 
one specifies the function as well as its first derivative on a bound- 
ary (for a second order equation) are known as Cauchy conditions 
and finding a solution subject to such boundary conditions is known 
as the Cauchy problem (Cauchy initial value problem if time is in- 
volved). However, as we will see for some equations other boundary 
conditions are more appropriate to obtain a unique solution. 


3.2.1 Partial differential equations. Let us next analyze the boundary 
conditions for partial differential equations. For simplicity of discus- 
sion, let us start with a general two dimensional second order partial 


3.2 BOUNDARY CONDITIONS FOR DIFFERENTIAL EQUATIONS 83 


differential equation of the form 


af a? f 0’ f Of Of 
aa aaa, Oy (a ) 


(3.37) 


Here, we are going to assume that the equation is linear and that the 
coefficients A, B and C are, in general, functions of x, y. Furthermore, 
the two independent variables x,y can both be space coordinates or 
one space and one time coordinate. 

Unlike the one dimensional ordinary differential equation that 
we discussed earlier, here specifying the function and its (two) first 
derivatives at a point will not be enough to determine the solution 
uniquely. Rather, we need to specify appropriate boundary condi- 
tions on a curve. (In general, the solution of a partial differential 
equation in n variables needs boundary conditions specified on a 
(n—1) dimensional hypersurface.) Furthermore, as we will see Cauchy 
boundary conditions may not always work in these cases because they 
may over-specify the solution. 

To understand the nature of boundary conditions and the curve 
on which they must be specified, let us represent the boundary curve 
parametrically by € = x(s) and 7 = y(s) where s is the distance of a 
point on the curve from some reference point. At any point on the 
curve, there are two orthogonal directions — one along the tangent to 
the curve and the other normal to it (see Fig. 3.6). The unit vectors 
along these directions are easily determined to be 


Figure 3.6: Unit vectors € and €, which are respectively tangential 
and normal to the curve at a given point. 


oo Een TNs 
et ea 5 
ee Ay ed tee (3.38) 
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These are orthogonal by construction and are easily checked to be 
unit vectors from the relation that 


(8) (a) om 


which follows from the fact that the infinitesimal distance between 
two points on the curve can be written as 


ds? = dé? + dr’. (3.40) 


The value of the function on the boundary curve can be represented 
as f(€,7) = f(s). It is clear then that we can define the derivative of 
the function along the curve as well as along the normal to it as 


-. dé (Of dn (Of 
f= GeV Flete)ate) = as eg OY } «(s),4(s) 


Sl (3.41) 


ae _ of dé (of 
fr = en VFla(s).u(s) = — Gy a + ai oak 


This analysis makes it clear that once we know f(s) along ue 
curve, we also know its derivative along the curve, since f; = at ee 
Therefore, the first order derivative which needs to be specified as 
an independent boundary condition (for the Cauchy problem) is the 
derivative normal to the curve or f,. A solution at any point will, of 
course, have a Taylor expansion of the form 


SS (x — x(s))"-™(y — y(s))™ Ovs 
ip n! da?—™OY™ |as)y(s). 
(3.42) 


and if we know all the partial derivatives in the expansion, then 
the solution can be uniquely determined. The question, therefore, 
is whether from a knowledge of the values of f(s) and f,(s), we 
can determine all the partial derivatives and, therefore, the solution 
uniquely. 

To start with, let us note that using (s)? + (42)? = 1 in (3.41), 
we obtain (this basically corresponds to inverting (3.41)) 
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(3) Tg Os te, (3.43) 
x(s),y(s) z 


Thus, we see that given f(s) and f,, we can cevcmne the (two) first 
derivatives directly from the data (remember f; = a). Furthermore, 
since a(s) and 6(s) are known functions, by taking their derivative as 
well as using the differential equation, we have 


(PL) an PL) sats 
ds \ dx? x(s),y(s) ds OxOy x(s),y(s) ds 


dé (2 a ) Fro (75) seks) 
ds OxOy BC) als) ds \ dy? x(s),y(s) ds 


2 
as +C(s) 
y 


aa 


—F(s). (3.44) 
Oy? | a(ue) 


This is a set of three coupled inhomogeneous equations in the three 
unknown second order derivatives and has a unique solution only if 
the determinant of the coefficient matrix does not vanish. Thus, as 
long as 


# Ho 

Ss Ss 

A=|0 % 2/0, (3.45) 
A 2B C 


we can determine the second derivatives uniquely. Furthermore, once 
these are known, by successive differentiation, the higher derivatives 
can also be determined and, consequently, it would appear that the 
Cauchy problem can be uniquely solved, but as we will see shortly it 
is not that simple. 

On the other hand, if the characteristic determinant vanishes, 
we have (upon expanding the determinant) 


dn dé dy dé 
4 (22)* ani (i) 20, (6 


which is a quadratic equation with solutions 
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dn BLVBP—AC ae 
ds A ds’ 
BtitvVB*-A 
i dn = FEY ae (3.47) 


If this holds, then the Cauchy problem cannot be uniquely solved. 
These two equations are equations for two curves which in the present 
case are known as the characteristic curves and we see that the 
Cauchy problem cannot be solved if the Cauchy data are specified 
on any of the characteristics. This is reminiscent of the behavior in 
the case of ordinary differential equations. 

For a given second order equation, A, B, and C are known func- 
tions and depending on the behavior of the radical in (3.47), partial 
differential equations can be classified into three different groups. If 
B? > AC, then we see that there are two real characteristic curves 
of the equation. Such equations are known as hyperbolic equations. 
The most familiar of the hyperbolic equations is the wave equation 
of the form (in 1 + 1 dimensions) 

OF. Loe 


Oe OR oe) 


where v represents the speed of propagation of the wave. 


Figure 3.7: A curve intersects the characteristic curves (on the left) 
while it is tangential to a characteristic (on the right). 


For a hyperbolic equation, there are two families of characteristic 
curves. Of course, if the Cauchy data are specified along any one of 
the two characteristics, the solution cannot be uniquely obtained. 
On the other hand, if the Cauchy data are given on a curve which 
intersects all the characteristics exactly once, then, it is easy to see 
that the Cauchy problem can be solved uniquely. But, if the boundary 
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is a curve which is tangent to any of the characteristic curves at any 
point (this, therefore, includes closed curves, see, for example, the 
second plot in Fig. 3.7), specifying the Cauchy data along the entire 
curve will over-specify the solution. In such a case, one needs to 
specify the Cauchy data only on part of the curve and either the 
function or the normal derivative alone on the other parts of the 
curve. Specifying only the value of the function on the boundary 
is known as the Dirichlet boundary condition while specifying the 
normal derivative on a boundary is known as the Neumann boundary 
condition. 

If the differential equation is such that B? < AC, then, it is 
known as an elliptic equation and clearly, in this case, the charac- 
teristic curves are complex, namely, we do not have any real charac- 
teristics. A familiar example of such an equation which shows up in 
many physical problems is the Laplace equation (in two dimensions), 


Wrest =9, (3.49) 


or its higher dimensional generalizations. (In electrostatics, for ex- 
ample, we can identify f = ® in a region free of charge.) In such 
a case, since no real characteristic curves are present, it would seem 
that the Cauchy boundary conditions would be sufficient to solve the 
problem. However, further analysis shows that, in this case, Cauchy 
boundary conditions over-specify the solution and the problem can 
be solved uniquely only if the function or the normal derivative or a 
linear combination of the two is specified on a closed curve. Thus, 
either Dirichlet or Neumann boundary condition or a linear combina- 
tion of the two, specified along a closed boundary, solves an elliptic 
equation such as the Laplace equation uniquely. This is familiar from 
the examples we have already worked out involving the conductors. 
We have seen that we can solve the Laplace equation (in three di- 
mensions) when the potential or the charge density is specified on a 
given surface. (Remember that the surface charge density is related 
to the normal component of the electric field which is the normal 
derivative of the potential.) When only the Dirichlet or Neumann 
boundary condition is specified, the corresponding problem is known 
as a Dirichlet/Neumann problem. On the other hand, if a linear com- 
bination of the two is specified, then, the problem is referred to as a 
mixed boundary value problem. Mixed boundary value problems are 
harder to solve analytically and are, in general, solved numerically. 
Finally, if the partial differential equation is such that B? = AC, 
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then, it is known as a parabolic equation. The diffusion equation, 


2 

ca =a OF (3.50) 

Ox? Ot 
is an example of a parabolic equation. In the case of a parabolic 
equation, there is only one characteristic curve and a unique solution 
can be obtained only for either Dirichlet or Neumann (or a mixed) 
boundary condition on an open curve. 

Although our discussion so far has been within the context of 
two dimensions, it can be generalized to higher dimensions as well. 
For a general second order partial differential equation in n dimen- 
sions, we can always find a suitable coordinate transformation to 
diagonalize the equation. When, only one of the coefficients of the 
diagonalized equation is negative, the equation is known as a hyper- 
bolic equation. If none of the coefficients of the diagonalized equation 
is negative, then, it is known as an elliptic equation and if any one 
of the coefficients vanishes, then, the equation is called a parabolic 
equation. In general, hyperbolic equations are solved uniquely by 
specifying Cauchy boundary conditions on an open hypersurface, el- 
liptic equations by specifying Dirichlet /Neumann (or mixed) bound- 
ary conditions on a closed hypersurface and parabolic equations by 
specifying Dirichlet/Neumann (or mixed) boundary conditions on an 
open hypersurface. 


3.2.2 Uniqueness theorem. Let us now go back to the Laplace equa- 
tion in three dimensions involving the electrostatic potential. Let us 
assume that 


Vo =0, (3.51) 


holds in a region of space denoted by the volume V whose bounding 
surface is S. This is an elliptic equation and, as we have seen, for a 
unique solution, we must specify either the value of the potential ® 
or oe (which is the negative of the normal component of the electric 
field) on S. Suppose ®; and ®2 represent two solutions of the Laplace 
equation satisfying the same boundary condition on S, then we will 
show that they can at the most differ by a constant. 

To prove this, let us first note that the Laplace equation is a lin- 
ear partial differential equation and hence a superposition of distinct 
solutions also defines a solution. Therefore, let us define 


b= 0, — Sy, (3.52) 
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which also satisfies the Laplace equation, namely, 
V°6 = V6, — V2 = 0. (3.53) 


Using Gauss’ theorem, let us next note that we can write 


ee) = peas 
Be Aer (Vo)? + ®(V’®)) oa (s)e 


p dr (Vb)? =0. (3.54) 
Vv 


Here, we have used the fact that ® satisfies the Laplace equation 
(3.53) so that the second term on the left hand side does not con- 
tribute. Furthermore, for either Dirichlet or Neumann boundary con- 
ditions on S, either ® or oe vanishes on S' so that the right hand side 
identically vanishes. The final result, as it stands, shows that the in- 
tegral of a positive quantity vanishes and, consequently, the integrand 


on the left in (3.54) must vanish, namely, 
VO=0. (3.55) 


This would seem to say that ® = ®; — ®o is at most a constant. For 
Dirichlet boundary condition this constant must vanish since it van- 
ishes on the boundary S. On the other hand, for Neumann boundary 
condition for which 


n- Vo =0, (3.56) 


on $, we can only say that ®; and ®2 can at most differ by a constant. 
However, since a constant is not relevant for calculations of physical 
quantities like the electric field, we can say that for a given set of 
boundary conditions, either Dirichlet or Neumann, the solution of 
the Laplace equation is unique. Namely, if we find a solution to a 
given problem, it must be the unique solution. This shows that the 
solutions we found earlier using the method of images must be the 
unique solutions for those particular physical problems. 

Incidentally, the uniqueness theorem can also be extended to the 
solutions of the Poisson equation quite easily. For, suppose ®; and 
®» satisfy the Poisson equation 


V’8, = —4rp(r), V’8, = —4rp(r), (3.57) 
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with the same Dirichlet/Neumann boundary condition on S, then, 
® = ®, — 5 would satisfy the Laplace equation. This would, there- 
fore, imply as before in the derivation of (3.55) that 


VoO=0. (3.58) 


For solutions satisfying the Dirichlet boundary condition on S$, we 
have 


© =0, (3.59) 


and, consequently, the two solutions are the same. However, for 
Neumann boundary conditions, ® = constant which for the purposes 
of calculating electric field etc. still implies that the solution is unique. 


3.3 Solutions of the Laplace equation 


Let us now analyze the solutions of the Laplace equation in three 
dimensions, subject to specific boundary conditions. In Cartesian 
coordinates the Laplace equation has the form 


; ee e @ 


which, in spherical coordinates, takes the form 


1029 Ds. Oe as 26 1 @& 

r Or Or Pays) vaya) DL) ® = 
(= Or! Or i r? sin 0 00 sin O55 7m ay sa) (7,0, ) =0, 

(3.61) 
while, in cylindrical coordinates, it has the form 

10 0 1? 0? 

ror or r20@ | Oz = 0. 62 
Gar ag * =| (r,d,2) =0 (3.62) 


Depending on the symmetry in the problem, it is meaningful to solve 
the equation in the appropriate coordinates. The Laplace equation 
appears in many branches of physics and its solutions are known as 
harmonic functions. To begin with, let us summarize some of the 
general properties of harmonic functions. 


3.3.1 General properties of harmonic functions. The harmonic func- 
tions possess several interesting properties which can be derived with- 
out explicitly solving the Laplace equation. 
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1. Let us assume that ® represents a solution of the Laplace equa- 
tion in a given region V, namely, 


V’S =0, (3.63) 


in V. Then, it follows from Gauss’ theorem that 


[os (Vo) = [er V6 =0. (3.64) 


Here S is assumed to be the surface which bounds the volume 
V. (In electrostatics this would correspond to the fact that the 
integral of the electric field over a closed surface or the electric 
flux out of the region must vanish.) Furthermore, using Stokes’ 
theorem, it follows that for any function ® (this is independent 
of whether © satisfies the Laplace equation or not and in elec- 
trostatics corresponds to the electric field being conservative) 


fae (Vo) = [as (V x Vo) =0. (3.65) 
Cc Ss 
2. Let us note that, given any two functions A and B, we have the 
identity 
V -(AVB-— BVA) = (AV?B— BV?A), (3.66) 


so that using Gauss’ theorem, we can write 
i d3r (AV?B— BV?A) = | ds-(AVB-— BVA). (3.67) 
Vv S 


This is known as Green’s identity. If we now choose A = W 
and B = ®, namely, if B represents a solution of the Laplace 
equation (3.63) and A satisfies (this is known as the Green’s 
function for the Laplacian) 


1 
WA= V7 = —4r &(r), (3.68) 


Ir 


then, from (3.67) (we are going to assume that S is the surface 
of a sphere of radius R), we obtain 


anf ar o(r) °(r) = fas. (G00) + ee). 


oo pg) = rare | 1s (8.0.0). (3.69) 
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Here we have used Eq. (3.64). Relation (3.69) leads to the 
result that if ® satisfies the Laplace equation (3.63) inside a 
sphere of radius R, then the value of ® at the origin of the 
sphere is the average of the value of ® over the surface of the 
sphere (recall that the surface area of a sphere of radius R is 
47 R?). This is something which we have seen earlier in specific 
calculations, but this is, in fact, a general property of harmonic 
functions. This is a very important result, for it has many 
interesting consequences. 


. One of the most interesting consequences of (3.69) is the fact 


that a harmonic function without any singularities in a given 
region (namely, satisfying the Laplace equation in the entire 
region) cannot have a maximum or a minimum value in that 
region. This can be proved easily in the following manner. Let 
us suppose that ® (satisfying the Laplace equation in a given 
region) has a maximum at a point ro in that region. If we draw 
a small sphere around ro, then, it is clear that ds- (W®) which 
is proportional to the normal derivative of ® must be negative 
at every point on the surface of the sphere since rg represents 
a maximum of ®. It follows, then, that 


| ds- (VS) <0. (3.70) 


This is, however, inconsistent with the general property (3.64) 
of the solution of the Laplace equation, namely, 


| ds- (VS) =0. (3.71) 


Consequently, there cannot be a maximum of ® at any point 
in the region. By a similar argument, it is straightforward to 
show that ® cannot have a minimum at any point in the region 
either. (Incidentally, this is the reason why there can be no 
stable equilibrium in pure electrostatics. To have electrostatic 
equilibrium, one must apply some other form of force as well.) 


. It follows from the above property that if ® satisfies the Laplace 


equation in a given region and if its value is a constant on the 
bounding surface of the region, then, it must have the same 
constant value in the entire region. The proof of this is really 
quite simple. As we have seen, ® cannot have any maximum or 
minimum inside the region. Therefore, the maximum and the 
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minimum can occur at best on the bounding surface. However, 
® is a constant on the surface and, consequently, its maximum 
and minimum are the same and equal to its value on the surface 
(also equal to its value in the interior). This implies that ® is 
a constant inside the region and all the way up to the surface. 
This also has the implication that if the solution of the Laplace 
equation is valid in the entire space, it must vanish if it vanishes 
asymptotically. 


3.3.2 Solution in Cartesian coordinates. The solutions of the Laplace 
equation are not hard to work out because of the very special struc- 
ture of the Laplacian operator which leads to separable solutions in a 
number of coordinate systems. In this section, we will work out the 
solutions in the Cartesian coordinates subject to appropriate bound- 
ary conditions. 


Figure 3.8: A conducting rectangular box with the faces maintained 
at fixed potentials. 


Let us consider the physical problem of a conducting rectangular 
box of sides [,, L2 and L3 respectively as shown in Fig. 3.8. All 
the faces of the box are grounded, except for the top face which is 
maintained at the given potential f(x,y). We would like to determine 
the potential everywhere in the interior of the box. It is clear that 
the potential can be easily obtained by solving the Laplace equation 
in Cartesian coordinates, namely, 

2 2 2 
(5 + os + =) Oey, 2) 0; (3.72) 


in the region 0<a2<1l1,0<y< Leg and 0 < z < Lz, subject to the 
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boundary conditions 
(0, y, z) = ®(2z,0, z) = ®(z, y,0) = 0, 
O(L4,y,z) = ®(a, Lo, z) = 0, 
®(x,y,L3) = f(x,y), (3.73) 


in this region. 

In trying to solve the Laplace equation for this system, let us 
note that the Laplacian in Cartesian coordinates (see (3.72)) is really 
asum of three terms which commute with one another. In such a case, 
it is a general result that the solution can be written as a product of 
three terms, each depending on only one coordinate, namely, in such 
a case, we expect the solution to have the factorized form 


O(x,y, 2) = X(x)Y(y)Z(z). (3.74) 


Substituting this form of the solution into the Laplace equation (3.72) 
and dividing by ® throughout, we obtain 


1 d?X(z) 1 - d?Y@) 1 d?Z(z) 
X(x) dx? Y(y) dy? Bie) dze 
Since each of the three terms in the above expression depends on only 


one coordinate x,y or z, their sum can vanish for arbitrary values of 
the coordinates only if each of the terms equals a constant such that 


=0. (3.75) 


Td? Xia). 
X(x) dx? me 
bay) - 
Y(y) dy? 
1 d?Z(z) 
Za) “gga as, ay + a2 + a3 = 0. (3.76) 


The boundary conditions (3.73) for ® can now be translated to 
conditions on the individual component functions as 


X(0) = X(L1) =¥(0) = ¥(L2) = 2(0) = 0, 
Z(L3) = constant. (3.77) 


The three ordinary differential equations in (3.76) can now be solved 
subject to the boundary conditions (3.77) and they lead to 


2 
— sin (ME) gtr) _ _ (mm 
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_ sinh(Qmn2) (mn) 9 _ (mn 2 nr\? 

Zmn(Z) —_ sinh(QmnL3)’ a3 = Onn = (=) alr (=) ’ 
with m,n = 1,2,... and we have normalized the z solution for later 
convenience. The determination of these solutions uses only the five 
homogeneous boundary conditions on ®(z,y,z) with the condition 
for the surface z = L3 in (3.73) yet to be implemented. 

A general solution of the problem can now be written as a linear 
superposition of the form (it is not unique yet) 


m,n=1 
_ (ny) sinh(amnZ) 
= Lm i i‘ ( Ly \Sm or 


where Amn are constants which can be determined by imposing the 
last of the boundary conditions in (3.73), namely, 


®(x,y, L3) = S Ay sin (7 


m,n=1 


(3.80) 


Since f(x,y) is a given function, this relation can be inverted to 
determine 


P ia: Ss 
_ (mma\ . (ny 
Amn = >> . —— — |, ; 
habs [ow dy f(x isin ( 7 ) sin ( i ) (3.81) 
0 0 


where we have used the standard orthonormality relation for trigono- 
metric functions, namely, 


5 

 fTTON of A L 
fu sin (=) sin ( Z ) = 5 Onn’: (3.82) 
0 


With this, the determination of the (unique) solution of the 
Laplace equation (namely, the potential) in the interior of the box 
is complete. Physical quantities such as the electric field can now 
be obtained from the potential. This method of solving the Laplace 
equation is known as the method of separation of variables. 
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3.3.3 Solution in spherical coordinates. Let us next solve the Laplace 
equation in spherical coordinates given in (3.61) 


(= Or Or ue sin 0 00 ain? ag . r2 sin? 0 oP) nS? 
(3.83) 


Once again, the Laplace equation is separable in spherical coordinates 
and, therefore, let us try a solution in the product form 


O(r,0,6) = R(r)O(9)Q(4). (3.84) 


Substituting this back into the Laplace equation and dividing through- 
out by *, we obtain 


Baty gOS) se TOE see Oa) ee EEO). 25 
Rar \' dr} @sinddd \°" dd) sm0\Qdae) 
(3.85) 


Since the expression within the parenthesis in the last term of (3.85) 
is the only term which depends on ¢, this equation cannot be satisfied 
(for arbitrary values of ¢) unless this term equals a constant, namely, 
we must have 


US 
OG = sin*, (3.86) 


where the choice of the sign of the constant is for convenience. Equa- 
tion (3.86) can be readily integrated to give 


Qig2e (3.87) 


Since we expect the solutions to be single valued the constant m is 
required to be an integer (so that ¢ and ¢ + 27 lead to the same 
solution). Allowing for both positive as well as negative integers (in- 
cluding zero) for m, we note that we can write the solution depending 
on the azimuthal angle as 


Qm(¢) = e™®, m =0,+1,+2,.... (3.88) 


Substituting the form of the solution (3.88) into (3.85), we ob- 


ld /odR\ 1 d/, d0\ m | 
Ss ¢ =) ~  @ sin@ dé (sino) + aaa k. (3.89) 


tain 
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Here we have used the fact that since the left hand side and the right 
hand side of (3.89) depend on independent variables, this relation 
will hold only if each side equals a constant which we denote by k. 
We see from (3.89) that the 6 equation takes the simple form 


1 d/. dO m? 


Introducing the variable x = cos6@, this equation can be written in 
the simple form 


< (( — 2?) «) Ae (i = = 6 =0. (3.91) 


A systematic analysis of this equation reveals that its solutions be- 
come unphysical at « = +1 unless k = ¢(€+ 1) where ¢ = 0,1,2,... 
and m = —f,—£+4+1,...,@—1,@ for any given value of @. (Incidentally, 
if the physical problem excludes the regions x = +1 or 9 = 0,7, then 
these restrictions would not apply. However, in most applications, 
we will have 0 < 6 < z, so that we will consider only these integer 
values for the separation constants k,m.) 

For these integer values of the separation constants, the 0 equa- 
tion takes the form 


< (( — x?) aa + (ue +1)- Ss) Pom(x) = 0. 


This is known as the associated Legendre equation and the solutions, 
Ppm(a), are known as the associated Legendre polynomials. In par- 
ticular, when m = 0 the equation (P¢m=o(x) = Pe(x)) 


< (( — 22) ora) +00 +1)Pp(x) = 0, (3.93) 


is known as the Legendre equation and the solutions, P(x), are poly- 
nomials of order known as the Legendre polynomials. It can be eas- 
ily checked that the associated Legendre polynomials are related to 
the Legendre polynomials through the relation (associated Legendre 
polynomials are not really polynomials for odd values of m as is clear 
from (3.94)) 


m dimlp 
Pam() = (1— 22)" oe), £> ml. (3.94) 
aim 
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The Legendre polynomials have a closed form expression given 
by the Rodrigues’ formula 


1 d 


Pe) = se age 


(aN, (3.95) 
from which the explicit forms of the first few Legendre polynomials 
can be easily determined to be 


Po(x) = Po(cos 6) = 1, 
P,(x) = Pi(cos0) = x = cos8, 


BF eetK (30 Sie 5 (30s? 9-1), (3.96) 


and so on. These are precisely the functions that we encountered in 
the last chapter in connection with the expansion of the potential 
for a point charge displaced along the z-axis (see (2.38)). It is also 
clear that we can write a closed form expression for the associated 
Legendre polynomials from the Rodrigues’ formula as well. 

It is also possible to write a generating function for the Legendre 
polynomials in a simple manner. Consider a function of two variables 


1 


T(x, s) = ——————_.. 
soe (1 — 28a + s2)3 


(3.97) 


The Taylor expansion of this function around s = 0 gives the Legen- 
dre polynomials as the coefficients of the expansion, namely, 


x,S§ bee aw). . 
aera TET > Po(a) (3.98) 


Ne 


In fact, this generating function leads to recursion relations satisfied 
by the Legendre polynomials and using these it is straightforward to 
show that the Po(a)’s in the Taylor expansion in (3.98) do satisfy the 
Legendre equation. This relation is particularly interesting because 
it immediately gives 
‘ 1 

(r? — 2rr’ cos 6 + pl2)3 
1 1 
r 


(2 — 2r" cos 6 + (=)*) 


Ne 
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Ze >s le a P,(cos 0), (3.99) 


where we have assumed that r > r’. This is, of course, the expansion 
of the potential that we have discussed earlier in (2.39) and (2.46). 
A similar expansion is trivially obtained when r < r’, simply by 
interchanging r and r’ in the previous expression (which is symmetric 
in 7,7’). 

The Legendre polynomials can be shown to satisfy the orthonor- 
mality relation 


In general, when m ¥ 0, the total angular part of the solution of the 
Laplace equation is written (in the normalized form) as 


2¢ a 1 (€—|m))! 
Yom(9, 6) = €m Py, (cos) e'”?, (3.101) 
(€+ |m)! 
where the phase is conventionally chosen to be €m = ae a 


The Y¢’s are known as the spherical harmonics and are the eigen- 
functions of the angular momentum operator in quantum mechanics. 
They satisfy the orthonormality relation 


/ sin 6 dé d@ Yem(9, 0)Yo m (8, b) = 6¢eOmm’- (3.102) 


Note that when m = 0, the spherical harmonics reduce to the Legen- 
dre polynomials up to the normalization constant. 

Once the angular part of the solution of the Laplace equation is 
determined, the radial equation (3.89) becomes 


1 d / odRe(r)\ _ 
Ri(r) dr ¢ dr ) tbat) 
aa —— 2 an) = a PO. (3.103) 


The two independent solutions of this equation are clearly 
R,(r) =r*, or, Ro(r) =r, (3.104) 


and the particular choice of the solution depends on the region in 
which the problem is being investigated. Thus, if we are looking for 
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the solution outside an enclosed region (which includes the origin) 
such that the potential vanishes asymptotically, it is the second so- 
lution that is relevant. On the other hand, if we are looking at the 
solution in a region which includes the origin and where we assume 
the potential to be nonsingular, then the first form of the radial so- 
lution is the natural choice. In general, of course, the radial solution 
can be written as a linear superposition of the two independent solu- 
tions. In any case, independent of which form of the radial solution 
we choose, a general solution of the Laplace equation in spherical 
coordinates takes the form 


ts 0, ¢) = Dna r) Yem(9, >), (3.105) 


where Ag ,,’s are constants, which can be determined from the given 
boundary conditions of a physical system. We note here that if we 
have a physical problem where the potential does not depend on the 
azimuthal angle ¢ (namely, when m = 0), the corresponding solutions 
are known as zonal harmonics. 


> Example (Sphere in uniform electric field). As an example of a physical sys- 
tem where spherical solutions of the Laplace equation may be used, let us con- 
sider space without any free charge consisting of a uniform background electric 
field along the z-axis. Thus, the field lines can be drawn as parallel lines of the 
same magnitude and we can write 


E(r) = £2, (3.106) 
which suggests an associated electrostatic potential of the form 


@(r) = —Ez+C =-—Ercosé+C = —ErP,(cos@) +CPo(cos@), (3.107) 


where C’ is a constant. Clearly, this has azimuthal symmetry and as a result 
there is no dependence on the azimuthal angle ¢. (Uniform electric fields can be 
produced by large capacitors with a small separation. Uniform electric fields over 
the entire space is, therefore, not a physical concept. However, we can think of all 
space to mean only a relatively large region.) Since the electric field is uniform, it 
follows that V -E = —V°® = 0, which can also be seen explicittly from (3.106) 
and (3.107). 

If we now introduce a conducting sphere of radius R, then, the field lines 
will be distorted around the surface of the conducting sphere (see Fig. 3.9). Far 
away from the surface of the sphere, the field lines will continue to be uniform with 
the potential as given in (3.107). However, there will be surface charges induced 
on the sphere so that the field lines will end on the surface of the sphere and 
there will be no electric field inside the sphere. The surface of the sphere will, of 
course, have a constant potential which we will take to be ®o. We are interested 
in determining the potential as well as the electric field outside the sphere. 

Because of the azimuthal symmetry present in the problem, it is clear that if 
we use the spherical solutions of the Laplace equation, we can write the potential 
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E 


Figure 3.9: A conducting sphere of radius R in a uniform electric 
field. 


outside the sphere as (see (3.105)) 


&(r)=)> (4c r? + Be oo) Pp(cos 6). (3.108) 
£=0 


Here even though we are interested in the solution outside the sphere (the origin 
of the coordinate system is chosen to be at the center of the sphere), we have 
allowed for both the independent forms of the radial solution since the potential 
for a constant electric field is linear in r in this region. Furthermore, since there 
is no free charge anywhere (so that ® satisfies the Laplace equation) and 


Vv’ (+) = —4n6°(r), (3.109) 


r 


we conclude that Bo = 0. The constants Ag can be determined from the boundary 
conditions for the problem. First, let us note that since 


lim ®(r) > —ErP,(cos 0) + CPo(cos @) 


Toco 
eee ¢ ~(e+1) 
= Jim. d (Aer + Ber ) Pe(cos 6), (3.110) 


using the orthonormality of the Legendre polynomials in (3.100) we determine 
Ay = 0 for 2 > 2. Furthermore, from the asymptotic structure of the potential 
(3.107), we conclude that 


Ao =C, Ai = —E. (3.111) 


All the terms with coefficients Be vanish asymptotically and hence there is no 
constraint on these coefficients from the asymptotic condition. Thus, we can 
write for r> R, 


®(r) = C — Ercosé + Se Ber“ Py(cos 8). (3.112) 


f=1 
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We still have to satisfy the boundary condition that the potential on the surface 
of the sphere is a constant ®o. Requiring this, we obtain 


©) = C — ERcos0 + S~ BeR-“*” Py(cos), (3.113) 
f=1 
which determines 
C=%, Bi=ER®, Be=0 for [>1, (3.114) 


so that we can write the potential outside the sphere, satisfying the boundary 
conditions, to correspond to 


R? 
O(r) =O) —-—E (1 - =) rcos 0. (3.115) 
The form of the electric field outside the sphere can now be determined to be 
E(r) = —V®(r) 
FF) 3 
aie (3 + os) (% -E (1 - =) rcos6) 
3 3 
=re(1+*5) cos 66 (1-4) sin 0. (3.116) 
r r 


Thus, we see that, in general, the electric field has a radial as well as a 0 
component. However, on the surface of the sphere (r = R), the theta component 
vanishes, so that the electric field is normal to the surface. Furthermore, it is not 
a uniform electric field on the surface, rather its value depends on the angle 0. 
From this, we can determine the surface charge density induced on the sphere to 
be (we are using the fact that E = 0 inside the condocting sphere) 


1 3. _ 3E 
o(R,0) = aoe E(R) = to 6. (3.117) 
Integrating this over the surface of the sphere, we obtain 
Qinancoa = f RAD o(R, 8) 
T 20 


2 
= = [29 sind cos | do =0. (3.118) 
7 


0 0 


This is consistent with our earlier discussion in the last chapter. Namely, the 
conducting sphere remains neutral, the positive and the negative charges simply 
rearrange themselves so as to cancel the electric field inside the sphere. Note from 
(3.116) that asymptotically for large r, the electric field becomes 
lim E + E(#cos6 — 6sin 0) = Ez, (3.119) 
TCO 
consistent with (3.106). In deriving the surface charge density we have assumed 
that there is no electric field inside the conducting sphere. However, this analysis 
can also be carried out in the interior of the sphere as well to show that the 
potential is a constant ®o and there is no electric field inside which also follow 
from the general properties of harmonic functions that we discussed earlier. < 
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3.3.4 Circular harmonics. The Laplace equation can also be solved 
by the method of separation of variables in cylindrical coordinates. 
In this case, the solutions involve Bessel functions. Instead of go- 
ing through this complete solution, let us consider the simpler case 
where the potential is independent of the z coordinate which shows 
up in many physical problems and, therefore, is more useful. When 
there is no dependence on the z coordinate, the Laplace equation in 
cylindrical coordinates (3.62) takes the form (in fact, this is just the 
Laplace equation in the polar coordinates) 


10 0 1 @ 
(-3 r+ 53) &(r,¢) =0. (3.120) 


Writing a separable solution of the form 


P(r, 6) = R(r)Q(¢), (3.121) 


and substituting it into the differential equation (3.120), we obtain 


r od (5%) - 1 d’Q(¢) 


Ro) a) = -O@ ae =k. (3.122) 


Here, we have used the fact that both sides of (3.122) are functions 
of independent variables and, therefore, the relation can be satisfied 
for arbitrary values of r,¢@ only if both sides equal a constant which 
we have identified with k. The solution for the ¢ equation is straight- 
forward. We note that we will have a single valued function only if 
k=n?,n=0,1,..., with the ¢ solution written as 


Qn(?) = An cosn¢ + By sin nd, (3.123) 


where A,, B, are constants. Furthermore, for this value of the sepa- 
ration constant the radial equation in (3.122) becomes 


2 
pad R,(r) dkn(r) _ n?R,(r) arp) (3.124) 
dr? dr 


There are two independent solutions of this equation of the forms 
hey ae, Riga rs. torn 0, (3.125) 


so that a general solution for the radial equation (3.124) can be writ- 
ten (for n 4 0) as 


RATS Cpr Pe Dyers (3.126) 
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with C,, Dy, constants. Let us note here that when n = 0, the solution 
of the radial equation in (3.124) has the general form 


Ro(r) =Co+ Dolnr, (3.127) 


where Co, Dp are constants. Thus, for a given n we can write the 
solution of the Laplace equation (3.120) as 


®,(7,%) = Rn(r)Qn(), (3.128) 


which are known as circular harmonics with n denoting the degree of 
the harmonics. A general solution of (3.120), of course, will have the 
form 


&(r, 6) = S> Rn(r)Qn(4). (3.129) 


> Example (Cylinder in uniform electric field). As an example of the use of circu- 
lar harmonics, let us consider the problem of an infinitely long conducting cylinder 
of radius R in a uniform electric field perpendicular to the axis of the cylinder. 
Let us assume that the axis of the cylinder is along the z-axis and that the electric 
field is along the x-axis (see Fig. 3.10). There are no free charges anywhere in 
space. 


AW 


Figure 3.10: A conducting cylinder in a uniform electric field. 


Clearly, the potential will be independent of the z coordinate by symmetry 
and, therefore, we can use circular harmonics. Let us note that since the electric 
field is uniform along the z-axis, we can write (at least when the cylinder is not 
present or very far away from the cylinder) 


E(r) = Ex, (3.130) 
so that the potential will have the form (in polar coordinates) 


O(r) = —Ex+C=-—-Ercos¢+C, (3.131) 
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where C is a constant and r is the radial coordinate on the plane. In the presence 
of the conducting cylinder, the field lines will be distorted near the surface of the 
cylinder, but asymptotically they will have the form (3.131). The surface of the 
cylinder, of course, would be at a constant potential which we take to be ®o. 
The general solution for the potential in the presence of the cylinder (out- 
side) would have the form (since there are no free charges, the potential will satisfy 
Laplace equation and in this case will have a solution of the form (3.129)) 


O(r) =Co+Dolnr 
+ SC” + Dnyr~")(An cosnd + Bn sinnd). (3.132) 
n=1 


However, comparing with the asymptotic form of the potential (3.131) and using 
the orthonormality relations for the trigonometric functions, we determine that 
the only coefficients that are nontrivial are A1,Co,C1, Di and satisfy 


Co=C, AiCi=-—E, (3.133) 
so that we can write the form of the potential outside the cylinder to be (r > R) 
®(r) = C — Ercos¢+ AiDir* cos ¢. (3.134) 


We see that the term with the coefficient D, vanishes asymptotically and, as a 
consequence, there is no constraint on this coefficient from the asymptotic condi- 
tion. (Remember that r is the radial coordinate in cylindrical coordinates and, 
therefore, there is no inconsistency with the absence of free charges. Furthermore, 
this term also involves an angular function.) 

Let us next impose the boundary condition on the surface of the cylinder. 
Namely, on the surface of the cylinder (r = R) we have, 


oy = C — ERcos¢+ Ai Di R' cos ¢, (3.135) 
which determines 
C=, <AiDi=ER’, (3.136) 


so that we can write the potential outside the cylinder (3.134) to be 


2 
O(r,¢) =o —E (: - *) cos d. (3.137) 
We can now determine the electric field which has the form 


E(r, ¢) = —VO@r, ?) 


2 2 
=fE (1 + =) cos¢— @E (1 = =) sin ¢. (3.138) 


Once again we see that the electric field outside the cylinder has both a radial 
and an angular component. However, on the surface of the cylinder (r = R), only 
the normal (radial) component is nontrivial. This allows us to determine the 
induced surface charge density on the cylinder to be 


she) = = $-E(R) = = eo8'd (3.139) 
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where we are assuming that there is no electric field inside the cylinder since the 
potential is a constant. Consequently, the total induced charge on the surface of 
the cylinder is obtained to be (L is the length of the cylinder which is to be taken 
to infinity at the end) 


Qr 
Qinduced = [ tRaool, o) = <= fae cos @ = 0. (3.140) 
0 


We see that the cylinder remains neutral. The charges simply rearrange them- 
selves on the surface to yield zero electric field inside the cylinder, which can be 
explicitly checked by carrying out a similar analysis inside the cylinder. Let us 
also note that asymptotically, 


lim E > E(#cos¢— @sin¢) = EX, (3.141) 
TOO: 
as we would expect. < 


3.4 Solution of the Poisson equation 


In the absence of free charges, solutions of the (homogeneous) Laplace 
equation determine the electrostatic potential and, therefore, the elec- 
tric field. However, when free electric charges are present we have to 
solve the (inhomogeneous) Poisson equation 


V’O(r) = —4rp(r), (3.142) 


with p(r) representing the charge density in order to determine the 
potential and the electric field. Let us note that the Laplace equa- 
tion represents the homogeneous part of the Poisson equation and it 
is important to know the solutions of the Laplace equation for the 
determination of the solution of the Poisson equation since we know 
that a general solution of any inhomogeneous differential equation 
consists of a sum of the solution of the homogeneous equation as well 
as the particular solution of the inhomogeneous equation. The free- 
dom of adding a homogeneous part to the solution allows us to satisfy 
boundary conditions in a simple manner. 

Since the solutions of the Laplace equation define a complete 
basis, one method of solving the Poisson equation is to expand the 
solution in one such (appropriate) complete basis (namely, Carte- 
sian, spherical, cylindrical etc.) and impose the relevant boundary 
conditions. There is, however, an alternative and powerful method 
for solving inhomogeneous differential equations which goes under 
the name of the method of Green’s functions. This method is quite 
useful in many branches of physics and, therefore, is an important 
concept which we discuss next. 
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3.4.1 Green’s function. To see how the method of Green’s function 
works, let us replace the inhomogeneous source term on the right 
hand side of the Poisson equation (3.142) by a delta function (source) 
and consider the equation 


W’G(r,r’) = —40n P(r — 1’). (3.143) 


Namely, G(r,r’) represents the potential (solution of the Poisson 
equation) at r due to a unit point source charge at r’. This is known 
as the Green’s function for the Poisson equation (or the Laplacian 
operator). It is clear that if we know the Green’s function for a 
given equation, then the particular solution for the inhomogeneous 
equation can be trivially determined. For example, for the Poisson 
equation (3.142), we can write the particular solution to be 


Ooticdiar f) = per G(r, r’)p(r’), (3.144) 
which can be easily checked to satisfy the Poisson equation, namely, 


V?® sacticutar ©) = par (V?G(r,r’)) p(r’) 


—4n f der! OH (r —r’)p(r’) 
= —Arp(r). (3.145) 


Thus, it is clear that the knowledge of the Green’s function for a 
given equation is quite essential in solving an inhomogeneous differen- 
tial equation. The determination of the Green’s function requires the 
knowledge of boundary conditions. For example, we already know of 
a Green’s function for the Poisson equation, namely, in three dimen- 
sions we have seen that 


1 
2 3 / 
V ¢ =) mO°(r —1r’) (3.146) 
Therefore, let us identify 
1 
(0) ! 
G(r, r’) = ipa 7h (3.147) 


The important question to ask is what is the boundary condition for 
which this is the appropriate Green’s function. In this case, it is 
obvious from (3.147) that for a fixed r’, 

lim GO(r,r') > 0. (3.148) 


|r| co 
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Therefore, this is the Green’s function corresponding to the boundary 
condition that the solution vanishes asymptotically for large distances 
away from the source charge (remember that the Green’s function 
really describes a solution of the Poisson equation for a unit source 
charge). In this case, we see that the general solution of the Poisson 
equation, subject to the boundary condition that it vanishes asymp- 
totically, has the form 


®(r) = ®pomo(r) + [ar GO (r, x’) p(r’), (3.149) 


where ®pomo denotes a solution of the homogeneous equation (van- 
shing asymptotically). On the other hand, we have already seen 
earlier that the solution of the homogeneous equation (the Laplace 
equation), subject to the boundary condition that it vanishes asymp- 
totically, is identically zero. Therefore, the unique solution of the 
Poisson equation subject to this boundary condition is 


r) = / dr! GO (xr, r')p ae dep OF) (3.150) 


ae 


which is the familiar relation for the potential due to a charge distri- 
bution that we have discussed earlier (see (1.60)). 

The relation between the solution of an inhomogeneous problem 
and the Green’s function can be easily seen from the Green’s identity 
which we have derived earlier (see (3.67)), namely, 


i dy! (4v’*B = BV’*A) = i ds’.(AV'B — BV'A). (3.151) 
Vv 


In (3.151), if we choose A = G(r,r’), the generic Green’s function for 
the Laplacian and B = ®(r’), the solution of the Poisson equation, 
we obtain 


/ dr’ (GV 28 — 6V’?G) = / ds'.(GV'@— ®V'G), (3.152) 
which can be simplified to give 


4n |— | d?r’ G(r, r’)p(r’) + &(r)] = | ds’ - (GV'S — 6V'G). 
/ 
(3.153) 


3.4 SOLUTION OF THE POISSON EQUATION 109 


Here, we have used the Poisson equation (3.142) as well as the equa- 
tion satisfied by the Green’s function (3.143). Furthermore, if we use 
the notation é,-V = Z to represent the normal derivative, we can 
rewrite (3.153) also as 


ee) 


+ ae r’)p(r’). (3.154) 


4 


This can be compared with the form of the result obtained earlier in 
(3.149). Incidentally, the simplest way to check that the first term 
in (3.154) must be a solution of the homogeneous equation is to note 
that 


— freer) =i; (3.155) 


A direct verification of this relation for the surface integral is, how- 
ever, tricky. 


3.4.2 Dirichlet boundary condition. It appears from the general result 
(3.154) that to determine the unique solution of the Poisson equation 
in the presence of some conducting surfaces we need the value of both 
® and ge on the surfaces. But, as we have seen, a unique solution of 
an ee equation requires either ® (Dirichlet boundary condition) 
or oe ® (Neumann boundary condition) to be specified on the boundary 
and not both. The way out of this puzzle is that we have not yet 
specified a boundary condition for the Green’s function. For example, 
suppose we are investigating a Dirichlet boundary value problem, 
then, the value of ®(r) on the surface is known. Consequently, if 
we require the Green’s function to satisfy the homogeneous Dirichlet 
boundary condition, namely, 


Gy(r,r’)=0, forrorr’€S, (3.156) 


we see that the solution (3.154) can be written as 


/ 
®(r) =— = fos'oon Seen 
S 


+ far Gp(r,r’)p(r’), (3.157) 
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which is indeed a well defined solution for the given Dirichlet bound- 
ary value problem. It is worth noting that this solution is valid even 
in the region which does not contain any charges (compare this with 
the method of images where one does not calculate the potential in 
the region containing the image charge). In such a case, the second 
term vanishes and the solution is given completely by the surface 
integral. (Let us also emphasize here that even though the bound- 
ary condition for the solution may be inhomogeneous, the Green’s 
function is required to satisfy only the homogeneous condition.) 

The main question to answer now is what is the form of the 
Green’s function satisfying the homogeneous Dirichlet boundary con- 
dition (3.156). The exact structure of the Green’s function would, of 
course, depend on the particular problem under consideration. How- 
ever, let us note that we can write a general Green’s function to be 
of the form 


G(r, r’) = GO (r,r’') + H(r, 1’), (3.158) 
where 
V?H(r,r’) = 0. (3.159) 


Namely, the Green’s function is unique only up to addition of a term 
which satisfies the homogeneous equation. We can, therefore, take 
advantage of this arbitrariness to impose a given boundary condition 
on a particular Green’s function. 


> Example (Point charge above a conducting plane). As an application of this 
method, let us study the problem of a point charge above a conducting plane of 
infinite extent which is maintained at some constant potential ®p9. We can take 
the plane to be at z = 0, assume that the point charge q is at z = d on the z-axis, 
and we are interested in determining the potential for z > 0 (see Fig. 3.1). 

This is a Dirichlet boundary value problem and, as we have seen, to deter- 
mine the potential we need the Dirichlet Green’s function in the region z, z’ > 0, 
satisfying the homogeneous boundary condition Gp(r,r’) = 0 whenever z = 0 or 
z' = 0. To determine this Green’s function, let us note from our general discussion 
that 


Go(r,r’) = G(r, x’) + H(z, x) 
1 ' 
aa Ge 3.160 
GoaPru-vereeep ve 


We require this Green’s function to vanish whenever z = 0 or 2’ = 0. It is clear 
from this requirement that 


, 1 
BO oe SOE. 3.161 
(c— 2’)? +(y-y')? + (z =e z!) ( ) 
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Although there are two possible choices for H(r,r’) we note that for the second 
choice of the sign in the denominator in (3.161) we will have Gp(r, r’) = 0 which 
is a trivial solution. Therefore, the first choice of the sign is the natural one and 
we obtain 


1 
(2 —2')? + (y—y')? + (2- 2’)? 
1 


ee ee (3.162) 
(w@— 2)? + (y—y')? + (2 + 2/)? 


Gp(r,r’) = 


There are two things to note from (3.162). First, with our choice of H(r,r’), 
we note that 


V’H(r,r') =-V? — 
(2— 2’)? + (y—y')? + (2 +2')? 


= 4n6(ax — x')d(y — y')6(z + 2’). (3.163) 


Therefore, it appears that H(r,r’) does not satisfy the homogeneous equation. 
However, note that in the region that we are interested in, namely, z,z’ > 0, the 
right hand side of (3.163) indeed vanishes and H(r,r’) satisfies the homogeneous 
equation in this region. The second thing to note is that the Green’s function 
n (3.162) is reminiscent of the structure of the potential for a grounded plane 
obtained by the method of images in (3.5). This should not be surprising since 
the Green’s function is the potential for a unit source charge with a homogeneous 
Dirichlet boundary condition. 

Substituting (3.162) into the right hand side of the solution (3.157), we 
obtain (S in this case is the plane z’ = 0. Actually, S is the closed surface 
bounding the upper half plane. However, as is clear from the form of the Green’s 
function, the Green’s function as well as its derivative vanish when any of the 
coordinates is at infinity. Consequently, the surface S is effectively the plane at 
z =0.) 


~ aed ie O(r Meter) ) + fate’ Go(r,r')o(r’) 


Bo 2Qzda’ dy’ 
An J ((w— 2!) + (y—y!)2+2)3 


+ far’ Gp(r, v’)qo(2’)d(y’)d(z' — d) 


_ Boz 2dx’ dy’ 
ales (w!2 + y’? + 22)2 


Bi (> a . (3.164) 
@rPte-o? @rPteraye 


(Note that there is an extra negative sign in the nue term because the sur- 
face area points along the negative z-axis so that 34 = -%.) Here, we have 
translated the coordinates of integration in the first integral for simplicity and 
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recognize that it is best evaluated in polar coordinates 


i 2dx’ dy’ =i 2r’ dr’ dd’ 
F (x2 + y2 + 22)2 (r’2 + 22)3 


oo 


dr’? 
Sef 
J (r’? + 22)2 
1 An 
= 27 (-—2) ———=] =—. 3.165 
"(2) Gas] =F (3.165) 


Substituting this back into the solution (3.164), we have 


1 1 
P(r) = Do SF —,_ . (8.166 
( ) [+ (a? + y? + (z +d)?) ( ) 


NIH] 


For ®p = 0, this reduces to the solution (3.5). However, we now have the solution 
for the case when the conducting plane is not grounded, but is held at a nonzero 
constant potential. Incidentally, from (3.166) (or (3.164)), we see that the poten- 
tial in the lower half plane is given by (the second term vanishes in the lower half 
plane because there is no free charge in that region) 


@(r) = Do, for z<0, (3.167) 


which is consistent with what we expect, namely, that there is no electric field in 
the lower half plane. All the field lines from the point charge terminate on the 
conducting plane. (An alternative way to see that the surface term in (3.164) for 
a constant potential ®o on the boundary is simply equal to ®o is as follows. By 
definition 


V’?Go(r,r’) = —47 63 (r — 1’). (3.168) 
Consequently, using Gauss’ theorem we can write 


[os -V'Go(r,r’) = par V’Gp(r,r’) 
Ss 


= per (—4r) 5° (r — vr’) = —4r, (3.169) 
which gives the desired result.) < 


> Example (Point charge inside a conducting sphere). Let us next analyze the 
problem of a conducting sphere of radius R which contains a point charge gq in- 
side, at a distance d from the center of the sphere. The surface of the sphere is 
maintained at a constant potential ®o and we are interested in determining the 
potential within the sphere. 

For simplicity, let us choose the origin to coincide with the center of the 
sphere and the point charge q to lie on the z-axis so that we are interested in the 
solution of the equation 


VV’ = —41 qo(x)d(y)5(z-d), O<a,y,2<R, d<R, (3.170) 
subject to the boundary condition that 
®(R, 0, ) = Bo. (3.171) 
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Therefore, this defines a Dirichlet problem. Once again, the Green’s function for 
the problem, satisfying the homogeneous Dirichlet boundary condition, can be 
written as (see (3.158)) 

Gp(r, r’) = —— + H(r,r’). (3.172) 
Since H(r,r’) has to satisfy the homogeneous equation (for r,r’ < R), we note 
that we can write it as 


a 


H(r,r’) = (3.173) 


~ jr—r’|’ 
where we assume that a is a constant (namely, independent of r) and r” = r’(r’) 
and lies outside the sphere (namely, r” > R). Now, requiring that Gp(r,r’)|,_p = 
0, we obtain 


1 Qa 


(R? + r’? — 2Rr’ cos /)B (R? +r’? — 2Rr" cos a!) 


’ 


or, a°(R? +r”? —2Rr’ cosy’) = (R? +r"? — 2Rr” cosy"). (3.174) 
Here, we are using the generic notation that 
cosy’ = cos @ cos 6’ + sin @sin 0’ cos(¢ — ¢’). (3.175) 


It is clear that (3.174) can be satisfied if r’ and r” lie along the same axis (this 
also follows from the fact that since r” is a vector function of r’, it must have the 
form r’ multiplied by a scalar function of r’) and a nontrivial solution is obtained 
if 

2 
z r =a?r' = cine fay. (3.176) 


a=, 
r! r! 


Using (3.176), then, we can write 


/ 1 R 
Gp(r, xr) = ——————Jei —_ —- qm i —— » 
(r2 + r/2 — 2rr' cosy’)? — (r2r’2 + R4 — 2R?2rr’ cosy’)? 


(3.177) 


It is manifestly symmetric in r + r’ and it is straightforward to verify explicitly 
that it satisfies the homogeneous Dirichlet boundary condition whenever r or r’ 
lies on the surface of the sphere. Furthermore, its structure can be compared with 
the potential obtained from the method of images. 

The solution of the Poisson equation inside the sphere is now straightforward 


(r < R, 3 = 3). (For simplicity of evaluation, we will measure the angle 6’ 
with respect to the vector r in the first integral so that 7’ = 6’.) 
Ul 
O(r) = a2. i ds’ eg eee + fate’ Go(r,r')p(r’) 
dn On’! 
Ss V 
nT QW 


_ &0(R? — r?) / ii R? sin 6'd6’ dd" 
4nR 44 (r? + R? — 2rRcos 6')2 


+ par Gp(r, r’)q6(2")d(y’)d(z’ — d) 
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_ &o(R? — CUE f dx 
4 (r2 + R2 — 2rRr)? 


1 R 
qd a ae 
(= + d? — 2rdcos 6) (d?r?2 + R4 — 2R?dr cos 0)2 


_ &0(R? —r?)R (=) 1 
2 Rr} (r2 + R2 — 2r Rx)? 


1 


-1 
: 1 _ R 
(r? + d? — 2rdcos 0)2 (d?r?2 + R4* — 2R?dr cos @) z 


1 
= Oo + g | ——_—_—. - oo 
(r? +d? —2rdcos0)2  (d?r? + R4 — 2R?dr cos 0)? 
(3.1 


This can be compared with the solution obtained from the method of images. 


3.4.3 Neumann boundary condition. The solution of the Poisson equa- 
tion subject to Neumann boundary conditions is slightly tricky for a 
variety of reasons. First, let us note that if 


V’8(r) = —4rp(r), (3.179) 


then, using Gauss’ theorem we can write 


[es-ve = [ar V’8(r), 
S Vv 


or, ds “ = —an f ar p(r) = —47Q. (3.180) 


This shows that the normal derivative of ® cannot be specified ar- 
bitrarily on the boundary surface. Rather, it should satisfy the 
constraint condition (3.180) which does not make this a well posed 
boundary value problem. Furthermore, as in the earlier case of Dirich- 
let boundary condition, for a solution of the boundary value problem 
to exist we must define the Neumann Green’s function with the ho- 
mogeneous condition 


OG (r,r’) 
On! 
on the boundary surface. However, let us note from the definition of 


the Green’s function that 


V"?Ga(t,r’) = —4083 (r — 2’). (3.182) 


=0, (3.181) 
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Consequently, using Gauss’ theorem we obtain 


(eo -WGy(r,r') = [evr V?Gy(r,r’), 


oo pecL tse Br) = —4n f a°r! O(r—r’') =—4n. (3.183) 
Vv 
This is not compatible with the homogeneous Neumann condition 
(3.181). 


This second difficulty can be circumvented by defining the Neu- 
mann Green’s function as satisfying the differential equation 


V?Gy(r,2) = —4n (5% eas =) . (3.184) 


where V denotes the volume of the region under consideration. In 
such a case, use of Gauss’ theorem leads to 


/ 
[es viGute2! = foo =p) (3.185) 


so that a Green’s function satisfying the homogeneous Neumann 
boundary condition can be defined consistently. 


With such a choice of the Green’s function we note that Gauss’ 
theorem (Green’s identity (3.67)) leads to 


‘x d?r! (Gy V70 — ©V"Gy) = / ds’: (GyV'® — OV'Gy), 
Vv 


® O® 
3 iss 
or, —4a7 fe r! (cup 7) — G(r) }] = [esau 
4 S 
(3.186) 
Here, we have used the fact that ® satisfies the Poisson equation while 


Gy satisfies (3.184). Noting that for any function A(r) the average 
over a given volume is defined to be 


ee 
Aave =A = Vv [ar A(r), (3.187) 
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we now obtain the solution from (3.186) to be 


/ 
O(r) = B+ Z [e'evte SO 
4a 
S 


On’! 


+ | dr’ Gy(t,r’)o(r’). (3.188) 
! 


However, the Neumann boundary condition on oe still has to be 


specified consistent with the constraint (3.180) which makes such 
problems extremely difficult and impractical. If we do not constrain 
the boundary conditions (data), the Neumann problem may not have 
a solution. (Incidentally, if V is infinite, the average term will not be 
present in the solution if the potential falls off asymptotically.) 


> Example (Point charge above a conducting plane). Let us analyze the follow- 
ing example to show how this method works. We have already seen in (3.8) that a 
point charge q above a (grounded) conducting plane, say, on the z-axis at a height 
d, induces a surface charge density on the plane given by (here r represents the 
radial coordinate on the x — y plane) 


1 O®| _ qd 


An Oz Qn(r?2 + d2)2 


? 


2 _ 2qd 
Oz (r2 + d2)3 ; 
Here the restriction stands for z = 0, namely, the location of the plane. Conse- 
quently, we can use this as a Neumann boundary condition which automatically 
satisfies the appropriate constraint and try to solve for the potential of the prob- 
lem. We are interested in the solution in the upper half plane so that the volume 
is infinite implying that the average term in (3.188) can be ignored. 
The Green’s function satisfying the homogeneous Neumann boundary con- 
dition can be determined as before and has the form 
1 
Gy(r,r’) = —————————— 
jp +y-vP+e-2) 
1 
ja P+ yy tere 
The additional term as we have seen earlier in (3.163), is a solution of the homo- 
geneous equation and the sign is chosen such that the z (or 2’) derivative vanishes 
if either z or z’ vanishes (on the surface of the plane). The solution can now 
be obtained from (3.188). However, unlike the Dirichlet boundary condition it is 
clear that the surface term now gives a coordinate dependent term and to compare 
with what we have already done by the method of images, let us calculate the 
potential along the z-axis (x = 0,y = 0,z > 0). For such points we obtain (the 
negative sign in the surface term arises from the direction of the outward normal 


to the surface as discussed earlier, namely, 34 = -%) 


1 , , O® , Vi Uy 
(4 =0=y,2z) = zfe Gwe) 5S + far Gn(vr,r )p(r’) 
s 


or, 


(3.189) 


(3.190) 


3.5 SELECTED PROBLEMS 


_ 2qd 2r' = ‘dd’ 
An (r/2 + d2)3 (r2 +2 2)3 


+ par Gn(r, r’)qd(x’)5(y’)d(z' — d) 


-tens | 
2 Od (r’2 + d2) = =Tal 
0 


___2q¢ q q 
a ae ea eer 
ne eee ee 

jz—d| z+d’ 
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(3.191) 


which is what we had calculated earlier in (3.5) using the method of images. (See, 


for example, Gradshteyn and Ryzhik 2.261 for the value of the first integral.) 


3.5 Selected problems 


< 


1. Consider a point charge q at a distance d from the center of a 


conducting sphere of radius R, where d > R. The surface of 
the sphere is maintained at a constant potential ®po. 


a) Determine the “image” charges needed to study this problem. 
b) Determine the potential at any point outside the sphere. 


c) Determine the induced surface charge density as well as the 
total induced charge. 


. Consider a hollow metallic sphere of finite thickness, with the 
inner radius a and the outer radius b. (The coordinate origin 
is chosen to be at the center of the sphere.) A point charge q 
is placed inside the sphere at a distance $ from the center of 
the sphere (the sphere is insulated so that the charge cannot 


move). 
a) What is the potential at a point r outside the sphere (r > 6)? 


b) What are the potentials at the inner (r = a) as well as the 
outer (r = b) surfaces of the sphere? 


c) What is the potential at the center of the sphere? (Use the 


method of images to calculate this result.) 


. Two infinite grounded parallel conducting planes are separated 
by a distance d. A point charge g is placed between the planes. 
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Determine the induced surface charge densities as well as the 
total charges on the two planes. 


. Consider a conducting sphere of radius R whose surface is main- 


tained at a potential ®(R) = ®p cos@. Assuming that there are 
no free charges present (inside or outside), what is the potential 
inside and outside the sphere? 


. Consider a cylindrical conducting can of radius R and height h. 


The side and the bottom walls of the can are grounded while the 
top face is maintained at ®o(r, ¢). Find the electrostatic poten- 
tial inside the can. (You will have to solve the Laplace equation 
in cylindrical coordinates, which lead to Bessel functions.) 


. Let us assume that the potentials ®; and ®2 are produced 


by the charge distributions (1,01) and (2,02) respectively. 
Namely, both volume and surface charge distributions are re- 
sponsible for the potentials that correspond to solutions of the 
Poisson equations 


Vo, = —4rp1, 
V28_ = —Arpo. 


Using Green’s identity discussed in this chapter, prove the reci- 
procity theorem 


[eredt [as 0 12 = fro + fas oP}. 
Vv Ss Vv Ss 


Using this reciprocity theorem, determine the total induced 
charges on each of two infinite grounded conducting plates sepa- 
rated by a distance d, with a point charge gq in the space between 
them. 


. Consider the one dimensional wave equation 


ao 1 Pe 


0x2 v2 OFF” 


where v represents the speed of propagation of the wave. This 
is a hyperbolic equation, and at every point in space-time, there 
are two characteristics €(a,t) and n(z,t). 


a) Determine the characteristics as functions of (z, t). 
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b) Invert the relations for the characteristics to express x and 
t in terms of the characteristics € and 7. What is the form of 
the wave equation written in terms of the characteristics as the 
independent coordinates. 


c) With the Cauchy conditions ®(z,t = 0) = f(x) and oe 
g(x), determine the solution to the wave equation. 


f=. = 


8. Using Green’s identity, as well as other identities discussed in 
this chapter, show that the Green’s function satisfying Dirichlet 
boundary conditions is symmetric in the interchange of its ar- 
guments (namely, Gp(r,r’) = Gp(r’,r)). (In general, Neumann 
Green’s functions are not symmetric.) 
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CHAPTER 4 


Dielectrics 


4.1 Electric displacement field 


As we have discussed earlier dielectrics are materials that can be 
polarized. Namely, in the presence of an external electric field the 
bound electrons and the positively charged nuclei of the atoms of 
such materials get displaced slightly so that each individual atom 
behaves like a point dipole and all these dipoles inside the material 
become aligned to give the material a macroscopic dipole moment. 
We say that the material becomes polarized in the presence of an 
electric field. 

Experimentally it is observed that the net polarization of a ma- 
terial depends on the applied electric field and the general relation 
between the two is of the form 


P= ig Ey (4.1) 


The x;; are known as the components of the electric susceptibility 
tensor of the material (for individual atoms the constant of propor- 
tionality is known as the polarizability of the atom) and it can, in 
principle, depend on the electric field itself. However, for electric 
fields which are not too strong the components of the tensor are in- 
dependent of the electric field and can be thought of as constants 
for a given medium. Furthermore, the electric susceptibility is a sec- 
ond rank tensor and, in fact, it is a symmetric tensor. In general, 
therefore, it can have at the most six independent components. How- 
ever, by a suitable coordinate transformation (namely, with a suitable 
choice of the coordinate axes), it can be brought to a diagonal form 
with the three diagonal elements, in general, distinct. On the other 
hand, there is a wide class of dielectric materials which are isotropic 
(or sometimes also called linear) for which the three diagonal elements 
are the same. In this case, the relation between the polarization and 
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the electric field is a linear one of the form 
P = yE, (4.2) 


with y, which is a scalar, representing the electric susceptibility of 
the linear dielectric material. We will restrict ourselves to such mate- 
rials for simplicity. (The electric susceptibility is a positive quantity, 
namely, y > 0 which simply represents the fact that the polarization 
is along the direction of the applied electric field.) 

We have already seen (see (2.60)) that when a dielectric material 
is polarized it produces a potential of the form 


ds’ - P(r’ V'- P(r’ 
Paipoie(t) = : eee) = i aon (4.3) 
S V 


Ir —r"| 


which allowed us to conclude that a polarized dielectric develops a 
volume charge density as well as a surface charge density given re- 
spectively by (n is the unit vector normal to the surface) 


po =—-(V-P), op =a-P. (4.4) 


Here, the subscript “b” simply stands for the fact that these charges 
are bound and are not free to move around unlike the charges in a 
conductor. It follows from the identification in (4.4) that the total 
charge in the dielectric is 


= f erate) ie 
ee aes Pir 
= ere P(r ‘fen P(r (4.5) 


where the last identity follows from Gauss’ theorem. This is, of 
course, what we would expect. Namely, the dielectric is charge neu- 
tral, all that happens in the presence of an external electric field is 
that the charges are displaced slightly to give it a macroscopic dipole 
moment. 


It is intuitively clear that because a polarized dielectric develops 
a volume as well as a surface density of bound charges, the differential 
form of Gauss’ law satisfied by the electric field in a dielectric would 
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modify. To determine this systematically, let us consider a dielectric 
of infinite extent with some point charges embedded inside. In this 
case, it is clear that if we consider a Gaussian surface as shown in 
Fig. 4.1, Gauss’ law (1.28) would lead to 


Figure 4.1: A dielectric with a number of embedded free charges. 
The dashed curve represents the Gaussian surface enclosing the free 
charges. 


[os -E = 47(Q 4+ Qp), (4.6) 
S 


where @ represents the sum of free charges embedded inside the di- 
electric and Qp is the total bound charge within the Gaussian vol- 
ume (which need not be zero unlike the case of the whole dielectric). 
By definition (, is contained only in the volume excluding the free 
charges) 


Qp = / d?r pp(r) + i ds op(r) 
Vv 


S 

=~ farcv-p+ fas P 
Vv DSi 

=— : assP+ [as P 
SHY Si Si 


= - [as-P. (4.7) 
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Here S; represents the surface area of the interface between the charge 
q; and the dielectric. Putting this back into the integral form of 
Gauss’ law (4.6), we obtain 


[os -(E+4rP) = 47Q, 
Ss 


or, [os -D=47Q, 
S 


or, V-D(r) =4zp(r). (4.8) 


Here, we have used Gauss’ theorem in deriving the last line and have 
defined a new vector field 


D(r) = E(r) + 47P(r), (4.9) 


which is known as the electric displacement vector (electric displace- 
ment field). Therefore, in a dielectric it is the flux of the electric 
displacement field out of a Gaussian surface which equals (47) times 
the free charge contained in the Gaussian volume. Correspondingly, 
it is the divergence of this field that is proportional to the density 
of free charges which is quite useful because, in reality, we can have 
information only on the free charges in a system. (The number of 
bound charges is large and their distribution is clearly an impossible 
thing to determine.) 

Therefore, in the presence of a dielectric the differential form of 
Gauss’ law takes the form 


V-D=4np. (4.10) 


In spite of its similarity with the differential form of Gauss’ law (1.30) 
satisfied by the electric field in the absence of a dielectric, the two 
vector fields may have quite different characters in general. For ex- 
ample, as we have seen in chapter 1 the electric field is conservative, 
but D may not be, namely, 


VxE=0, VxD#<0. (4.11) 


This follows because the polarization vector may not have vanishing 
curl in general. Furthermore, note that since the polarization vector 
is parallel to the electric field, (for isotropic dielectrics) we can write 


D=E+47P =(14+47y)E=cE, «=1+4nyx. (4.12) 
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Thus, we see that in an isotropic (linear) dielectric the electric dis- 
placement vector is parallel to the electric field and the constant of 
proportionality ¢ is known as the permittivity or the dielectric con- 
stant of the material. (Even when P is parallel to E, it may still have 
non-vanishing curl if y is space dependent.) From the definition of y 
it follows that the dielectric constant for a material is greater than 
unity, « > 1. The dielectric constant is unity only for vacuum as we 
have noted earlier. Note also that even though D and EF are linearly 
related, in general 


A 
V-EX —p. (4.13) 


which follows because the dielectric constant may be different for 
different regions of space (namely, it may be space dependent). How- 
ever, in a homogeneous region of space (namely, where there is no 
change in the dielectric constant), we can write the differential form 
of Gauss’ law also in terms of the electric field as 


V-E=—p. (4.14) 
€ 


> Example (Point charge in an isotropic dielectric). As an example of problems 
involving dielectric materials, let us consider an isotropic dielectric material of 
infinite extent and permittivity « with a point charge q embedded inside at a 
point which we choose to be the origin of the coordinate system (see Fig. 4.2) and 
we want to calculate the electric as well as the displacement fields. This problem is 
very simple and yet clarifies some of the essential properties of dielectric materials. 


Figure 4.2: A point charge embedded in an isotropic dielectric. The 
dashed sphere represents the Gaussian surface. 


From the (spherical) symmetry of the problem we see that the electric field 
will be radial (with the charge q at the center) at every point. Furthermore, 
drawing a Gaussian sphere of radius r we note that the magnitude of the electric 
field will be the same at every point on the surface of this sphere. Therefore, we 
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determine trivially from (4.8) that (remember that D is parallel to the electric 
field and, consequently, is radial as well) 


Anr?|D| = 41q, 

or, [Dj =—. (4.15) 

? r2 
It follows from this that 

q 

D= =) Yr, 

E=-p=-43, Bae: (4.16) 
€ er er 


Namely, the electric field and the potential have the same structures as in vacuum, 
but are reduced in magnitude (remember that « > 1). Furthermore, we can also 
determine the polarization of the medium from the fact that (see (4.12)) 


e—l e-—l m 
p=yp="& Vp) 4, (4.17) 
The reason why the strength of the electric field (as well as the potential) is 
reduced in the presence of the dielectric is easily understood from the fact that the 
point charge polarizes the medium. In fact, from the structure of the polarization 
vector in (4.17) as well as using (4.4), we see that (remember V -r = 3 in three 
dimensions and we are interested in points r # 0) 


mp =-v-p=-v- (UE) <9, (4.18) 


so that there is no volume density of bound charges in this case and only a surface 
charge density is present. 

The total bound charge in the Gaussian volume (see Fig. 4.2) can, therefore, 
be calculated easily to give (the negative sign is because hi is inward at the interface 
opposite to the direction of P) 


Qn = fas-p = M4 fag = OM 5 (an) = (4.19) 
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Figure 4.3: The induced negative charges in the interface of the free 
charge in the dielectric medium. 


All of this charge lies on the inner surface as shown in Fig. 4.3 and, as a 
result, at a distance far away from the origin the total effective (free) charge seen 


4.1 ELECTRIC DISPLACEMENT FIELD 127 


is 


e-1 
wea = 4+ Qn =9(1- 49 3 1) a4. (4.20) 
In other words, induced bound charges have a tendency to reduce the magni- 
tude of the (free) point charge and, consequently, lead to a weaker electric field. 
Conventionally, this is known as the screening of a point charge by a dielectric 
medium. < 


> Example (Capacitor filled with dielectric). Once we have Gauss’ law (4.10) in 
the presence of a dielectric (or the integral form of it in (4.8)) solving electrostatic 
problems involving dielectrics is no more difficult than what we have already done 
in chapters 1 and 2. Let us recall that Gauss’ law involves the field D and the free 
charge distribution. Consequently, just as we determined E earlier (in chapter 1) 
from Gauss’ law we can now determine D. Furthermore, from the relation between 
D and E in (4.12) we can then obtain the electric field as well. 


—Q Q 


>> 


Figure 4.4: A capacitor filled with a dielectric of permittivity «. The 
dashed rectangle represents the Gaussian surface. 


As an example of how this is done, let us consider a large parallel plate 
capacitor of area A separated by a small distance d. Let us assume that the 
plates carry charges Q and —Q respectively and that the space between the two 
capacitor plates is filled with a dielectric material of permittivity € (see Fig. 4.4). 
Clearly from the symmetry of the problem we conclude, as before, that the charge 
would distribute itself uniformly over the two plates so that we have two plates 
with a uniform surface distribution of charge densities 0 and —o respectively. We 
expect the electric field (and, consequently, the electric displacement field where 
applicable) to be perpendicular to the plates and that it has a nonzero constant 
value only between the two plates in a direction from the positively charged plate 
to the negatively charged plate. Calculating the flux out of a rectangular Gaussian 
surface we conclude that 


[as D = 4a, 


or, |D|A =47Q, 


em as 


dro. (4.21) 
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Thus, we can write the displacement field between the two plates to be 
D(r) = —470 i, (4.22) 


where we have defined n to be the unit vector normal to the plates as in Fig. 4.4 
(say, along the z-axis). Here the negative sign arises because the direction of the 
D field is opposite to the vector n. 

The electric field between the plates can now be determined from relation 
(4.12) 

B(r) = =D) = -Za, (4.23) 
Thus, as before, we see that the electric field continues to be a constant between 
the plates. However, its strength is reduced from the case where there was no 
dielectric between the plates. From (4.23) we determine the potential difference 
(voltage) between the two plates to be 


4no Ard 


V |E|d ee d A cA= Cua. Q. (4.24) 
Namely, we determine the capacitance in the presence of the dielectric to be 
cA 
Caiel. = a (4.25) 


In other words, the capacitance of the system increases in the presence of a di- 
electric (compare with (2.89)). < 


4.2 Boundary conditions in dielectric 


=> 


Figure 4.5: The interface of two distinct dielectric media with the 
dashed curve representing the surface of a rectangular Gaussian vol- 
ume. 


Suppose, we have two distinct dielectric media, characterized by 
the respective dielectric constants €, (or €n) and e€2 (ez), separated 
by a surface (perpendicular to the z-axis). Let us draw a rectangular 
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Gaussian volume of infinitesimal thickness projecting into both the 
media as shown in Fig. 4.5. 

It is clear now that in the limit of vanishing thickness of the 
rectangular volume, Gauss’ law gives (namely, taking the integral 
form of Gauss’ law in (4.8)) 


n- (Dr — Dy) = 470, (4.26) 


where o denotes the density of free charges on the surface separating 
the two media. Thus, the normal component of the D field is discon- 
tinuous across a surface carrying free charges. On the other hand, 
from the conservative nature of the electric field, it follows (taking 
the line integral of the electric field or the surface integral of the curl 
of the electric field) that the tangential component of the electric field 
is continuous across the boundary, namely, 


Ert — Ext — 0. (4.27) 


Equations (4.26) and (4.27) represent the two boundary conditions 
that we have to satisfy at an interface of two distinct dielectric ma- 
terials. 

From the fact that the electric field is defined in terms of the 
potential as 


E(r) = —V@(r), (4.28) 


it follows that in the presence of an isotropic dielectric, we have to 
solve the equation 


VY D(r) = Ar(1), 
or, V-(eV®(r)) = —4rp(r), (4.29) 


where p(r) represents the density of free charges. Furthermore, equa- 
tion (4.29) needs to be solved subject to the boundary conditions 
that across a surface separating two dielectric media 


O®R O®,, , 
ee On |g is On |g ash On ae 
®r(r)|o = P(r) Ig, (4.30) 


which correspond to the boundary conditions (4.26) and (4.27) re- 

spectively in terms of the potential (see the definition in (4.28)). 
The boundary conditions in dielectrics lead to some very inter- 

esting consequences. For example, let us consider two dielectric media 
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with permittivities €; and €2 separated by a surface which does not 
contain any free surface charge. Let us further assume that an electric 
field vector makes an angle 6; with the surface in the first dielectric 
while it makes an angle 62 with the surface in the second medium as 
shown in Fig. 4.6. Denoting the electric fields in the two media by 
E, and Eg respectively, the boundary conditions (4.26) and (4.27) 
tell us that 


Figure 4.6: An electric field in two distinct dielectric media with 
permittivities €; and e€9. 


€;|E,| sin 6; = €2|E9| sin 02, |E,| cos 0; = |F2| cos 02. (4.31) 
We can take the ratio of the two relations in (4.31) to write 
€, tan 6, = eg tan 62, (4.32) 


which is known as the Snell’s law in optics. We will study this in 
more detail in a later chapter. 


> Example (Point charge in semi-infinite dielectric medium). As an example of 
applications of the boundary conditions in dielectric media, let us consider a semi- 
infinite medium of a dielectric material of permittivity €1. Outside of the dielectric 
lies vacuum and a point charge of magnitude q is immersed on the boundary 
between the two media shown in Fig. 4.7. We wish to determine the fields E and 
D everywhere except at the location of the point charge. 

Without loss of generality, we can take the origin of the coordinate system 
to be at the location of the point charge. Furthermore, from the symmetry of 
the problem we expect both the electric and the displacement fields to be radial 
and have spherical symmetry in the two regions. Let us denote the fields in the 
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Figure 4.7: A point charge on the interface of a dielectric medium 
and vacuum with the surface of the dashed sphere representing the 
Gaussian surface. 


dielectric as E,,Di, while we denote them in vacuum as Eo, Do. The boundary 
condition (4.27) for the electric field implies that 


Eot| = Ext]. (4.33) 


On the other hand, since the electric fields are radial, on the boundary surface 
they are in fact tangential which determines that 


|Eo| = |E1|. (4.34) 


Let us next draw a Gaussian sphere (indicated by the dashed sphere in Fig. 
4.7) of radius r around the point charge. From Gauss’ law we obtain 


[as D = 40a 


or, nr? (|i + |Dol) = 47q, 


(4.35) 


in the upper half plane. Here we have used the fact that the surface area of the 
hemisphere in both the regions has the value 27r? as well as the relation between 
the displacement field and the electric field (4.12) in the two regions. It follows 
now that ((Eo,Do) and (Ei, D1) are defined respectively in the upper and lower 
half planes) 


Pal) = Bole) = Saye 
Di (t) = a Ei(r) = ae (4.36) 


We note that when «; = 1, these fields reduce to the electric field for a point 
charge in vacuum that we are familiar with. < 
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> Example (Method of images). As a second application, let us consider two 
semi-infinite dielectric media of permittivities «; and €2 respectively separated 
by a plane at z = 0. Let us assume that a point charge q is immersed in the 
second dielectric medium (with permittivity e2) at a height d from the boundary. 
We would like to calculate the electrostatic potential for this system in both the 
regions using the method of images. 


Figure 4.8: A point charge qg in the region z > 0 with the image 
charge q’ in the region z < 0 for calculating the electric field in the 
upper half plane. 


Without loss of generality, we can assume that the point charge lies on 
the z-axis at a height z = d from the interface. Unlike the case of a grounded 
conducting plane, here we will have nonvanishing electric fields present in both the 
dielectric media and, consequently, we need to calculate these in both the regions 
z > 0 and z < 0. Let us recall from our earlier study involving the method of 
images that we need an image charge in a region where we are not calculating 
the electric field. As a result, since we have to calculate the potential and the 
fields in both the regions z > 0 and z < 0, we need two sets of image charges - 
one for each calculation. When we are calculating the field in the region z > 0, 
we need an image charge q’ located at z = —d as shown in Fig. 4.8. On the 
other hand, when we calculate the field in the region z < 0, we need an image 
charge in the region z > 0. In fact, if we think for a moment, we realize that the 
dielectric will be polarized because of the presence of the charge q. As a result, 
as we have discussed in an earlier example, the effective charge seen in the region 
z <0 will be modified. Consequently, in calculating the field in region z < 0, we 
can imagine an image charge present at z = d so as to give rise to an effective 
charge q” at that point (namely, the image charge has the value q” — q at that 
point), as shown in Fig. 4.9. 


With these introductory remarks, the calculation is now straightforward. 
Let us use cylindrical coordinates for our calculations. From Fig. 4.8, we see that 
we can write the potential in the region z > 0 as (see, for example, the discussion 
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eg 


Figure 4.9: For calculating the electric field in the lower half plane the 
image charge can be chosen to lie on top of qg leading to an effective 
charge q”. 


for the electric field in (4.16)) 


wn2zQ=2(4 +5) 


ex \[r| ° [r'| 


1 q q 


Here p represents the radial coordinate on the plane. Similarly, the potential in 
the region z < 0 can be determined from Fig. 4.9 to be 


(4.37) 


aire Os ae (4.38) 
"> e1 |r| €1 \/p? + (d— 2)? 


The components of the electric fields can now be calculated easily and have 
the forms 


E.(z>0) = -2 ®(z>0)= ~ E. sen ie : 5 + 1] 
Bee a MESO m Ean aye 
Pa20) = GHz 0-2 eco ee 
E,(z <0) --5 &(z <0) Soe (4.39) 


Since there are no free surfaces charges, the boundary conditions (see (4.26) 
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and (4.27)) would require 


e2E.(p,2=0°)=aEk.(p,z=0-), 


or Sy EG ae 
(+a)? (e? +a)2 
or, (q — 7) = qd’, 
E,(p, z = 0*) = E,(p,2 = 0°), 
Pe Sk’ 
( (p@+d2)F (gp? +a?) B a’ 
or, ea(q+q’) =e2q”. (4.40) 


The image charges are determined from these relations to be 


yp €1 ~ €2 ; mn 2€1 ; (4.41) 
€1 + €2 €1 + €2 
We note that only when €1 = €2, we have q” = q. Otherwise, the effective charge 


seen in the region z < 0 will be different due to polarization of the two media. 
Once the image charges are determined, the potential as well as the electric fields 
can be determined in both the regions. Furthermore, the polarizations in the two 
media can also be calculated using (4.17). In fact, since the permittivity of the 
two media are different there will be a net polarization charge at the interface, 
which can be calculated as follows. 

We note from our results (as well as (4.17)) that the polarizations on both 
sides of the interface will have the forms 


P.(p,2 =0*) = GY p.(p,2=0") 
= (€2 = 1) 2€1 qd 
4teg Ex tes (p? + d2)3 ? 
—1 
P.(p,2=0-) = FY p(p,2 = 07) 
(1-1) 26 qd 


(4.42) 


4tvey €E, +2 (p2 + d2)2 


It follows from this that the net density of surface polarization charge is given by 
(see (4.4)) 


op =h- P| = P.(p,z = 0+) — P.(p,z =07) 


_ (rae) ee (4.43) 
e2(€1 + €2) Qn(p2 + d2)2 


This shows, in particular, that as long as €; # €2, there will be a net polarization 
charge at the interface. < 


> Example (Dielectric sphere in uniform electric field). Let us consider a dielec- 
tric sphere of radius R and dielectric constant € placed in vacuum in a uniform 
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electric field along the z-axis. Thus, in the absence of the dielectric sphere we 
have 


K(r) = £2, (4.44) 
leading to the potential 
O(r) = —Ez+C = —Ercosé+C, (4.45) 


where C' is a constant and we are assuming the coordinate origin to coincide with 
the center of the dielectric sphere. When we introduce the dielectric sphere, the 
sphere will be polarized and would modify the electric field around and within 
the sphere. However, asymptotically, the form of the potential in (4.45) would 
continue to hold. 

To determine the potential in the presence of the dielectric sphere let us note 
that outside the dielectric sphere we simply have to solve the Laplace equation in 
vacuum which has the form 


V’os(r)=0, rR, (4.46) 


and whose solutions can be written, in general, as (see (3.105) and note that the 
present problem has azimuthal symmetry leading to m = 0) 


®,(r) = C — Er Py(cos@) + a Aer~ “+ P;(cos 8), (4.47) 
f=1 


where we have kept a linear term in r with the asymptotic condition (4.45) in 
mind. (Here we have also used the fact that for ®s(r) to satisfy the Laplace 
equation, we must have Ao = 0.) Inside the dielectric sphere we also have to solve 
the Laplace equation (there are no free charges inside the sphere and note also 
that within the dielectric sphere € is a constant so that it can be taken out of the 
gradient operation) 


V’b<(r)=0,  =r<R, (4.48) 


whose general solution has the form 


®<(r) =~ Ber’ Pp(cos8). (4.49) 
e=0 

We note that in writing these solutions, we have used the fact that the region inside 
the sphere contains the origin and, consequently, should have regular solutions, 
while outside the sphere the potential should fall off except for the asymptotic 
behavior required by a constant electric field. 

Now matching the solutions in (4.47) and (4.49) across the surface of the 
sphere we obtain (see (4.30)) 


Pe(r => R) = 0, (r= R), 


or, ) > BeR‘P)(cos0) =C — ERP, (cos 8) 
£=0 


+ 5° AR Pp(cos 6), (4.50) 
l=1 
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which determines 
Bo =C, 
BiR=—-ER+ AiR”, 
BeR' = AR“), for €>2. (4.51) 


Similarly, the condition on the normal derivatives in (4.30) at the boundary surface 
gives (remember, there are no free charges on the surface and the space outside 
the sphere is vacuum) 


OD. (r) Oe, (r) 
€ = —— : 
or r=R or r=R 
or, » eB, R“») P;(cos 0) = — EP, (cos 0) 
é=1 
—S7(¢+ 1) ArR~“*) P;(cos 8), (4.52) 
é=1 
which determines 
eB, = —E—2A,\R°%, 
fBeRY-) = (41) AR“, for £>2. (4.53) 


From the relations (4.51) and (4.53) it is straightforward to determine that 


Ae =0 = Be, for €> 2, 


Bo =C, 
e—-1l 3 
A= E 
e+2 Be 
3 
By, = -—~E 4.54 
: e+2°” (4.54) 


so that we can write 


eae RN" 
es) =~ 8 (1- Pare (=) ) rene 


®<(r) =C- — Er cos 0. (4.55) 


The electric fields can be determined from these and we note, in particular, that 

inside the dielectric sphere the electric field is given by (z = rcos 6) 
3 

E =-V®O = —~ Ez. 4.56 

<(r) <(t) = Fa (4.56) 

Namely, as a result of the external electric field the electric field present inside the 

dielectric sphere is uniform. It has a reduced strength, but is along the z-axis like 

the asymptotic field. This can be contrasted with the case of a conducting sphere 

where there is no field inside the sphere. (Namely, even though the dielectric 

is polarized, the polarization is not large enough to completely cancel the field 
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inside.) This shows that the boundary value problems involving dielectrics are 
solved much the same way by imposing appropriate boundary conditions at the 
surface separating two dielectric media. 

We note here that the problem of a spherical cavity inside an infinite 
isotropic dielectric medium in the presence of a uniform electric field can also 
be solved exactly in the same manner. In fact, let us note that the solution is 
similar except that since the electric field inside a dielectric is reduced compared 
to that in vacuum, we can obtain the solution simply by letting « - 4. (Namely, 
the boundary conditions, in this case, lead to an inverted field.) 

< 


> Example (Cylindrical electret). As a final example, let us analyze the electric 
field associated with a cylindrical electret. We note that, in nature, there are 
dielectric materials which have a permanent constant polarization such that in 
the presence of an external field the polarizations orient themselves and retain 
this polarization even when the external field is switched off. Such materials 
are known as “electrets” and the associated “retained” polarization is normally 
referred to as “ferroelectricity” . 


R 


2e 


Figure 4.10: A cylindrical electret of radius R and length 2@. 


If we have a cylindrical electret of radius R and length 2@ along the z-axis 
with a uniform polarization P = Pz as shown in Fig. 4.10, then by definition (see 
(4.4)), we have 


pp =-V-P=0, (4.57) 


so that there is no volume charge density (of bound charges) in the cylinder. At 
the ends of the cylinder, however, we have a surface density of bound charges 
given by 


op =h-P=+P. (4.58) 


Namely, the two ends of the cylinder will have equal, but opposite surface charge 
densities (because the normal vectors point in opposite directions at the two end 
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surfaces). Thus, we can think of such an electret as the electrostatic equivalent 
of a bar magnet. For purposes of calculating the electric field, therefore, we can 
forget about the cylinder and consider the equivalent case of two charged disks 
separated by a distance of 2@ along the z-axis, with surface charge densities given 
by op = +P. 

We have already calculated the electric field for a single charged disk along 
the z-axis (see (2.29)) and it has the form 


z 
Vite 


where o denotes the surface charge density. Choosing z = 0 to lie at the mid- 
point between the two disks, we see that when two disks carrying opposite charge 
densities are present, for |z| > €, we have 


E(z) = —2n0 ( sen(2)) é, (4.59) 


z— zt+e 


JEtGi JF rete 


E(z) = —20 Pz 


z+ z— 


Similarly, the electric field along the z-axis in the region between the two 
disks is obtained to be (|z| < 2) 


=2nP (4.60) 


E(z) = —20Pz Se fa ere - ot Eat 
R?2 + (l—2z)? R? + (€+ 2)? 
Sse 0 ies SS 8 fx SI, (4.61) 
Re + (z+ 6)? R?2 + (z — £)2 
We note that as z — @, the two expressions give respectively 
(0) = 2nP—— (0) = on |-2 ms Se (4.62) 
R? + 4’ R? +42 | 


This shows that the electric field is discontinuous across the surface, which is a 
consequence of the surface polarization charge density on the disk. 
< 


4.3 Selected problems 


1. Consider a dielectric sphere of radius R and permittivity ¢ 
placed in vacuum. A point charge q is located outside the sphere 
at a distance r = d > R. Determine the electric field due to 
this charge both inside and outside the sphere. (A solution us- 
ing the method of “images” can be found in Am. J. Phys. 61 
(1993) 39. However, you can solve the Laplace equation with 
the appropriate matching condition to determine the solution.) 
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2. Given a dielectric material and the relation between the po- 
larization vector P and the bound volume and surface charge 
densities, namely, 


po(r)=-V-P@), — on(r) = A- P(r), 


where n denotes the unit vector normal to the surface at r, 
prove the following relationship 


use ae ry pp(r V+ fa rop(r 


(Physically, this corresponds to the fact that the total polariza- 
tion is equal to the total dipole moment of the system.) 


3. Consider a dielectric sphere of radius R, which carries a bound 
charge density (in spherical coordinates) 


Op =acos#, pp =O, 


where a is a constant. There are no free charges either inside 
or outside the sphere. Determine the potential both inside and 
outside the sphere. 
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CHAPTER 5 


Magnetostatics 


5.1 Lorentz force 


We have so far discussed only the nature of forces experienced by 
stationary charges in the presence of electric fields. In addition to 
such electrostatic forces a moving charged particle also experiences a 
force in the presence of a magnetic field of the form 


F,=q~xB=_!vxB, (5.1) 
Cc Cc 


where v represents the velocity of the moving charge and B is known 
as the magnetic induction vector or simply the magnetic field. The 
experimentally observed relation (5.1) is known as the Lorentz force 
law. Note that the magnetic force experienced by a charged particle 
is perpendicular to its velocity (as well as to the magnetic field) so 
that 


v- Fn =0, (5.2) 


which shows that the magnetic force leads to no work. 

There are a couple of things to note from the definition in (5.1). 
First, it is clear from the definition (5.1) that the unit of the magnetic 
field in the CGS system, which is Gauss, is the same as the unit of 
the electric field (compare with (1.8)), namely, sala Nott This is, of 
course, the rationale behind the CGS system of units which is to 
recognize that the electric and the magnetic fields should be treated 
on an equal footing. (The unit of B in the MKS system is Weber 
and 1 Weber = 10* Gauss.) The second thing to note is that even 
though the Lorentz force was originally observed as an empirical law 
it can also be derived from relativistic invariance which we will discuss 
later. The total force on a charged particle in the presence of both 
an electric and a magnetic field is, therefore, given by 


1 
P=F.+Fn=9(B+ivxB). (5.3) 
Cc 


141 


142 5 MAGNETOSTATICS 


This can be taken as the defining relation for the magnetic field in 
the sense that the magnetic field can be determined from the velocity 
dependent part of the force experienced by a charged particle. 

We have seen that the sources of electric fields are point charges 
(or monopole charges or charge distributions). Correspondingly, we 
can ask what are the sources of magnetic fields in nature. Exper- 
imentally we know that there are no magnetic monopoles (yet) in 
nature. The simplest sources of magnetic fields are known as mag- 
netic dipoles. In fact, every magnet in nature including our own earth 
has two magnetic poles (conventionally called north and south poles) 
which cannot be separated into magnetic monopoles no matter how 
hard we try. Thus, the center piece (the basic element) in the study 
of magnetic phenomena is the magnet or the magnetic dipole. There 
are some substances in nature which have permanent magnetic mo- 
ments (or are permanent magnets). One can study the properties of 
such materials and the effect of the magnetic fields, they produce, 
on charged particles. However, there is an alternate mechanism for 
producing magnetic fields which is what we will concern ourselves 
with. It was observed in a series of experiments by Oersted, Ampere 
etc. that a current produces a magnetic field. In fact, one can think 
of closed current loops as magnetic dipoles which is the approach we 
will take in studying magnetic phenomena. 


5.2 Current 


Figure 5.1: Charges with a net drift velocity leading to a current. 


Charges in motion produce currents. In general, of course, 
charges inside a conductor may have random motion with a zero net 
drift velocity. However, if due to some external force charges move 
with a net drift velocity, then the flow leads to a current as shown in 
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Fig. 5.1. The current density in a conductor at a given point is sim- 
ply defined to be the amount of charge crossing a unit cross-sectional 
area per unit time at that coordinate and is expressed as 


J =pv, (5.4) 


where p is the volume charge density and v represents the net velocity 
of the charge flow. The current density may or may not be uniform. 
In either case, the current carried by a conductor (wire) is simply the 
total charge flowing across a given cross-section of the conductor per 
unit time 


pe Joss. (5.5) 


For a thin wire, the variation of J over the cross-sectional area may 
not be appreciable in which case we can write 


IT=|J|A, (5.6) 


where A represents the area parallel to the direction of the current. 
Most of our discussion would involve thin wires. 

When there is a current flow, charge is moving from one section 
of the conductor to another. Therefore, any cross-sectional area sep- 
arates a conductor into two parts and the charge has to pass through 
the cross-sectional area to go from one side to the other. If there is 
no sudden creation or destruction of charges we expect that charge in 
one region must decrease as a result of the flow of current out of the 
region through the cross-sectional area. Thus, drawing an arbitrary 
volume with the cross-sectional area as the boundary we see that 


or, forBa-[arcv-a, 


Vv Vv 
or, [er (Seva) =o, 
Vv 
or, ee +(V-J)=0, (5.7) 


where we have used Gauss’ theorem as well as the fact that the in- 
tegral identity must hold for any volume V and, consequently, the 
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integrand itself must vanish. Equation (5.7) is known as the conti- 
nuity equation and is one of the fundamental equations in the study 
of electrodynamics. It expresses the fact that electric charge is con- 
served which follows from gauge invariance of the theory as we will 
discuss later. (Incidentally, as we will see later the continuity equa- 
tion is a relativistic equation, namely, it is invariant under Lorentz 
transformations.) In the study of magnetostatics we are interested in 
steady state currents for which 


op _ 


on 0, or, V-J=0. (5.8) 


Namely, in such a case the system has reached equilibrium and as 
much charge enters a given volume as leaves through a cross-sectional 
area. In a later chapter, when we study time dependent phenomena 
we will also analyze currents that are not steady state. 


5.3 Force on a current due to a magnetic field 


Let us next try to understand some of the properties of current car- 
rying conductors. Once we have understood the magnetic force expe- 
rienced by a moving point charge (see (5.1)) it is not hard to derive 
the force experienced by a current in the presence of a magnetic field 
since a current represents a collection of charges in motion. Let us 
consider an element dé of a current carrying conductor (see Fig. 5.2). 


We can choose dé to lie along the direction of flow of the current so 
that dé || v. 


dé 


Figure 5.2: An infinitesimal element of a current carrying conductor 
in a magnetic field. 
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In this case, the Lorentz force experienced by the charges in the 
element dé is easily seen to be 


pAlde| 
Cc 


dF = B= lavaxB=_aexB, (5.9) 
Cc Cc 


where the last relation is obtained with the assumption that if the 
cross-sectional area of the conductor (wire) is small, then the current 
density does not vary appreciably over this area. Integrating (5.9) 
we obtain the total force on a current carrying conductor due to a 
magnetic field to be of the form 


Fa 2 [erdxB== pdexB, (5.10) 
Cc Cc 


Note that for a constant B field (uniform) this integral vanishes since 
the line integral around a closed loop is zero so that a closed loop of 
wire carrying a current does not feel any force in a uniform magnetic 


field. 


av 
x 


Figure 5.3: Magnetic force between two current carrying loops. 


In separate experiments Ampere had discovered that two current 
carrying loops exert a magnetic force on each other (see Fig. 5.3). If 
the two loops carry steady currents J; and Ig respectively, then the 
force on the first loop due to the second was known to be of the form 


r= 42 dé, x (déy x (11 — r2)) 


5.11 
ease (5.11) 


It is clear that we can write (5.11) in the form of a magnetic force 


= $e x Ber), (5.12) 
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if we assume that the current in the second loop produces a magnetic 
field of the form 


B(r) = 2 foxe—) (5.13) 


c |r — ra|8 


Infinitesimally, we can then write the magnetic field produced at the 
coordinate r by an element carrying a current J at a point r’ as given 
by 


_Idéx(r-r’) 


ce |r—r'/s 


J(r’) x (r—-1’) 


jr —r’|8 


1 
dB(r) =F dv’ (5.14) 
The infinitesimal as well as the integrated forms of the magnetic field 
(see (5.13)), 


Br) =2 f SX eo) =+ fay een) (5.15) 


c jr — r'|8 c 


are known as the Biot-Savart law and are observed to hold experi- 
mentally. Comparing (5.15) with (1.11) we conclude that an electric 
current is a source for the magnetic field just as an electric charge is a 
source for the electric field. (One should be careful with the infinites- 
imal form of the law. Namely, the current element here is assumed to 
be a part of a current in a conductor. An independent element which 
is not part of a current loop would violate the continuity equation.) 


> Example (Magnetic field due to a long straight wire). As an application of the 
Biot-Savart law let us determine the magnetic field, produced by an infinitely long 
straight thin wire carrying a current J, at a perpendicular distance r from the wire. 
For simplicity, let us assume that the wire lies along the z-axis as shown in Fig. 
5.4 and that the base of the perpendicular from the point of observation on the 
z-axis defines the origin. 

We know from (5.15) that the magnetic field produced by the current can 
be written as 


B(r) = Af (5.16) 


c jr —r’|8 


Furthermore, it is obvious from the geometry that since dé’ is along the z-axis, the 
magnetic field lines would be along the polar angle @, field lines forming circles 
surrounding the wire. This can be seen explicitly from the fact that, if we define 


R=r-r=r-7@, (5.17) 
then (remember that dé’ is along the z-axis), 


/ 


@xR=4@x (r—2/%) =axr=r¢. (5.18) 


The magnitude of the magnetic field can be obtained trivially as 
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Figure 5.4: The magnetic field due to a current carrying long straight 
wire carrying current. 


2Ir 1 z! 


Thus, using (5.18) and (5.19), we can write the magnetic field produced by the 
current as 


B(r) = — ¢. (5.20) 


Incidentally, it is quite easy to see now that if there are two infinite parallel 
wires separated by a distance r and carrying currents J; and Iz respectively along 
the same direction (say the z-axis), then there will be a force acting between the 
two. For, we can think of the current Jz as producing a magnetic field which gives 
rise to a magnetic force on the wire with current J; and we can write (see (5.12)) 


F= 4 dex B. (5.21) 


==. (5.19) 


The magnetic field is along the polar direction o and the current (or dé) is along 
the z-axis. Consequently, the force would be along the radial direction connecting 
the two wires and would be attractive. Namely, in cylindrical coordinates 


fx @=% $x%z=%, 2xt=¢, (5.22) 


so that we can write the force (5.21) as 


Poo 


L/2 
pi 2h i] p reyeceeca (5.23) 


c cr Cr 
or/2 
Here we have assumed the two wires to be of length L (each) which is to be taken 
to L > co at the end. Therefore, we obtain the force per unit length between the 
two currents to be 


F 2IiIe . 
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The force is clearly attractive. However, if we reverse the direction of one of the 
currents, then, the direction of the force would reverse as well and leads to the 
familiar fact that two parallel currents attract while two anti-parallel currents 
repel each other. < 


> Example (Magnetic field due to a circular current loop). The important result 
to note from the previous example is that a straight wire carrying a steady current 
produces concentric circular magnetic fields around the axis of the wire, whose 
strength falls off inversely as the radius of the circle. Let us next analyze the 
magnetic field produced by a circular current loop of radius R as shown in Fig. 
5.5. We assume that the the current loop is in a plane perpendicular to the z-axis 
and that the current moves in a clockwise direction when seen from below. The 
magnetic field due to this current at an arbitrary point is difficult to calculate. 
Therefore, we will calculate the magnetic field at any point on the z-axis which 
has a simpler form. 


Figure 5.5: The magnetic field due to a circular current loop. 


Once again, we use Biot-Savart law (5.15) and choosing the center of the 
current loop to be the origin of our coordinate system, we have 


_ I f déx (r—R) 

B(r) = =f r-RE (5.25) 

The simplest way to evaluate this is to note that (dé is orthogonal to R) 
d£=Rddd, R=cosdX+sinds, 


@ x (r —R) = @x (z%— RR) = 2R+ Rz = z(cosdX+sin dy) + Ra, 
(5.26) 


where we have used the usual rules for cross products, namely, d xz=R, Rx od = 
z. It follows now that 


nye! f Rddie(come 9 and) + Ra) 
z a (R2 + 22)3 


Qn IR? x 
Z. 


Sat (5.27) 
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Thus, along the axis of the loop, the magnetic field is completely parallel to 
the axis. At the center of the loop (z = 0), we note from (5.27) that the magnetic 
field has the value 

2nI 
B(z = 0) = —z 2 
(z = 0) oR (5.28) 
while very far away, namely, when z >> R, we have 
QnI R? 
c23 


B(z >> R)®& Z, (5.29) 
which is reminiscent of the electric field due to a dipole. Thus, we suspect that 
a circular current somehow produces a magnetic field which has dipole charac- 
teristics. We will see this shortly, but let us note that this suggests that the 
magnitude of the magnetic dipole moment is proportional to the current times 
the area enclosed by the current loop. 


hz 


Figure 5.6: A long solenoid of radius R with n turns per unit length. 


From (5.27), we can also calculate the magnetic field due to a long solenoid 
along its axis. Let us consider a solenoid of radius R with n turns per unit length 
with the z-axis representing the axis of the solenoid (see Fig. 5.6). In a length 
interval dz there will be ndz loops of wire each producing a magnetic field as 
derived in (5.27). Consequently, the total magnetic field produced by the solenoid 
along the axis is given by 


5. 8 
Be 2rnIR 5 / dz 
[ ( 


oo 


InnI R? a x 1 Zz 
c R? JR? 4 22 
4nnt 


=a. (5.30) 


Namely, the magnetic field is a constant along the axis of an infinitely long solenoid 
determined completely by the current and the number of turns per unit length. 
In fact, even though we have not shown this, the magnetic field is really constant 
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at any point inside the solenoid. Long solenoids are often used to produce and 
maintain constant magnetic fields over short distances. < 


5.4 Nature of the magnetic field 


We have already seen that the Biot-Savart law (5.15) expresses the 
magnetic field in terms of the current density as 


B(r) = fay OA (5.31) 


|r — r’|8 


which has a form similar to that of the electric field in electrostatics. 
In particular, this allows us to think of the current density (current) as 
the source of the magnetic field. Let us note that using the identities 
we have derived earlier (see (1.45)), we can write 


2) | ara es 
= [ a3) xv (+7) 


= “Vv x per alte (5.32) 


jr —2"| 


B(r) 


This relation is, in fact, quite interesting. In particular, it shows that 
since the magnetic field can be written as the curl of a vector its 
divergence must vanish. Namely, we have 


V -B(r) =0. (5.33) 


Comparing this with Gauss’ law in electrostatics, we see that this 
is equivalent to saying that there are no magnetic monopoles (or 
magnetic monopole charges). 

Let us also recall the identity from vector calculus that 


Vx (Vx A(r)) = V(V-A)— VPA. (5.34) 


Using this as well as (5.32), we now obtain, 
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= — jr), (5.35) 


where we have used the fact that V - J = 0 for steady currents (see 
(5.8)). (The surface terms are neglected with the assumption that 
we only have localized currents.) 

Thus, we see that the two fundamental relations of magneto- 
statics are 


V - Bir) =0, 

V x Bir) = = 3), (5.36) 
which should be compared with the laws of electrostatics in vacuum, 

V -B(r) = 4rp(x), 

V x E(r) = 0. (5.37) 


Equations (5.36) describe the differential forms of the laws of mag- 
netostatics and with the use of Gauss’ and Stokes’ theorems, we can 
obtain the integral representations for them as well. For example, we 
can write 


fa Be eee j= 
fee Be) Hs (V x Br lid 


4nI 
oe (5.38) 
The second of these relations (in either the differential or the integral 
form) is known as Ampere’s law and says that the line integral of the 
magnetic field around any closed loop is proportional to the current 
flowing through the cross-sectional area of the loop. It is useful in 
calculating magnetic fields for problems with symmetry, much like 
the Gauss’ law in calculating electric fields. 
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> Example (Magnetic field of a long straight wire). As an application of Am- 
pere’s law, let us calculate the magnetic field due to an infinitely long straight 
wire carrying a current J along the z-axis as shown in Fig. 5.7. This problem has 


Figure 5.7: The magnetic field due to a long straight wire carrying 
current. 


enough symmetry so that to begin with, we know that the magnetic field at any 
point would be in the tangential direction to the circle drawn around the axis of 
the wire. Furthermore, the magnitude of the magnetic field would be the same at 
points (perpendicularly) equidistant from the wire. With this information, let us 
draw an “Amperian” loop of radius r around the axis of the wire (clockwise as 
seen from below). Then, according to Ampere’s law (5.38), we have 


fae -_B= em 
or, |B(r)|2rr = ely 
21 
or, |B(r)|=—, (5.39) 


and the magnetic field is along the direction of the polar angle. This is the result 
we had obtained earlier in (5.20) by explicitly evaluating the integral in the Biot- 
Savart law. < 


5.5 Vector potential 


In electrostatics we have noted that the electric field is conservative 
(V x E = 0) so that we can write it as the (negative) gradient of a 
scalar potential which also follows from the Helmholtz theorem. In 
magnetostatics, on the other hand, we find that the magnetic field is 
not conservative in general. (If there is no current then there is no 
magnetic field.) Therefore, we do not expect to be able to write the 
magnetic field in terms of a scalar potential in general. On the other 
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hand, we know that the magnetic field has vanishing divergence (see 
(5.36)). Consequently, in this case, we expect that we can write it as 
the curl of a vector and, in fact, we have already seen in (5.32) that 
this is true, namely, 


B(r) = - =f er ee) oS lstee, 


l| 
| 
| 
ae 
a. 
w 
y 
= 
ee 
eal 
x 
<i 
aa 
| pe 
re 
NY 


1 / 
aye ~ f a’r! sal ) (5.40) 
c |r —r’| 
Consequently, let us define 
B(r) = V x A(r), (5.41) 


where A is known as the vector potential (it is a vector) and in the 
particular case of (5.40), we readily identify that 


Aas fae (5.42) 


We note that writing B as the curl of a vector automatically 
satisfies the vanishing divergence equation in (5.36). It is also clear 
that the vector potential that gives rise to a given magnetic field 
cannot be unique unless further conditions are specified. Namely, 
both 


A(r) and A(r)+ Va(r), (5.43) 


where a(r) is an arbitrary scalar function would give rise to the same 
magnetic field since the curl of a gradient vanishes. This is the first 
manifestation of what we would see later as the gauge invariance 
of Maxwell’s equations. For the present, let us simply note that 
the vector potential A obtained in (5.42) appears to be unique only 
because it also satisfies the condition 


Viale) =F f arTe): (a) 


= = f ar! ( (VW! - I(r')) —— a 0, (5.44) 


\r — 
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which follows from the fact that the currents are steady state cur- 
rents in magnetostatics (the surface terms arising from integration 
by parts are assumed to vanish for localized currents as in (5.35)). 
Such conditions, as we will see later, are called gauge conditions and 
are necessary when dealing with a system of equations which has 
gauge invariance. 


> Example (Vector potential of a long straight wire). As an example of calcula- 
tions of the vector potential, let us consider again the example of an infinitely 
long straight wire carrying a current J along the z-axis as shown in Fig. 5.8. The 
vector potential is defined in (5.42) to be 


Figure 5.8: Vector potential for a long straight wire carrying current. 


owl 3 Jd(r’) I dr’ 
A(r) = - fa r rel a eae (5.45) 


In the present case, the current is along the z-axis. Consequently, only the z- 
component of the vector potential will be nonzero. If we define the perpendicular 
distance of a point from the wire as r, then the vector potential takes the form 
(here we assume that the point at which the field is being calculated lies in the 
z = 0 plane with the origin at the foot of the perpendicular to the wire) 


EP. «ay 
A0=¢ | Sa 


235 / dz! 
ae yore, 
0 
21 2 


== log ( r+ 27 +2!) 
c 0 


mee log r + constant, (5.46) 
c 


where we have used the standard integration formula (see Gradshteyn and Ryzhik 
2.261). Note that the constant of integration is a divergent constant, much like the 
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case of the scalar potential for an infinitely long wire carrying charge. As in the 
example in electrostatics the constant in (5.46) does not matter in the calculation 
of physical fields. 


From the form of the vector potential (5.46), we obtain the magnetic field 


to be (in this case, r = ./x? + y?) 


_ OA... OAz . 
Oy Ox 
_ 2I (~y&+2y) _ 21 r(—singX + cos $y) 
 ¢ r2  € r2 
2I - 
== 4. (5.47) 


This is, of course, the result we had obtained earlier for the magnetic field by 
directly evaluating the integral in the Biot-Savart law (see (5.20)). < 


5.6 Multipole expansion 
Let us consider a small circular current loop with the center at the 


origin of the coordinate system (see Fig. 5.9). We note from (5.42) 
that we can write the vector potential as 


Ward 


Figure 5.9: The vector potential for a small circular current loop. 


A(r) = = far pf aey fo (5.48) 


where we are assuming that the wire is thin so that we can assume 
the current density to be uniform. We note that, as in the case of 
electrostatics (see, for example, (2.40) and discussions there), we can 
expand the denominator in (5.48) for r >> 1’, so that the vector 
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potential can be written in the form (6 denotes the angle between r 
and r’) 


A(r) =- a — P,(cos 0) ) f ar'r i 


ae + Pil cos @) mgr 


ler ms fae" ( r’-r) ; (5.49) 


where the first term vanishes because the line integral around a closed 
loop vanishes. Thus, there is no monopole term in the expansion. The 
dominant term at large distances, therefore, is the dipole term which 
can be simplified by using some of the vector identities. Note that (r 
is a fixed vector) 


(dr’ x r’) x r = —dr' (r’- rr) +r’ (dr’-r) 
= —2dr’ (r’-r)+d(r'(r’ -r)), 
or, dr’ (r’-r) = 5 ee -r))- 5 (ae xr ypx (5.50) 


so that keeping only the dipole term in (5.49) we have (r = |r]) 


AG fae’ 7 ee far xr) xr 


2er3 2er3 
I 
= —a filer <r) e3 
mxr 
= Sa (651) 


Here, the first term in (5.51) vanishes because the integral of a total 
derivative around a closed loop is trivial and we have defined 


I 
m= —>- gar <r =8, (5.52) 


where S represents the area enclosed by the current loop (we do not 
use the symbol A since it is used for the vector potential). From the 
form of A in (5.51) it is suggestive that we can think of m as the 
magnetic dipole moment of the current loop which we will show next. 

Once we know the vector potential, we can determine the mag- 
netic field (for r large) to be 


B(r) = V x A(r) 
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ov (BEt) =v (mx¥(G)) 
~-mv'(1) +9 (m-9(2)) 


_vy (=) <4 gE 


Ir|? [rl [rl 


= ee (5.53) 


which can be compared with the electric field obtained earlier in 
(2.52) for an electric dipole. (Note that the term V? (4) = —4763(r) 


vanishes because we are considering points far away from the origin.) 
It is clear now that m can indeed be thought of as the magnetic 
dipole moment of the current loop. This also demonstrates that at 
large distances the current loop behaves like a magnetic dipole. Con- 
sidering that there are no magnetic monopoles we see that the basic 
elements in the study of magnetic phenomena are, therefore, current 
loops. 


5.7 Magnetization 


As in the case of electric fields, we note that different materials in 
nature respond differently to an applied magnetic field and based on 
their response all materials can be classified broadly into three groups 
- diamagnetic, paramagnetic and ferromagnetic materials. The re- 
sponse of each of these three kinds of materials can be properly un- 
derstood within the context of a quantum theory. However, without 
getting into technical details, let us simply note the broad features of 
such materials. As we have seen current loops generate a magnetic 
dipole moment. Every material, as we know, consists of atoms where 
electrons are moving in orbits and every such electron can be thought 
of as describing a current loop and, therefore, as producing a mag- 
netic dipole moment. In fact, every atom may have several electrons 
moving in orbits in a random fashion so that the magnetic moments 
within an atom may cancel each other leading to a vanishing net 
magnetic dipole moment for the atom. In the presence of an exter- 
nal magnetic field, however, these individual magnetic moments can 
align themselves and the material can get magnetized. In fact, they 
align themselves in such a way as to oppose the external field. This 
is the basic behavior of a diamagnetic material. We can, of course, 
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also have materials where the magnetic moments due to each of the 
electron currents in an atom do not quite cancel. In such a case, every 
atom in the material may have a net magnetic dipole moment. How- 
ever, the magnetic moments of different atoms in the material may be 
randomly distributed, leading to a zero net magnetic moment for the 
material. In the presence of an external magnetic field, once again, 
the magnetic moments would orient themselves. However, in such a 
case, the magnetic moments align parallel to the external field and 
this is the behavior of paramagnetic materials. There are, of course, 
also ferromagnetic materials. Here, the atoms do have a net magnetic 
moment like paramagnetic materials. Furthermore, in such materials 
the atoms are quite close together and the magnetic moments are 
aligned so that inside the material there are domains with large mag- 
netic moments which, however, are randomly distributed and can give 
rise to a net zero magnetic moment. In the presence of a magnetic 
field, however, they all align to give rise to a large magnetic moment 
which does not vanish even when the magnetic field is switched off. 
(This phenomenon is known as hysteresis.) 

Just as in the case of dielectric materials, for a magnetic ma- 
terial we can define a magnetic dipole moment M per unit volume 
(analogous to polarization, see for example, (2.57) and discussions 
there), which is also known as the magnetization of the material. 
Experimentally, it is observed, for both diamagnetic and paramag- 
netic materials, that in the presence of an external magnetic field the 
magnetization is linearly related to the applied magnetic field so that 
we can write 


M xB. (5.54) 


For ferromagnetic materials, on the other hand, there is no such sim- 
ple linear relation. In our discussions, we will not be concerned with 
ferromagnetic materials at all. 

Let us next calculate the magnetic field produced by a magne- 
tized material. If M(r) represents the magnetic dipole moment per 
unit volume, then, we see from (5.51) that we can write the vector 
potential that would be associated with this as 


Ace) = fay MEDC) fase te’) xv (>) 


|r — r’|8 r-r 


= perme x Vv’! (<=) 
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= faves (QS) far Epa 


yee Pea) fy BoM) (5.55) 


jr—r"| 


where n represents the unit vector normal to the surface and we have 
used the identity from vector calculus that for any arbitrary vector 
A, 


far x A= Jos x A. (5.56) 
Ss 


Vv 


The relation (5.55) is quite interesting, for it says that the vector 
potential produced by a magnetized material can be thought of as 
due to both a volume current density and a surface current density 
of the forms 


J(r) =cV x M(r), 
Jc(v) =—cnh x M(r), (5.57) 


and the surface current density is tangential to the surface. 


Figure 5.10: A sketch of the infinitesimal current loops inside a ma- 
terial. 


The current densities in (5.57) can be compared with the charge 
densities (2.61) or (4.4) which describe a polarized dielectric material. 
Furthermore, the existence of the volume and surface currents can be 
understood in the following way. There are many small current loops 
inside a material. If the current loops are not of the same strength, 
then inside the material, they would not cancel each other giving rise 
to a volume current density, while on the surface, of course, there 
will be a current density since there is nothing to cancel this (see Fig. 
5.10 which shows a sketch of current loops in a magnetic material). 
Let us note that if the small current loops are all uniform, then the 
current density would cancel in the interior of the material, giving 
rise to a net vanishing volume current density. We also note from 
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the structure of the surface current density in (5.57) that it vanishes 
when integrated over any surface, namely, 


[sto — J escaxm S24 [est caxm =0, (5.58) 


which follows from the fact that n is normal to n x M. 
The magnetic field produced by the magnetized material can 
now be easily obtained from (5.55) to be 


B(r) = V x A(r) 


= f arm ') 463 (x — r') -v [er j eee) 


jr —r'|8 


= 40 M(r y-v far™ es (5.59) 


r’|3 
Here, we have used various identities from vector calculus such as 


Vx (AxC)=A(V-C)4+(C-V)A-—(A- V)C—C(V-A), 
V(A-C)=(A-V)C+Ax(VxC)4+(C-V)A 
+Cx (Vx A). (5.60) 
Thus, we see that, in general, a magnetized material gives rise to a 
magnetic field which is a sum of two parts — the first is simply the 
magnetization of the material up to a multiplicative factor and the 


second is the gradient of a scalar. Let us also note from (5.57) and 
(5.59) that 


4 
VxB=44VxM=—4J, (5.61) 
Cc 


where J represents the volume current density due to the current 
loops in the magnetized material. 
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5.8 Magnetic field intensity 


Let us now ask what will be the modifications in the laws of magneto- 
statics (5.36) in the presence of a magnetic material. The discussion 
is completely parallel to the case of the laws of electrostatics in the 
presence of a dielectric material. First, we note that when we have 
a magnetic material present we will have two kinds of currents, one 
that is maintained by batteries etc. and the other due to the inter- 
nal motion of bound electrons inside the magnetic material. Thus, 
analogous to the case of the dielectrics, let us refer to them as the 
free and the bound currents respectively. In this case, Ampere’s law 
would say that the magnetic field integrated around any closed curve 
will be related to the total current, 


¢ de = ay, (5.62) 
C Cc 


where the right hand side represents the total current through the 
surface bounded by the curve, with J denoting the free current and 
Jy representing the current due to the bound electrons of the magnetic 
material completely in analogy with the case of electrostatics in the 
presence of a dielectric. We can, of course, write 


f= / deste (5.63) 
Ss 


where S is the surface bounded by the closed contour C and Jp 
represents the current density due to the bound electrons. As we 
have seen, this consists of two parts, a volume density and a surface 
density. However, we also noted in (5.58) that the surface integral of 
the surface current density actually vanishes so that only the volume 
current density contributes to the current in (5.63). (The surface 
current density lies on the surface and is normal to the direction of 
the surface area.) Furthermore, we had identified the volume current 
density with cV x M (see (5.57)). Consequently, we can write 


y= fas-Iy=e [ds-(V xM)=c f de-M. (5.64) 
Cc 
S Ss 


Using this in (5.62), we see that we can write 


f de: (B 4M) = 1, 
C Cc 
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or, uu ce (5.65) 
C Cc 


where we have defined (analogous to the case of electrostatics) a new 
field 


H=B-—4rM. (5.66) 


The new field, H, is known as the magnetic field intensity (also 
known simply as the magnetic field) and is the analog of the electric 
displacement field. Ampere’s law (5.65), in the presence of a magnetic 
material, is written in terms of this field and the right hand side, in 
this case, involves only the free currents in a magnetic material. The 
differential form of Ampere’s law can now be obtained using Stokes’ 
theorem and takes the form 


4 
VxH= “7, (5.67) 
Cc 


where J represents the free current density in the system. Thus, the 
laws of magnetostatics, in the presence of a magnetic material, take 
the forms 


V-B=0, 


4 
VxH=—J, (5.68) 
Cc 
where the fields are related as 
H=B-4r7M, or, B=H+47M. (5.69) 


Since the magnetization is parallel to B all the vectors B,M, 
and H are parallel. Let us define 


M = YmH. (5.70) 


The constant of proportionality ym is known as the magnetic sus- 
ceptibility of the material. For diamagnetic materials it is negative, 
while it is positive for paramagnetic materials. Furthermore, for both 
diamagnetic and paramagnetic materials, the magnitude of the mag- 
netic susceptibility is quite small (of the order of 10-° — 10~*) which 
should be compared with the electric susceptibility which is positive 
and is much larger in magnitude. Let us also note that with this 
definition, we can now write 


B= (1+ 41ym)H = wH, (5.71) 
where we have identified 
w=1+471xm.- (5.72) 


This is known as the permeability of a magnetic material. 
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5.9 Boundary condition 


As we have seen, the laws of magnetostatics are given by 


V-B=0, 
4 

VxH=—4J, (5.73) 
Cc 


where J represents the free current density in the system. All the 
reference to any bound currents is now completely contained in the 
definition of the new field H. If we have two different magnetic 
materials separated by a boundary surface, the magnetic fields in the 
two media have to satisfy some boundary conditions on the surface. 
These can be easily determined using the equations (5.73). (They 
can be derived much the same way as we did for the dielectrics. We 
do not repeat the discussion here and simply give the results.) 


Figure 5.11: The boundary surface of two magnetic materials with 
distinct permeabilities with the dashed curve representing an Ampe- 
rian loop. 


It is clear from the vanishing of the divergence of B that the nor- 
mal component of the B field must be continuous across the bound- 
ary. On the other hand, from Ampere’s law in (5.73), we see that 
if there are free surface currents across a boundary, the tangential 
component of H must be discontinuous. We can write the boundary 
conditions explicitly as 


An 
AR + Siig de (5.74) 
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where J, represents the magnitude of the free surface current density. 


> Example (Uniformly magnetized sphere). With the boundary conditions for 
the magnetic fields across a surface determined in (5.74), the boundary value 
problems in magnetostatics can be solved much the same way as in electrostatics. 
For example, let us consider a sphere of magnetic material of radius R with a 
uniform magnetization along the z-axis (see Fig. 5.12) and we are interested in 
calculating the magnetic field produced by the sphere both inside and outside the 
sphere. 


ay 


Figure 5.12: A uniformly magnetized sphere of radius R. 


Since we have a magnetized sphere with a uniform magnetization along the 
z-axis, we can write (we assume the center of the sphere to coincide with the 
origin of the coordinate system) 


M = Mz = M(#cos@ — @sin 6). (5.75) 


Furthermore, since there are no free currents present in either of the regions 
(namely, inside and outside the sphere), the equations (5.73) take the forms 


V-B=0=VxH. (5.76) 


Since the curl of H vanishes in each of the regions, we can write it as the gradient 
of a scalar (magnetic) potential (analogous to the case of electrostatics) of the 
form 


He = —VO8mn,<, Hy = —VOn>. (5.77) 


In each of the regions, we see from the divergence equation that we have to solve 
the Laplace equation in terms of the scalar potential (remember that B is parallel 
to H). 

We have already discussed the solutions of the Laplace equation in detail. 
Here we have a system with spherical symmetry. Thus, using spherical coordinates 
we note that, since there is no dependence on the azimuthal angle, we can write 
the well behaved solutions in the two regions to be (see (3.105)) 


Om,<(r) = a Aor® Pp(cos 8), 
£=0 
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Dm,>(r) = S~> Cor” Py(cos 8). (5.78) 
£=0 


We can now match the boundary condition for the tangential components 
of the H fields. The tangential component is along the @ direction giving (we can 
also equivalently write this as ®m+|,_p — ®m,<|,2p = 0 as in (4.50)) 

A> 6|,-rn— H< lpr = 9; 


co 


or, > (cen“@) 2 AR) aPicosd) =0. (5.79) 
l=1 
This determines 
Ce= AcR**!, £>1. (5.80) 


The matching of the normal component of the B field can be done as follows. 
We recall the relation (5.69) between the B and the H fields. Since there is no 
magnetization outside the sphere, we can write (remember that B = H + 41M 
and that H = —V®,) 


B> alr — B<alpor = 9 
or, Hs n|,2p — (Hen +40 Mn)|,p = 9, 
or, iS ((¢ LAJOpR A tar) Pe(cos 0) — 47M cos8 =0, (5.81) 
£=0 
which (note that Po(cos 0) = 1, Pi(cos@) = cos @) determines 
(€4+1)Cy = —€ApR™**", £1, 
2C, = — AiR? + 40M RR’. (5.82) 
We can now compare the conditions in (5.80) and (5.82) to determine 
Ce =0= Ag, for L> 2, 
Co = 0, 


4nM 
APS ORS = . (5.83) 


so that, we can write 


3 
®n,>(r) = an (4) r cos 8, 


Om,<(r) = =M rcos 0. (5.84) 


Here we have used the fact that even though Ao is an undetermined constant, a 
constant term in the potential does not influence the fields and accordingly we 
have chosen to set it to zero. It follows from this that 


3 
Hy (r) = —V®n,s(r) = aM (=) (2% cos 0 + O sin 0), 
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4nrM . 


He(r) = —V®<(r) = — 3% (5.85) 


It is clear from this that outside the sphere, the magnetic field behaves like that 
of a magnetic dipole of moment (recall that 3(z- f)r — z = (2 cos 6 + @sin @)) 


4 R3 4 R3 3(m-*)f —m 
m= a [a 


3 M=—3- Ma, H3(r)= (5.86) 


r3 


as we would expect (see (5.53)). Inside the magnetic material, however, the mag- 
netic field is anti-parallel to the magnetization M. < 


5.10 Faraday’s Law 


So far, we have discussed problems in electrostatics and magneto- 
statics. As we have seen, these phenomena are decoupled from each 
other. Namely, electrostatics is completely described by electric fields 
while magnetostatics involves only magnetic fields. As a result, one 
can study such phenomena independently. We have also seen that 
the work of Ampere, Biot and Savart as well as Oersted showed how 
a current can produce a magnetic field. Faraday, on the other hand, 
reasoned that the phenomenon may be reversible in the sense that a 
magnetic field can possibly produce an electric current as well. Thus, 
for example, it may be that a magnet placed inside a circular conduct- 
ing loop would cause an electric current to flow in the loop. Thus, 
he tried to set up an experiment to study this phenomenon. The 
experiment was not successful. Namely, he did not find any steady 
current in the loop when a magnet is placed within the loop. On the 
other hand, he did observe that as the magnet is brought near the 
loop, there is a transient current set up in the loop. This led him to 
believe that it is not the magnetic field which is likely to produce a 
current, rather it is the change in the magnetic flux through the loop 
which may be responsible for setting up a current. Several careful ex- 
periments, primarily due to Faraday, led to the conclusion that this 
expectation is indeed true and quantitatively the relation describing 
this (which is actually due to Maxwell) has the form 


10 
i Sea -B 5.87 
gue “5 | 3 ' ( ) 
Ss 


which is known as the Faraday’s law of induction. The presence of c, 
the speed of light, in the formula is simply understood on dimensional 
grounds as well as from the structure of the Lorentz force that we 
have seen earlier. 
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There are several things to note from this relation. First of all, 
we have seen in electrostatics that 


$ dé-E=0. (5.88) 


Namely, the electric field in electrostatics is conservative. However, 
if we are dealing with time dependent phenomena, this is no longer 
true. In fact, in the presence of other forces (mechanical, chemical 
etc.), the electric field need not be conservative and the integral over 
a closed contour does not have to vanish. When the contour integral 
(in (5.88)) does not vanish, its value is known as the electromotive 
force which is responsible for driving currents in the circuit. Thus, 
Faraday’s law says that when there is a change in the magnetic flux 
through a circuit the effect is to set up an electromotive force (emf) 
in the circuit in a direction which will oppose the change in the mag- 
netic flux. Of course, the change in the magnetic flux can happen in 
several ways. First, the circuit itself may be moving (changing), or 
the current (in a different circuit) producing the magnetic field may 
be changing with time or even the magnetic field due to a magnet 
itself may be changing. If the circuit is fixed and is not changing 
with time, we can take the time derivative in Faraday’s law inside 
the integral which allows us to write 


faep=—2 fas. 
Cc ot 
Ss 


1 OB 
or, fes(wxE)=-2 fas. 
Ss Ss 


1 OB 
, VxE=-—--—_. 5.89 
. eb oe) 
This is the differential form of Faraday’s law and shows that when 
we have time dependent phenomena, electric and magnetic fields es- 
sentially become coupled. 


5.11 Inductance 


Let us consider a single circuit carrying a current J as shown in Fig. 
5.13. As we have seen earlier, this will set up a magnetic field and, 
therefore, a magnetic flux through the area enclosed by the circuit 
itself. The flux would, of course, depend on the geometry of the 
circuit as well as on the current in the circuit. In fact, the magnetic 
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field and, therefore, the magnetic flux would be linearly proportional 
to the current in the circuit (as we have seen from the Biot-Savart 
law (5.15)). If the circuit is fixed and is not changing with time, the 
magnetic field and, therefore, the magnetic flux, in such a case, can 
change with time only if the current changes with time. 


Figure 5.13: A circuit carrying a current I. 


If the current changes with time leading to a time dependence 
in the magnetic flux, according to Faraday’s law (5.87), this would 
produce an emf in the circuit itself leading to a modification of the 
current in the circuit. Namely, the circuit would act on itself in the 
following way 


emt = fde-B=-25 [as-B 
c Ot 
Ss 


1 O di 
ae 5 [as:B a 
Ss 


di 
= =f. 5.90 
= (5.90) 

where we have defined 
10 
—e -B. 91 
bain i ds-B (5.91) 
Ss 


Here, we see that the parameter L is a property of the circuit (in- 
dependent of the current if the relation between the magnetic flux 
and the current is linear) and is known as the self-inductance of the 
circuit, which determines how a changing current in a circuit acts on 
itself. Similarly, if we had a number of nearby circuits, each produc- 
ing a time dependent magnetic flux in one another, that would define 
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a different parameter WM, known as the mutual inductance of the cir- 
cuits, which describes the way different circuits act on one another. 
Namely, let us assume that there are n current carrying circuits and 
let us denote generically the magnetic flux as (®,, denotes the mag- 
netic flux and not the scalar potential for H as we had done earlier 
in the example) 


fies [osB. (5.92) 
Ss 


Then, denoting by ®,,,; the total magnetic flux through the ith circuit 
due to the currents in all the circuits, we have 


n 
Oni = Ss" Dn ij- (5.93) 
j=l 


Here ®,,,;; represents the magnetic flux through the ith circuit due 
to the current in the jth circuit, 


Om, ij — Jos : B;. (5.94) 
Sy 


It is clear now from Faraday’s law that the emf in the ith circuit due 
to time dependent currents in the circuits takes the form (recall that 
Pin,ig Lj) 


(emf); = mane 


OO i; d j 
ae al; a 


dl; 
=-o My, =, (5.95) 


where the components M;; represent parameters characteristic of the 
circuits. In particular, M;; with 7 # j, represents the mutual induc- 
tance between the circuits 7 and 7. On the other hand, M;; = L; (no 
summation), represents the self-inductance of the ith circuit. 


5.12 Selected problems 


1. A proton of velocity 10°cm/sec is projected at right angles to 
a uniform magnetic induction field of 10° Gauss. 
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a) What is the deflection in the path of the particle from a 
straight line after it has traversed a distance of lcm? 


b) How long would it take the proton to traverse a 90 degree 
arc? 


. We have seen that, for two wires carrying currents J; and Ig 


respectively, the force on the first wire due to the current in the 
second wire is given by 


1D a dé; at (dé x (ry —Y)) 


fra te? 


What is the force Fy on the second wire due to the current 
in the first wire? Show that these forces satisfy Newton’s law, 
namely, 

F, + Fo =0. 


. Consider two magnetic media with permeabilities yu, and pa, 


separated by a boundary surface without any free current. From 
the boundary conditions satisfied by the magnetic fields derive 
the “Snell’s law” for the present case. 


. Consider a sphere of radius R and permeability yu, placed in a 


magnetic field in vacuum, which is initially uniform along the 
z-axis, namely, initially, B = Bz. Determine the magnetic field, 
in the presence of the sphere, both inside and outside, namely, 
for r < Ras well as for r > R. 


CHAPTER 6 


Maxwell’s equations 


6.1 Generalization of Ampere’s law 


As we have seen in the last chapter, in the presence of time dependent 
currents one of the laws of electrostatics changes and the electric field 
is no longer curl free (conservative). Similarly, Maxwell realized that 
Ampere’s law must also modify in the presence of time dependent 
sources. In fact, there was no experimental basis for proposing a 
generalization at the time and yet Maxwell proposed his now famous 
modification completely from the theoretical consistency of the set of 
equations. 

Let us consider the differential form of Ampere’s law (5.65) 
which says that 


4 
Vike = 7 (6.1) 
Cc 


From the fact that the divergence of a curl vanishes, (6.1) leads to 


V-(VxH)=—V-J, 
4 
or, 0=—V-J. (6.2) 


Of course, this holds true in magnetostatics because we are interested 
in steady currents (see (5.8)). However, it is clear immediately from 
(6.2) that if we are considering a general, time dependent current 
(whose divergence need not vanish), then, Ampere’s law (6.1) cannot 
hold in the present form since the left hand side is divergence free by 
definition while the right hand side is not in general. 

Maxwell proposed to remove this inconsistency as follows. Let 
us recall that the continuity equation which describes conservation of 
electric charge has the form 


aye T=; (6.3) 
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and must hold for any time dependent sources. Furthermore, Gauss’ 
law has the general form 


V-D=4np. (6.4) 


Consequently, it is clear that if we generalize Ampere’s law as 


4 10D 4 1 0D 
vxH= 2542-3 (422), (6.5) 
Cc c Ot Cc 


then, using (6.3) and (6.4), we obtain 


V-(vxH)=4 (v.54 750 0)) 
_ 4n Op\ 
== (v.54 2) =o, (6.6) 


for general time dependent sources. In particular, when the charge 
density has no time dependence so that the current is steady state, 
then (6.5) reduces to Ampere’s law (6.1) which we know to be valid 
for magnetostatics. 


Figure 6.1: Capacitor plates filled with a dielectric and connected to 
an alternating power source. 


While the modification in (6.5) is quite clear from the theoretical 
consistency of the equation, Maxwell also tried to envision an exper- 
imental set up where the necessity for such a term would naturally 
arise. Consider a time dependent current charging the plates of a ca- 
pacitor (see Fig. 6.1). (For example, we can think of an alternating 
current source connected to the capacitor as a different set up.) Fur- 
thermore, let us suppose that the space between the capacitor plates 
is filled with a dielectric material. Then, from Ampere’s law (6.1) we 


6.1 GENERALIZATION OF AMPERE’S LAW 173 


know that 


fu-H- a (V x H) =a (6.7) 


For the same closed contour, if we choose two different surfaces 5S} 
and S» (see Fig. 6.1) — one enclosing one of the capacitor plates and 
the other without — then, it is clear that we obtain respectively 


fue-H- pon (V x H) vo J=0, 
4 
fue-H- po (V x H) ie PT ue (6.8) 


The first relation follows from the fact that there is no conduction 
current within the dielectric. The two relations in (6.8) are, there- 
fore, inconsistent. On the other hand, the additional term in (6.5) 
will remove this inconsistency since inside the dielectric there is a dis- 
placement field (even though there is no conduction current) whose 
time rate of change provides the effect of a current when integrated 
over a surface, namely, (here we will assume the surface to be closed) 


= [as 2 = ois D 
4n 
Ss 
=<; he = < f exp 
Vv 
_dQ_ 
Se Fee (6.9) 


We know that a current produces a magnetic field and so, in 
keeping with this concept Maxwell identified the new term added to 
the right hand side of Ampere’s law with a current (since it con- 
tributes to the magnetic field) known as the displacement current, 


1 OD 
J3.2= — —. 6.10 
2 Ar Ot (6:10) 
The simplest way to think of this current is to recall that in the 
presence of an applied field (including an alternating one) the charge 


centers in a dielectric are displaced leading to the effect of a current. 
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Such currents are, however, different from the usual conduction cur- 
rents that we are used to, since the charges never really leave the 
nucleus (or the atom). They are known as displacement currents 
since they arise from a displacement of charge centers. (Sometimes, 
they are also known as polarization currents. Actually, during the 
time of Maxwell, it was believed that space is filled with ether which 
acts like a dielectric and Maxwell himself believed that this effect 
should arise in ether as well.) Maxwell’s proposal (6.5), of course, 
had a purely theoretical origin and the experimental verification of 
this would not come until two decades later in the experiments of 
Hertz. The main difficulty in the experimental verification lies in the 
fact that in a conductor, where we know how to measure a current, 
the conduction current is overwhelmingly dominant over the displace- 
ment current unless the frequency of the time dependent current is 
extremely high. However, Hertz’s experiments clearly demonstrated 
the existence of a displacement current in dielectrics and the validity 
of Maxwell’s modification of Ampere’s law in (6.5). 

Together with this modification, we can write all the laws of elec- 
tricity and magnetism for general time dependent fields (and sources) 
as 


V- D=4r7p, 

V-B=0, 
1 0B 

VxE= — 

‘s C05" 

4 10D 4 

Ven ae Ga 5): (6.11) 
c c Ot c 


These are the fundamental laws of electrodynamics and they are 
known as Maxwell’s equations. They hold for both time dependent 
as well as time independent fields and sources. As we see, these 
are coupled differential equations (incidentally, one can also write 
the integral forms for these equations using Gauss’ and Stokes’ the- 
orems, but we would not go into this), which can be checked to be 
self-consistent and which become decoupled in the static limit. The 
equations (6.11), of course, have to be supplemented further by the 
continuity equation (6.3) as well as various other equations describing 
the effects of the medium, namely, 
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E+4v xB) for point charges, 
-| qe <2). SED (6.12) 


pE+ 15 xB for continuous distributions. 


Here, we note that the second of the supplementary equations in 
(6.12) is simply Ohm’s law with o representing the conductivity of 
the conductor, while the third describes the Lorentz force law (for 
continuous distributions, the third condition corresponds to the force 
density). 


6.2 Plane wave solution 


Let us next consider Maxwell’s equations in an isotropic and homo- 
geneous dielectric medium of infinite extent. In such a case, we can 
write 


D=cE, B = wH, (6.13) 


in the entire space. Let us further assume that there are no free 
charges or currents present in the medium in which case the set of 
four Maxwell’s equations (6.11) takes the form, 


V - E=0, 
V -B=0O, 
1 OB 
V x E=—--—— 
- c Ot’ 
eu OE 
VxB=——. 6.14 
- c Ot oe) 
Let us note the vector identity 
Vx(VxA)=V(V-A)—V7A, (6.15) 
which holds for any arbitrary vector A. Using this, we obtain 
1 O(V x B) 
Fy ee 
V x (V x E) a 
9 eu OPE 
Or, V(V -E)-WE=—3 5p 
2 eu OPE _ 
or, VWE- a OE = 0. (6.16) 


Similarly, taking the curl of the equation for the magnetic field (the 
last equation in (6.14)), we obtain 
eu O°B _ 


2 
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Equations (6.16) and (6.17) show that both the electric field as 
well as the magnetic field satisfy the three dimensional wave equation, 
with the velocity (speed) of propagation given by (see (3.48)) 


c 

rae (6.18) 
In particular, since « = 1 = pw in vacuum we see that the speed of 
propagation of these waves in vacuum coincides with the speed of 
light. This was the first evidence that light waves arise because of 
time dependent electric and magnetic fields or that light waves are 
simply electromagnetic waves. 

To further understand the behavior of these waves, let us con- 
sider for simplicity a plane wave solution for the electric field. A 
plane wave by definition is a wave where the wave variable has the 
same phase at any point on the wavefront which is an infinite plane. 
Thus, we note that a plane wave solution of the equation involving 
the electric field (6.16) will have the form 


E(x, t) = BO) ehettikx (6.19) 


where EB) is a constant vector, provided the parameters w and k 
satisfy 


Sh eer (6.20) 


Kl Ven 
which is precisely the relation satisfied by traveling waves. Conven- 
tionally, we say that w = 27v represents the angular frequency of 
the wave, while |k| = 72 with \ the wavelength denotes the wave 
number. This is seen by noting that the direction of propagation of 
the wave is along k and along that direction, points separated by a 
distance of X (the wavelength) are in phase. With this identification, 


(6.20) leads to the familiar relation of wave phenomena, namely, 
d : (6.21) 
vA} =v=—. 
VE 
As we have noted, we are analyzing plane wave solutions. The 
wavefronts (points where the phases are the same), in this case, are 
given by 


Fut +k-x = constant, (6.22) 


which, for a fixed time, correspond to planes of infinite extent satis- 
fying 
k - x = constant. (6.23) 
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The two independent solutions we have found are characteristic of 
the wave equation which is a second order differential equation. The 
solution, with the negative sign in the exponent for the first term 
in (6.19), represents a forward moving wave (namely, a wave moving 
along k) while the one with the positive sign is known as a backward 
moving wave. This can be seen as follows. The velocity of propaga- 
tion of a wave is precisely the velocity with which wavefronts (namely, 
planes with constant phase) move. Thus, defining € to represent the 
component of x along k (namely, € = x- k), we have 


+ wt + |k|€ = constant, 


dé Ww 
a 


(6.24) 


or, 


showing that the velocity of propagation in one case is along k while 
it is in the opposite direction in the other case. 

Let us emphasize here that the wave solutions that we have con- 
structed in (6.19) are known as monochromatic plane waves since they 
involve only a single frequency w (also known as harmonic waves). 
A monochromatic plane wave can consist of a linear superposition 
of both forward and backward moving waves of the same frequency. 
A general solution, on the other hand, would involve a sum (or an 
integral) over distinct frequencies as well, in which case it is not a 
monochromatic wave. The velocity of propagation for a monochro- 
matic wave is known as the phase velocity, while for a wave packet 
consisting of distinct frequencies the velocity of propagation is known 
as the group velocity. The two velocities can, in general, be different. 
Furthermore, let us note that while the four Maxwell’s equations 
(6.14) lead to the wave equations (6.16) and (6.17) (for E and B 
fields), the two wave equations are not equivalent to the set of four 
Maxwell’s equations. (Namely, the solutions of (6.16) and (6.17) 
would not automatically satisfy all the equations in (6.14).) There- 
fore, a plane wave solution of Maxwell’s equations has to satisfy fur- 
ther conditions. Thus, for example, we see from the first equation of 
(6.14) 


V - E=0, (6.25) 
that the plane wave solution for the electric field (6.19) must satisfy 
k-E=0. (6.26) 


Namely, the electric field must be orthogonal to the direction of prop- 
agation of the wave. 
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A similar analysis holds for the magnetic fields as well, leading 
to the fact that Maxwell’s equations have plane wave solutions for 
both E and B fields of the forms 


E(x, t) = E(°) eres B(x, t) = BO) eres, (6.27) 
subject to (6.20) and satisfying 
k-E=0=k-B. (6.28) 


Namely, both the electric and the magnetic fields are perpendicular 
to the direction of propagation of the wave which shows that electro- 
magnetic waves are transverse waves (unlike sound waves which are 
longitudinal). It is also worth emphasizing here that both the electric 
and the magnetic fields are real quantities. In writing a solution in 
the form (6.27), the assumption is that the electric and the magnetic 
fields correspond to either the real or the imaginary parts of the com- 
plex solutions which would respectively give cosine or sine solutions. 
Furthermore, from the third equation in (6.14) 


10B 
Vente ; 
fe Cor ee) 


we obtain for the forward moving wave, 


kx B==B. (6.30) 


B 


Figure 6.2: The electric and the magnetic fields as well as the direc- 
tion of propagation as defining an orthogonal system. 


In other words, the electric and the magnetic fields are not only 
perpendicular to the direction of propagation, but they are orthogonal 
to each other as well (see, for example, Fig. 6.2). It is also clear from 
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(6.20) and (6.30) that if the wave is propagating along the z-axis, 
then (B = wH), 
|E2| [Eyl we iz (6.31) 
[| Hel ck] yen Ve’ : 


which is a property of the material under consideration. Such rela- 
tions are quite important from the point of machine design. 

Electromagnetic waves were originally identified with visible light 
simply because of the fact that the speed of propagation in vacuum 
coincides with the speed of light. However, experiments by Hertz 
showed that the electromagnetic waves are much more than just the 
visible light. In fact, the visible light forms only a small part of the 
spectrum of electromagnetic waves. Radio waves, microwaves etc. 
covering a wider range of frequencies are also governed by Maxwell’s 
equations. The ratio of the speed of propagation of electromagnetic 
waves in vacuum to that in a dielectric medium is known as the index 
of refraction of the medium (a term borrowed from optics) 


ics Ell, (6.32) 
v 


which follows from (6.20). As is clear, the index of refraction is com- 
pletely determined by the dielectric constant and the permeability of 
the medium. This relation is very well tested in radio waves. How- 
ever, in the range of optical frequencies, one observes a variation in 
the value of the refractive index which is understood as follows. The 
dielectric constant of a medium is really not a constant. Rather, it de- 
pends on the frequency of the applied field which leads to significant 
changes in its value in the range of optical frequencies. Consequently, 
the index of refraction of a medium also becomes dependent on fre- 
quency, a phenomenon known as dispersion. 


6.2.1 Polarization. We note that the plane wave solutions of Maxwell’s 
equations (6.27) have two distinct aspects. The exponential charac- 
terizes the wave nature of the solution. However, the amplitude is a 
vector where information about other aspects of Maxwell’s equations 
(such as transversality etc.) are contained. The vector amplitudes 
E© and B® can, of course, contain constant phases. The direc- 
tional (vectorial) properties of electromagnetic waves are known as 
polarization and are completely determined from the structure of the 
electric field alone. (This is because the directional property of the 
magnetic field can be determined from a knowledge of the electric 
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field and the direction of propagation, as is clear from (6.30).) For 
example, we know that the electric field is orthogonal to the direction 
of propagation of the wave. If we assume that the wave propagates 
along the z-axis, then it is clear that the electric field must lie in the 
x — y plane, known as the plane of polarization for the wave. Thus, 
for a wave propagating along the z-axis, we can write (taking the real 
part to denote the electric field) 


E(z,t) = Re ((HOx " EYs) eee) ; (6.33) 


Figure 6.3: Linear, elliptic and circular polarizations of electromag- 
netic waves. 


0) 


If we assume that the relative (constant) phase between ES 


and is zero, namely, that 
= [EO el? = |B |e, (6.34) 


where ¢ is the constant phase of the two amplitudes, then we can 
write 


Eeh= Re ((1E” It + |B ‘Ny ) eee) 
= (lee Nx + po ‘\y) cos(wt — kz — @). (6.35) 


It is clear from (6.35) that the magnitude of the electric field varies 


between zero and \/ |BO|2 + lea with ie but the direction of 


the vector always lies along (Ee Nx + EO 57) which is constant. 
In this case, we say that the wave is linearly polarized along this 
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direction. On the other hand, if the (constant) relative phase between 
the two components of the electric field is arbitrary, then choosing 
the phase of the first component to be zero we have 


E(z, t)= Re (1z \xe —iwt+ikz A Ee Ny ooo) 
= (Ez |x cos(wt — kz) + Eo Ny cos(wt — kz — )) . (6.36) 


In this case, it is easy to see that not only the magnitude of the electric 
field, but also its direction changes with time tracing out an ellipse 
in the x — y plane and say that the wave is elliptically polarized. 
Finally, if |EO| = Be )| and the magnitude of the relative phase 


between the two components is 3, then we can write from (6.33) 


3? 
E(z, t) = Re (Ee + ae ri) 
= [BO | (x cos(wt —kz)+y sin(wt — kz)). (6.37) 


In this case, the magnitude of the electric field is a constant (EO l), 
but the direction changes with time tracing out a circle in the x — y 
plane and we say that the wave is circularly polarized. If the rotation 
of the electric field is clockwise to an observer facing the incoming 
wave, the wave is said to be right circularly polarized. For an op- 
posite rotation, the wave is correspondingly known as left circularly 
polarized. (Namely, the two terms x+iy in (6.37) denote respectively 
left and right circular polarizations, see Fig. 6.3.) The different po- 
larizations are sketched in Fig. 6.3. 


6.3 Boundary conditions 


One of the great triumphs of Maxwell’s equations is the prediction 
of electromagnetic waves which can be identified with light waves in 
the appropriate frequency range. It is, therefore, important to check 
whether the solutions of Maxwell’s equations lead to familiar phe- 
nomena, observed in optics such as reflection, refraction etc. To be 
able to study such phenomena, we have to first derive the bound- 
ary conditions which electric and magnetic fields have to satisfy in 
the time dependent case. When we have two distinct dielectric me- 
dia separated by a boundary surface, then the boundary conditions 
which time dependent electric and magnetic fields would satisfy can 
be derived much the same way as we did for the static case. Let us 
assume that there are no free charges and currents present on the 
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boundary surface separating the two media. In such a case, the first 
two of Maxwell’s equations in (6.11) 


V-D=V- (cE) =0=V-B, (6.38) 


hold in the two dielectric media and tell us that the normal compo- 
nents of the electric displacement field and the magnetic field must 
be continuous across the boundary. Specifically, we have 


€rEnR = €, En, Bur = But. (6.39) 


The other two equations in (6.11), namely, 


1 OB 
V x E=--— 
- COE, 
1 10D 
VxH=V~x (<8) Bene (6.40) 
m c Ot 


which are supposed to tell us about the continuity of the tangential 
components of the electric and the magnetic fields appear slightly 
tricky. However, the boundary conditions for these components can 
also be derived in a simple manner. 


Figure 6.4: A boundary surface separating two dielectric media. 


Let us consider a rectangular closed loop of infinitesimal width 
as shown in Fig. 6.4. Then, integrating the first equation in (6.40) 
over the area enclosed by this closed loop, we have 


Josey xB) = fas. F. 
Ss 


Ss 
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10 
-E=——— |] ds-B. Al 
or, fae Rr s (6.41) 
S 


In the limit of vanishing width of the rectangular loop, the right hand 
side of the equation vanishes because the area enclosed by the loop 
does. In the same limit, the left hand side simply gives the difference 
in the tangential components of the electric field on the two sides 
multiplied by the horizontal length of the curve. Therefore, in this 
limit, (6.41) leads to 


Fir = Fi... (6.42) 


In a similar manner, it is straightforward to show that the tan- 
gential components of the magnetic fields multiplied by the appro- 
priate inverses of the permeabilities are also continuous across the 
boundary (namely, it is the tangential components of H which are 
continuous across the boundary, Ht,n = Hi), 

1 1 

— Bir = — Bi. (6.43) 

UR My 
With these boundary conditions, we are now ready to discuss the 
problem of reflection and refraction in a dielectric media. 


> Example (Normal incidence). As a simple example, let us consider the question 
of reflection and refraction for an electromagnetic plane wave incident perpendic- 
ularly on the interface of two dielectric media. Thus, let us consider an incident 
wave moving along the z-axis, incident on the boundary surface between two 
(homogeneous and isotropic) dielectric media of infinite extent. We assume the 
boundary surface to be the plane z = 0 as in Fig. 6.5. In the region to the left 
(namely, for z < 0), we have a forward moving incident wave as well as a backward 
moving reflected wave, while in the region to the right (namely, for z > 0), we 
have only a forward moving transmitted wave. Thus, we can write (ki, kr > 0) 


| en eon aca 
Eivc = Re (BO clea) = EO cos(wt p= kuz), 
EF _ pe ey ere = BE cos(wt + kz), 


Ex = E'*"s = Re (BY gore) = EO cos(wt — kpz). (6.44) 


Here, we are assuming that the vector amplitudes are real for simplicity. Further- 
more, for these to represent solutions of Maxwell’s equations in the two media 
with dielectric constants and permeabilities (e,, ur) and (er, UR) respectively, we 
must have (see (6.20)) 


pe Ne a een cs (6.45) 


Cc Cc 
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—> — 


ky kp 


Figure 6.5: An electromagnetic wave at normal incidence on a surface 
separating two dielectric media. 


where k represents the wave number in vacuum. (Incidentally, the fact that the 
waves are all moving along the z-axis follows from the fact that the tangential 
components of the fields have to be continuous across the boundary. The copla- 
narity of the waves is a general property that we will see in more detail in the 
next example where we consider reflection and refraction for oblique incidence.) 


Furthermore, from (6.30) 


kx E= = 8B, (6.46) 


as well as (6.45), we obtain 
B= Bins 45 Bret 
BP* = Jem, @ x B™ = Je @ x BE) cos(wt — kx.z), 
Bee! — _ fe, &@ x EX"! = — Jeg & x E®) cos(wt + kuz), 


By = B"™ = /eqiin @ X E'*™’ = /entin & X E cos(wt—krz). (6.47) 


We note here that the electric and the magnetic fields are in the plane 
orthogonal to the direction of propagation which is along the z-axis. Consequently, 
there are no components of these fields normal to the boundary plane. Matching 
the tangential components of the electric and the magnetic fields at z = 0 (see 
(6.42) and (6.43)), we obtain from (6.44) and (6.47) 


BE =f BE” = BE, 


€ 0 € 0 
nal (EI ee EY) = (2 Eo, (6.48) 
Lo UR 


We can solve for BE) and EO) from the two relations in (6.48) in terms of EO 


6.3 BOUNDARY CONDITIONS 185 


and they have the forms 


2, /= 
BO = —_)" __ &. (6.49) 


For optically transparent materials, + 1, in which case, we can write the 
refractive index of the material as (see (6.32)) 


n= Var ve (6.50) 


Thus, for two optically transparent materials separated by an interface, (6.49) 
leads to 


EO) sR EO, 
Nt + NR 
2n 
BO = 7. 6.51 
2 Nt + NR u ( ) 


< 


> Example (Oblique incidence). Let us next consider the case where a plane elec- 
tromagnetic wave is incident on a boundary surface separating two dielectric me- 
dia at an oblique angle (see Fig. 6.6). We choose the boundary surface to be the 
plane z = 0 and assume that the wave is incident at an angle 6; (with the z-axis). 
Without loss of generality, we can assume the plane of incidence to be the x — z 
plane (plane of incidence is defined to be the plane containing the direction of 
propagation of the incident wave k; and the normal to the boundary surface nh 
which corresponds to Z in the present example). Thus, as before, we can write 
the incident wave to have the form (see (6.44)) 


Figure 6.6: An electromagnetic wave incident on the interface of two 
dielectric media at an oblique angle. 


EB? = B cos(wt — ki- x), (6.52) 
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where, as we have noted, k; denotes the direction of propagation of the incident 
wave which we have chosen to be in the x — z plane so that it has the form (see 
Fig. 6.6) 


k; = (sin 6; & + cos 6; 2). (6.53) 
As we have discussed earlier, there will also be a reflected wave in the first 
medium and a transmitted wave in the second, with the forms (see (6.44)) 


Bt — BE cos(wt — k, - x), 
be EO) cos(wt — ky - x), (6.54) 


where k, and k; denote respectively the directions of propagation for the reflected 
as well as the transmitted waves. (The sign of the direction of propagation for 
the reflected wave has been absorbed into the definition of k,.) The waves need 
not a priori be coplanar. However, we know that for them to satisfy Maxwell’s 
equations, the magnitudes of the wave vectors must satisfy (see (6.20) and (6.32)) 


NLW NRW 


ki] = |kx| = 


=milk], [ke] = 


= nalk\, (6.55) 


where we have defined |k| to represent the wave number in free space. 
Given the electric fields, we can also determine the magnetic fields from 
(6.30) (or (6.46)) and we have 


inc kj inc - inc 
BY = ikl x E™ = niki x E™, 
BA = a x Erefl = nik, x EB! 
Brans _ ky Bizans = k Bitans 
= ik] x = NRKt X , (6.56) 


With these fields, we can now match the boundary conditions (6.39), (6.42) 
and (6.43). Let us note, for example, that the tangential components of the electric 
fields have to be continuous across the boundary z = 0, namely, 


tang. 
(Ee cos(wt — ki - x) + ES? cos(wt — ky - x)) ; 
z=0 
_ 0) tang. 
— 3 cos(wt = ki . x) a i (6.57) 


Such a condition has two aspects. First, of course, the vector amplitudes have 
to satisfy some conditions, but more important is the fact that the phases should 
match as well. For example, matching the phases in (6.57) leads to 


ki-x|,_) = ky-x|,_, = ki - x|,_,. (6.58) 


From the fact that kj; lies in the « — z plane, it now follows from (6.58) that all 
the three wave vectors must also lie in the x — z plane. This can be seen simply 
as follows. The matching condition (6.58) explicitly gives 


kind = kro kryy = ktat t ktyy, (6.59) 


which leads to the fact that kry = 0 = kty. In other words, all the three plane 
waves have to be coplanar (have to lie on the same plane). Therefore, from the 
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geometry of the problem under study (see Fig. 6.6) we note that the unit vectors 
have the forms 


k; = (sin 6; X + cos 6; 2), 
k, = (sin 6; X — cos 0; Z), 


k, = (sin 0, X + cos 4; 2), (6.60) 


where 6;, 6; and 6, denote respectively the angles of incidence, reflection and trans- 
mission. 

In addition to determining that the waves have to be coplanar, the matching 
of the phases at the boundary (6.59) also requires that 


Kie = kre = Kee. (6.61) 
Upon using this in (6.55), it now follows that 
kia = kre, 
or, nx|k| sin 6; = nz|k| sin @,, 
or, 6; =6,, (6.62) 
and similarly, 
kiz = kz, 
or, nxr|k| sin 6; = ng|k| sin A, 


sin 6; NR 


or : = 
> sin nt. 


(6.63) 
Equation (6.62) describes the familiar law (from optics) that the angle of incidence 
is equal to the angle of reflection, while (6.63) is the Snell’s law for refraction. 

Let us next come to the vector amplitudes. There are two independent cases 
to analyze and let us start with the simple case where the electric field for the 
incident wave is normal to the plane of incidence, namely, let us assume that it 
lies along the y-axis (so that the electric field has no normal component). Then, 
it follows from the boundary condition (6.57) that the electric fields of all the 
three waves will lie along the y-axis and the boundary condition for the normal 
components of the displacement field will hold automatically. In this case, we 
have chosen an incident wave polarized along the y-axis. The vector amplitudes 
for the magnetic fields can now be easily calculated from (6.56) and (6.60) 


Bo = n Bok, x ¥ = n EW (— cos 6, & + sin 6; 2), 
BS” = mE ky xy= rE? (cos 0; X + sin 6; 2), 
BY” = ne Bok, xy= na EY” (— cos & X + sin 4 Z). (6.64) 


Furthermore, since for most optically transparent material 4 ~ 1, we will use such 
a value. In such a case, matching the tangential components of the electric and 
the magnetic fields at z = 0, we obtain (the normal components of the magnetic 
fields are automatically continuous which can be seen using Snell’s law) 
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Be Set 
nt (eo - BY) cos 6; = nr Eo cos 64. (6.65) 
Using Snell’s law (6.63), we can now solve for E®) and EY in terms of Eo and 


we obtain 


EO) _ mi cos6; — x cos& — cos 6; — sin 6; cot & 
EO ~ nz cos@; ++nacosO cos; + sin 6 cot 


tan # — tan 6; 


~ tan @& + tan,’ 


E®) 2nz cos 6; 2cos 6; 
EO ~ nz cos0ij ++nacos6 cos; + sin 6 cot 


2Qtan 
= ee 6.66 
tan & + tan 6; ( ) 


The other case to analyze is when the electric field is polarized parallel to 
the plane of incidence. Since the fields have to be perpendicular to the direction of 
propagation, we can choose (this choice also makes the normal components of the 
displacement field continuous across the boundary, namely, n? @ - (B° + EB’) = 

25 (0) 
ne Zz: Es”) 


BE = EO (cos 6; X — sin 6; Z), 
EB = aEo) (cos 6; X + sin 6; Z), 


EY) = E{° (cos 0; X — sin & 4), (6.67) 


which will give rise to the magnetic fields (see (6.56)) 
BO =n Et y, 
B? = nibs, 


BO = nats, (6.68) 


In this case, matching the tangential components of the electric and the magnetic 
fields across the boundary we obtain (we are assuming pz ~ 1) 


(21° — £8) cos 6; = BY? cos 6, 
m, (£{) + BY) = nab”. oa 


Once again, we can solve for ES? and EY? using Snell’s law and we obtain 


0 sin 6; cos 6; 
ES) _ nr cos6; — ni cosO; — sing, ~ COS 
BO ~~ me cos 6; + nz cosO, — B86 + cos O, 
t 
tan(; — 4) 


~ tan(6;+ 64)’ 
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0 
ES ) - 2nz, cos 0; = 2cos 6; 
Sy SS = See 
EO Nr Cos 6; + ny cos Ot hot + cos 6 


2cos 6; sin 0; 


= ain(@: 4 0:) C050) FO). (6.70) 
It is worth noting from (6.70) that when 
A+0=5, (6.71) 
there is no reflected wave. In such a case, Snell’s law gives 
TO <= Se tan 6}. (6.72) 


ny sin 6 


The incident angle for which this holds is known as the Brewster’s angle. In 
general, of course, a wave can be decomposed into a sum of waves polarized 
parallel and perpendicular to the plane of incidence. What this analysis shows is 
that at the Brewster’s angle of incidence, the component (of the field) polarized 
parallel to the plane will not be reflected and, consequently, the reflected wave 
will be polarized perpendicular to the plane of incidence. 

The other important observation from all of the above analysis is that if 
ny > Mr, then, from Snell’s law (6.63) we obtain 


sin 6; NR 


sin 6; ny,’ 


or, O > G. (6.73) 


It follows, therefore, that there is some angle of incidence for which # = 5. Let 
us call this Oing so that we have from Snell’s law 
rR 


sin Oint = —. (6.74) 


nh 


Let us note that for 6; = Oint, we have 0 = ot so that at this angle of incidence 


mee = BO cos(wt — ky - x) 


a EO) cos(wt — |kt|(sin & 2 + cos & z)) = EO) cos(wt — |ke|x). 
(6.75) 


Namely, there is no z dependence in the transmitted wave. In other words, there 
is no transmitted wave in the z > 0 region independent of the polarization of the 
wave. Furthermore, if 6; > Oint, then 


2 + 20. 
cos; = V1—sin? @ = 4/1 (=) sin? 6; = 4/1 — = (6.76) 
nr sin* Oint 


which becomes imaginary. As a result, the transmitted wave becomes exponen- 
tially damped with z and the wave propagates only along the x-axis. Such a wave 
is conventionally known as a surface wave. < 
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6.4 Energy and the Poynting vector 


We have already seen in the case of electrostatics how we can calcu- 
late the energy stored in an electric field configuration (see (1.85)). 
Let us next ask how we can determine the energy stored in a time 
dependent electromagnetic field. In order to do that let us start with 
the discussion of the static case. We have seen in electrostatics that 
the energy is given by (we are considering a dielectric medium of 
permittivity ¢) 


Wetec = [es Welec = 5 f ae p(x) ®(x) 
7 = _[ Pe(V Deo) o(x) = -< [ Pedi) V(x) 


1 3 1 3 2 
=> * = E*. . 
fa «D-E fa LE (6.77) 


Here, we have used Gauss’ law as well as integration by parts in the 
intermediate steps. Therefore, we can talk of an energy density stored 
in the static electric fields as given by 
1 € 
=—D-E=— FE’. 6.78 
elec = ga 81 ( ) 
The derivation of the energy density stored in a magnetic field 
is a bit more involved. However, we can note the following analogy 
between the electrostatic and the magnetostatic cases to determine 
the energy density stored in the magnetic fields in a simple manner, 
namely, 


p(x) o : ®(x) © A(x). (6.79) 


With this analogy, we can intuitively determine the energy stored in 
static magnetic fields as 


Wag = [evs Une = 5 | aa Hes) - A(x) 
1 


= — | x (V7 x H())- Aes) 


= — [ee H(x) -(V x A(x)) 


1 3 1 3 2 
=r H-B= — d H 6.80 
= | ae = | 2H, (6.80) 
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so that, we can identify the energy density stored in the static mag- 
netic field as 


1 1 HM 472 
=—H-B=—B-H=—H’. 6.81 

mee 8a 81 8a ( ) 
Thus, we can write the total energy density stored in the electromag- 
netic field, in the static case, as given by 


D-E+B-H 


= (6.82) 


W = Welec + Wmag = 
This also continues to be the energy density stored in the electromag- 
netic field in the time dependent case which can be seen as follows 
and which also brings out the concept of energy conservation within 
the context of electromagnetic phenomena. 

Let us consider a volume V containing electromagnetic fields as 
well as sources (charges and currents). With time the energy stored 
in the electromagnetic fields inside the volume would decrease in two 
possible ways. First, there may be some dissipation of the energy 
density due to conversion into heat or other forms of mechanical en- 
ergy. For example, a wire carrying current may heat up due to the 
resistance and in the process lose energy. Second, electromagnetic 
waves may leave the volume V carrying with them energy. Let us 
call the two kinds of energy losses as mechanical and radiation re- 
spectively. The mechanical energy loss is easy to calculate directly 
from the Lorentz force law. The rate at which the electromagnetic 
field does work on a charged particle moving with velocity v is given 
by 


one 


Pech = —— 
3 3 1 
_ fee a a ara 
= f ere. (pv) eae J: (6.83) 


Therefore, this denotes the magnitude of the rate at which energy 
stored in the electromagnetic fields is lost to other forms of energy. 
This can also be obtained from Ohm’s law where we know that a 
wire carrying a current J and maintained at a potential difference € 
(the conventional terminology for this is, of course, V which we are 
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avoiding in order not to have any confusion with the volume V) loses 
energy at the rate 


Prec =1E=1$ d€-E= f de E-J, (6.84) 
Vv 


which is the result obtained in (6.83). 
The second form of energy loss is determined as follows. Let us 
note the vector identity 


V -(Ex H) =—-E-(V x H)+H-(VxE) 


__47/p.5,9D-E+B-H 
Ot 81 


Thus, defining a vector 
S=“ExH, (6.86) 
4 


we see that we can write (6.85) as 


or, —+V-S=-E.J. (6.87) 


This indeed has the structure of a continuity equation describing 
conservation of energy (see, for example, (6.3)) with the term on the 
right hand side representing the dissipation of energy calculated in 
(6.83). This shows that w calculated in (6.82) indeed corresponds to 
the energy density for time dependent electromagnetic fields. In fact, 
integrating this over the volume V, we obtain 


dw | ( 
dt 
which shows that the rate at which energy is lost has two parts with 


P.aq Aenoting the power carried out by the radiation fields and is 
given by 


Pia= [ecv-s = fos. (6.89) 
Vv S 


Pech a Psa) (6.88) 
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The vector S is known as the Poynting vector and represents the 
density of power carried away by the radiation fields across the surface 
bounding the volume V. The “continuity” equation (6.87) indeed 
describes the conservation of energy when electromagnetic fields are 
involved. 

In a similar manner, we can also determine the momentum as- 
sociated with the electromagnetic fields. Let us consider a system 
of sources (particles, currents etc) as well as electromagnetic (radia- 
tion) fields in a given volume V. Let Pmech represent the momentum 
associated with the charge distribution of the system and p;aq the mo- 
mentum associated with the radiation fields (electromagnetic fields). 
Then, from Newton’s law as well as the Lorentz force law, we identify 


dt 


ale feos 1aD 


1 fat (BvD) - 2S) 


mec. 1 
Vv 


Cc Ot 
+Dx 1 -Bx (Vv xH)] 
== | &2(B(V-D) + H(V-B)-Dx(V xB) 
—~Bx(VxH)- —_ =) (6.90) 


where we have added a term which gives a vanishing contribution 
since V-B=0. 


Thus, we can write 


dPmech dPrad 
dt dt 


== | &2(B(V-D) + H(V-B)-Dx(V xB) 


—Bx (Vx H)), (6.91) 


194 6 MAXWELL’S EQUATIONS 


where we have identified 


1 
Pad =o [Px «B= [aoe xy) 
Arc 
J 


_ et 3 
— ofa a8. (6.92) 
“A 


Furthermore, we can simplify the integrand on the right hand side of 
(6.91) as follows. Let us denote the ith component of the integrand 
by J;. The integrand is symmetric in the electric and the magnetic 
fields (namely, under E + H,D © B or under E © Hye © yp). 
Consequently, let us look at only the terms involving the electric 
fields and we have (recall the identity €:jr€kem = 5i00jm — Sim9je); 


1 
TF = oe (E,0;D; = yeh sles) 


a 


1 

= = (£,0;D; _ DOE; + D;0;E;) 
1 

= ae (0;(2,D;) = €Ej0;E;) 


= £ (am) -5a:(2)) 


=o, (= (iB; - sé FR). (6.93) 


Adding the magnetic part as well, we see that the integrand (6.91) 
can be written as a total divergence 


I, = 0; (7 : (<a, + HH; ~ 564j(B? + + H)) ) 
= 8;T i, (6.94) 


where 7;; = Tj; is known as the stress tensor (spatial components) 
for the radiation field (Maxwell field). 

Using this result, we see that we can write the conservation 
equation for momentum (6.91) in components as 


(Ses “xt) ih ea: Ty = as [ae as (6.95) 


This is like a continuity equation and shows that the components 
of T;; represent the density of momentum flux through the surface 
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bounding the volume. In an analogous manner, we can derive the 
angular momentum associated with the radiation field as well. 

To close this section, let us simply note that we are using com- 
plex notation to represent electric and magnetic fields with the un- 
derstanding that the fields are real. Similarly, the Poynting vector 

Cc 


ie 


E x H, 


is understood to be defined in terms of the real electric and magnetic 
fields. However, if we are dealing with harmonic fields, then it is easy 
to see that the time averaged value of the Poynting vector can be 
represented in terms of complex fields as 


S= = Re (E x H*), (6.96) 
which is quite useful in practical calculations as we will see later. 


6.5 Gauge invariance of Maxwell’s equations 


The set of four Maxwell’s equations are given by 


V-D=4rp, 
V -B=0O, 
1 0B 
VxE=--— 
i c Ot’ 
An 10D 
VxH=—J+-—. : 
x z eae (6.97) 


In the static case, we saw that we can write the electric and the mag- 
netic fields in terms of scalar and vector potentials and the question 
is whether we can continue to do so for time dependent fields. 

To analyze this, let us note that the second of Maxwell’s equa- 
tions implies that the magnetic field is divergence free. This can, of 
course, be solved as in the static case to give 


B(x,t) = V x A(x,t). (6.98) 


The only difference is that the vector potential, in the present case, 
would be a function of time as well. Putting this back into the third 
equation of Maxwell, we obtain 

1 OB 1 O(V x A) 


Vitesse! Seen Ar es! 
: c Ot c Ot , 
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Ot 
1 dA 
5 See 
or, + oo Vo, 
6 RDS AV OR PACH) (6.99) 


Once again, here the scalar potential ® depends on space and time. 
We note that when ®, A are independent of time (6.98) and (6.99) 
reduce to our earlier discussion of potentials in the static case. As 
in the static case, it is clear that the scalar and the vector potentials 
have an arbitrariness, namely, 


pecs a eae) A’ =A-— VA(x,t), (6.100) 
c Ot 
where A(x, t) is an arbitrary function give the same electric and mag- 
netic fields. Consequently, Maxwell’s equations, written in terms of 
the scalar and the vector potentials, will reflect this arbitrariness. 
This is known as the gauge invariance of Maxwell’s equations which 
we will study in some detail next. 

We see that two of Maxwell’s equations (second and third equa- 
tions in (6.97)) can be solved to express the electric and the magnetic 
fields in terms of scalar and vector potentials. Let us next substitute 
the solutions (6.98) and (6.99) into the other two equations. In any 
medium, Gauss’ law takes the form 


V:-D=c«V-E=4rzp, 


or, eV (- voi) = Arp, 


Ot 
10(V- A) An 
2 BAN wee te 
or, V“® + OE ~ Pe 
Pb 4r 10 eu O® 
we — Fe ee fi 0 —— }. (6.101 
we c2 Ot? € c Ot ( 7) ( ) 


Similarly, from the last of Maxwell’s equations in (6.97), we obtain 


10D 


V H=54 
° c Ot’ 


1 LOA 
on Vx (V x A) = “3425 (-ve-2 5), 
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= Anu 5 — wove) — eu OPA 


c c Ot ee. Ot 
gg oe Os, Aa eh 02 
or, V°A 2 Op J+ V(V-A+ at (6.102) 


The two equations, (6.101) and (6.102), appear to be coupled 
second order equations. However, let us recall that the scalar and the 
vector potentials are arbitrary up to gauge transformations (6.100). 
This is also reflected in the fact that the two coupled equations are 
invariant under a gauge transformation. In such a case, the Cauchy 
initial value problem cannot be solved uniquely unless we specify 
some further conditions on the potentials. Let us, therefore, choose 
the scalar and the vector potentials such that 

BOD FN, (6.103) 

c Ot 
With such a choice of the potentials, the two equations (6.101) and 
(6.102) become decoupled and take the forms 


ga) 2 
wee c2 Ot? ge 
eu OPA Any 
VAS a ae (6.104) 


Namely, with such a choice of the potentials, both the scalar and the 
vector potentials satisfy the wave equation with sources. 

The choice of a form of the potentials is known as a choice of 
gauge. And the particular gauge we have chosen in (6.103) is known 
as the Lorenz gauge (named after Ludvig Lorenz) which is manifestly 
relativistic invariant as we will see. The choice of a gauge is subject 
to the condition that it should be implementable, namely, that we 
can always find potentials which would satisfy the gauge condition. 
For the case at hand, for example, suppose our potentials did not 
satisfy the Lorenz gauge condition, namely, if 


ee an (6.105) 
c Ot 


then, we can make a gauge transformation 


o=-6+-—, A’=A-VA, (6.106) 
c Ot 
requiring that the new potentials would satisfy the gauge condition 
oo! 
Vil? eet, (6.107) 


‘c. Ot 
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This leads to 


2 
or, (w- EE )asv ar SS (6.108) 


This is an inhomogeneous equation and since the inverse (Green’s 
function) of the operator on the left exists, this equation is soluble. 
Namely, even if our potentials did not satisfy the Lorenz gauge con- 
dition, we can always find a A and, therefore, a gauge transformation 
such that the new potentials will satisfy the Lorenz gauge condition. 
Let us note here that the second order operator on the left is the gen- 
eralization of the Laplacian to four dimensions including both space 
and time and is known as the D’Alembertian. 

The physical results are, of course, independent of the choice 
of gauge and one is not forced to choose the Lorenz gauge to study 
(solve) Maxwell’s equations. Other gauge choices may be more suit- 
able to study specific phenomena. One such gauge choice is known 
as the Coulomb gauge or the transverse gauge where the potentials 
are required to satisfy 


V-A=0. (6.109) 


One can see in a straightforward manner as before that this is an 
implementable gauge. Furthermore, with such a choice of gauge, 
Gauss’ law (6.101) takes the form 


4 
V2 = _ p, (6.110) 


which is the Poisson equation. The solution of this, as we have seen 
before, can be written in the form 


B(x, t) = [ee jo) (6.111) 


[x — xT 


If we now look at the (modified) Ampere’s law (6.102) in this 
gauge, we have 


eu OPA = Amu y ty (2) 
Ot 


__ Athy ty fa ea 


|x — x’| 
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ane x! 

4 V'-J 
Wf ty fang Pe (6.112) 

c c |x — x’| 


Here, we have used the continuity equation (6.3) as well as the famil- 
iar decomposition (also discussed in connection with the Helmholtz 
theorem in chapter 1, see (1.53), (1.54) and the discussion there) that 
a given vector can be written as a sum of two terms, one longitudinal 
and the other transverse with respect to the operation of V, namely, 


J=+u, V-=0, Vx5=0. (6.113) 


Furthermore, taking V inside the integral in (6.112) and integrating 
by parts, we obtain 


wa — oA = AT as: [ete VV! - Ji) 


Ce Or é |x — x’| 
_ My 8 f apy > (Vix I) + V75 
c c |x — x’| 
4 2 4 4 
= SEW fate! St Ji =-“FI+ ty) 
c c |x — x’| 
4 4 
Se pag) ag, (6.114) 
Cc 


Here, in the intermediate steps, we have used integration by parts as 
well as the fact that 


ye (<7) = HARP (x= x). (6.115) 


We have also used the fact that the term V x (V x Ji) vanishes by 
definition (6.113). 

Thus, with the choice of the Coulomb gauge (6.109), we see that 
the scalar potential satisfies the Poisson equation while the vector po- 
tential satisfies the wave equation with a transverse current (source), 
namely, 


2 
WA- = =-— Ih. (6.116) 
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This is, of course, consistent with the choice of the gauge condition 
(6.109). Since the vector potential is transverse in this case, one also 
says that this is the transverse gauge (sometimes it is also called the 
physical gauge). The Coulomb gauge is quite useful when there are 
no sources present, namely, when p = 0 = J. In such a case, the 
solution of the Poisson equation is trivial and the vector potential 
satisfies the free wave equation 


—— =), (6.117) 
It is also worth noting here that even after choosing a gauge, 


there is some residual gauge invariance. For example, in the case of 
the Lorentz gauge (6.103), even when 


~—+V-A=0, (6.118) 


holds we can still make a gauge transformation preserving this gauge. 
In other words, we can define a new set of potentials 


1 0A . 
Baea 2 A'’=A-VA, (6.119) 
c Ot 
which would also satisfy the Lorentz condition provided 
x SefROF Vs 
_“—_|)A=0. 6.120 
(v Cc =) ( ) 


Unlike the case of the Laplacian, the D’Alembertian operator allows 
for oscillatory solutions to this homogeneous equation. 


6.6 Lorentz transformation 


To appreciate Lorentz transformations and Lorentz invariance prop- 
erly, it is important to look at the chronological development of 
events in physics. Newton’s equation was known to be invariant un- 
der Galilean transformations or Galilean boosts (in addition to being 
covariant under spatial rotations) 


x’ =x— vt, 
t=, (6.121) 


where v represents the constant velocity with which an observer in 
a reference frame is moving. The basic idea following from this in- 
variance led to the understanding that there are an infinite number 
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of inertial frames which move with constant velocities with respect 
to one another and physical laws are independent of the choice of the 
frame. Consequently, while time was assumed to be absolute, veloci- 
ties were thought of as relative depending on what is the (Galilean) 
inertial frame being used. Most of the laws of physics known at the 
time were compatible with invariance under Galilean relativity except 
for a couple of phenomena. 


One such puzzle came from the plane wave solutions of Maxwell’s 
equations which, as we have seen, travel in vacuum with the speed of 
light which is a constant. An absolute velocity, however, was against 
the spirit of Galilean relativity. Consequently, there was a major con- 
flict and to avoid this conflict, Maxwell even assumed that the wave 
solutions of his equations travel in a medium called ether, namely, 
he tried to promote that the speed with which the waves propagate 
is really the speed of light in a specific inertial frame represented by 
ether. On the other hand, Michelson and Morley conclusively showed 
through their experiments that there is no ether and, therefore, the 
speed of light is a constant independent of the inertial frame of ref- 
erence. This was indeed the turning point in thinking, for Maxwell’s 
equations were not invariant under Galilean transformations. (In 
retrospect even a simple experimental measurement such as the life 
time of muon, performed decades later, cannot conform to the ideas 
of Galilean invariance. Experimentally it is measured that the life 
time of the muon decaying at rest in the laboratory is shorter by an 
order of magnitude than the life time measured for the muons de- 
caying in the cosmic ray showers (Tjap © 107° sec). This cannot be 
explained with Galilean relativity where time is absolute and does 
not depend on the choice of the reference frame.) 


Until the time of Einstein, it was believed that time is a coordi- 
nate very different from space where events take place. Einstein was 
the first to propose that space and time should really be considered 
on an equal footing and not distinct from each other. Based on the 
earlier work of Lorentz, he also proposed that physical laws should 
be invariant under Lorentz transformations and not under Galilean 
transformations as was thought to be the case until that time. The 
Lorentz transformations are very different from the Galilean trans- 
formations in that they mix up space and time coordinates. For 
example, under a Lorentz transformation the space and time coor- 
dinates for an observer in an inertial frame, moving with velocity v 
along the x-axis (with respect to another observer), would be given 
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by 
t=4 (« — 2) ; 
Cc 
x! = y(x — Bet), 
y=, 
ge, (6.122) 


where we have defined 
at 
g=2, 1=0-8) 4%, PO-#)=1. (6.123) 


It is interesting to note from (6.122) that in the limit c > oo, Lorentz 
transformations reduce to Galilean transformations (6.121). Lorentz 
transformations, of course, have far reaching consequences. But, one 
of the interesting consequences that can be immediately derived from 
the structure of the transformations in (6.122) is that 


(Pe? — 9? — y? — 2) 
B 2 
= (« _ 2) 7 (a — Bct)* — y? — 2? 
G 


= (er yy Z) : (6.124) 


All of this led Einstein to propose that space and time together 
should be thought of as defining a four dimensional manifold where 
events take place and that Lorentz transformations are symmetry 
transformations which transform the coordinates of this four dimen- 
sional manifold, much like rotations transform the coordinates of the 
three dimensional space. A vector in such a manifold would consist 
of four components — one time and three space — and is called a four 
vector, as opposed to the vectors in three dimensional space that we 
are all familiar with. However, space and time components can be 
embedded into this four vector in two distinct ways. For example, 
let us consider the space-time coordinates themselves which define a 
four vector. We note that we can define a four component vector as 


0 


eS (ae) = (ob x) (eis 2) (eS O51 2.35' 16125) 


Alternatively, we can define a four vector with a relative negative sign 
between the time and the space components, namely, 


ty, = (2°, —x) = (ct, -—x) = (ct, -2, -y, -2). (6.126) 
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It is worth pointing out that on dimensional grounds the time com- 
ponent has to be multiplied by a velocity (to be on the same footing 
as the space coordinates) and the only velocity that is a constant is 
the speed of light. Thus, even though in our discussions, we would 
restrict to free space (« = 1 = yz), if one is dealing with a dielectric 
medium, the appropriate velocity should be used. 

Under a Lorentz transformation, say, along the x-axis it is clear 
that the two distinct four vectors would transform as (repeated in- 
dices are summed) 


hee ae ne 
ee ay, (6.127) 


where from the explicit transformations in (6.122), we note that 


y —78 0 0 
= 0 0 
Hig yp . 
0 O: re 
0 Oy Oa 
yee Oe 
~ AB. Af QO 
A,’ = 6.128 
: 0 0 10 yee 
(OO 7 


It is clear from the structure of the matrices in (6.128) that they are 
inversely related, 


Tee Gt eee (6.129) 


The two distinct four vectors, therefore, behave differently under 
Lorentz transformations. In fact, they transform in an inverse man- 
ner under a Lorentz transformation. The four vector 2" is known as 
a contravariant vector while x, is known as a covariant vector. 

From the structure of these transformation matrices, it is also 
clear that 


det A“, =1—det Ay”. (6.130) 


This is very much like the relation for the rotation matrices in three 
dimensional space and suggests that Lorentz transformations can be 
thought of as rotations in the four dimensional space-time manifold. 
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Let us recall that in three dimensional space, a rotation around the 
z-axis by an angle @ is defined by 


g! cos? —sin@ 0 x 
y | =| sin@ coséd 0 y |. (6.131) 
z! 0 0 1 z 


Keeping this in mind, let us define ((,7y are defined in (6.123)) 
cosh 6 = 4, sinhé = 6, (6.132) 


so that cosh? 6 — sinh? @ = 1 (alternatively, tanhé = 6). With this, 
the Lorentz transformations (namely, A“, and A,,”) do actually cor- 
respond to rotations, although the angle of rotation appears to be 
imaginary. This is a consequence of the structure of the four dimen- 
sional manifold that we will discuss. Indeed, just as a rotation around 
the z-axis can be thought of as a rotation in the 1 — 2 (a — y) plane, 
similarly a Lorentz transformation (boost) along the x-axis can be 
thought of as a rotation in the 0 —1 (¢— 2) plane. (In fact, the 
totality of space rotations and boosts is known as Lorentz transfor- 
mations.) 

Since rotations leave the length of a vector invariant, here, too, 
we can ask what is the invariant length under a Lorentz transforma- 
tion. We have already seen in (6.124) that 


CPX =a, = az" = 27, (6.133) 


is invariant under Lorentz transformations and defines the invariant 
length. However, it is clear now that the reason for this invariance is 
that a covariant and a contravariant vector transform inversely under 
a Lorentz transformation. From the structure of the invariant length 
in (6.133), we can define a metric tensor for the four dimensional 
manifold, namely, 


22 = Ny tla” = HY cyty, (6.134) 


where the covariant and the contravariant metric tensors are deter- 
mined from (6.133) and (6.134) to be 


Tuy = 


ooo 
-) 
| 
aan 
S 
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iG, 10° “@ 
nh” = ee eee (6.135) 
OF 0- 4k 20 
2 2. 0 


It follows that these matrices are inverses of each other, namely, 
me” ny = Of. (6.136) 


The metric tensor also allows us to raise and lower the Lorentz 
indices, 


ct = nl’ x, C= Wape. (6.137) 


so that the time component of a vector does not change sign under 
raising or lowering while the space components do. Let us note here 
that the three dimensional space that we are used to is known as 
a Euclidean space where the metric tensor is the trivial Kronecker 
delta function 6;;. Consequently, there is no difference between the 
covariant and the contravariant vectors there. The four dimensional 
space-time manifold, on the other hand, has a nontrivial metric tensor 
giving rise to distinct covariant and contravariant vectors. A manifold 
with such a metric (as in (6.135)) is known as a Minkowski space. 
Furthermore, from the definition of the invariant length in (6.134), 
we see that unlike the three dimensional case, here the length of a 
nontrivial (four) vector is not necessarily positive. In fact, it can be 
positive, negative, or zero. If 


x? = (2°)? —x? > 0, (6.138) 
we say that the four vector is time-like, while for 

x? = (2°)” —x? <0, (6.139) 
the vector is called space-like. On the other hand, when 

a? = (2°)? S50) (6.140) 


the vector is called light-like. It is along such light-like directions 
that a light ray travels. (The three types of vectors do not mix 
under a Lorentz transformation.) Correspondingly, the structure of 
the Minkowski space (see Fig. 6.7) is quite different from the three 
dimensional Euclidean space that we are familiar with. 
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space-like 


Figure 6.7: Four dimensional Minkowski space-time projected onto 
two dimensions. 


It is now clear that in a Minkowski space we would have two 
kinds of vectors, the covariant and the contravariant ones. Thus, if 
A’ and B" denote two arbitrary (contravariant) vectors in this space, 
we can define an inner product (scalar product) between them as 


A-B=nw,A"B’ = A°B°-A-B=A,B" = A"B,, (6.141) 
as well as the length of any vector as 
A? = my AMA” = (A)? — A? = A, AM, (6.142) 


both of which will be invariant under Lorentz transformations. Any 
quantity without a free Lorentz index is a Lorentz scalar and is invari- 
ant under Lorentz transformations. We have already seen how vectors 
transform under a Lorentz transformation. Any quantity with more 
than one free Lorentz index is known as a tensor and its transfor- 
mation properties follow from the transformation properties of the 
vectors in a straightforward manner. Thus, for example, a third rank 
tensor of the form T“” , (the number of free indices defines the rank 
of a tensor) would transform under a Lorentz transformation as 


THY y = (Maas = AP wd” Pe ad pe! '- (6.143) 


Let us next note that we can define the derivatives (gradients) 
on this manifold in a standard manner. There will be two kinds of 
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derivatives, contragradient and cogradient, defined respectively as 


6) 10 


Note the change in the relative signs between the time and the space 
components of the gradient vectors compared with the components 
of the coordinate vectors in (6.125) and (6.126). Since gradients 
define vectors we can define a scalar (which would be invariant under 
Lorentz transformations) from these as 


=P=7n gig <1 Fp (6.145) 
a CF Ot? 


As we have seen, this is the wave operator and is known as the 
D’Alembertian operator (remember that we have restricted ourselves 
to free space for which « = 1 = y). It is invariant under Lorentz trans- 
formations just as the Laplacian is invariant under three dimensional 
rotations. 

There are other familiar quantities from the study of three di- 
mensions which also combine into four vectors. (To be able to com- 
bine distinct quantities into a four vector, they must have the right 
transformation properties under a Lorentz transformation.) Of course, 
the most familiar is the fact that energy and momentum combine into 
a four vector such that 


ph= (=.r) i = (=.-») (6.146) 


The length of this four vector 


2 E? 2 
P= wp” = ee) ae (6.147) 
is Lorentz invariant and we see from this that we can write the Ein- 
stein relation as an invariant relation 


E? 
p= = — p? = mc, 
or, BE? =Cp*?4+m?c, (6.148) 


where m is known as the rest mass of the particle. 
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6.7 Covariance of Maxwell’s equations 


Just as space-time coordinates as well as energy-momentum combine 
into four vectors, similarly, let us note that the charge density and 
the current density also combine into a four vector of the form 


Jt = (cp, J), Ju = (cp, —J), (6.149) 


from which it follows that we can write the continuity equation as 
(see the definition of the gradients in (6.144)) 


Op 


Od! = O9d™ + Od. DE 


+V-J=0. (6.150) 
Namely, the continuity equation is nothing other than the vanishing 
of the four divergence of the four vector current density. Since the 
four divergence is a scalar (it has no free Lorentz index), this equation 
is Lorentz invariant. In other words, the form of the continuity equa- 
tion is the same in all Lorentz frames. (Incidentally, integrating the 
continuity equation over a large volume, we obtain the conservation 
of total charge.) 

The scalar and the vector potentials also combine into a four 
vector known as the (four) vector potential of the form 


Al = (®, A), A, = (®, —A). (6.151) 


Given the vector potential, we can construct a second rank anti- 
symmetric tensor by taking its four dimensional curl in the following 
way 


Fy =O0,A,—-%Ay=—Fip, u,v =0,1,2,3. (6.152) 


Being anti-symmetric, this tensor has only six independent compo- 
nents and from the definition of the magnetic and the electric fields 
in (6.98) and (6.99) in terms of the scalar and the vector potentials, 
we see that they can be expressed as components of this second rank 
anti-symmetric tensor in the following way (note that uw = 0,1,2,3 
while i, 7 = 1,2,3) 


Fo; = 09 Ai — 0; Ao 


__10(A), 
—  ¢ Ot 


—V;® = (E);, 
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Fi; = O;A; = 0; A; 
= > (Vi(A); = V j(A)i) = —€ijn(V x A)r 
The anti-symmetric tensor F),, is known as the field strength ten- 
sor since its components are none other than the electric and the 
magnetic fields. 

From the definition of the electric and the magnetic fields in 
(6.153), it is now straightforward to determine their transformation 
properties under a Lorentz transformation. Thus, with the explicit 
form of the Lorentz transformations along the x-axis in (6.128) (or 
(6.122)), we obtain 

Fig Fg Ag Ay” Fine: (6.154) 
This gives explicitly 

Fi, = Ao ° Ai Foy + No 7 Ai Fo + No IAG * Fix 

= (Ag °Ag? — Ag 4 Aj °) Foy + AoA; PB in., 
Fi, = Aj OA; * Fon + Ag Ay Fao + Ag BAG Fa 
_ (A; °A; ee A; KA; °) Fox + A; KA; 1 By). (6.155) 


Using the identifications in (6.153), the transformations of the electric 
and the magnetic fields then follows 


Ee = Ey, Be = By, 
Ei, = Y(By—-8B.), B,= (By +8Ez), (6.156) 
ES = (EF. + BBy), B, = 7(B,- BEy). 


These are indeed the correct transformations for the electric and the 
magnetic fields under a Lorentz transformation and this shows that 
the electric and the magnetic fields are really not independent of each 
other. (That they should have the same dimension also follows.) A 
more physical way to see this is to note that if a charge is at rest, it 
produces only an electric field. However, in a different inertial frame 
the charge would be moving giving rise to a current, which, as we 
have seen, produces a magnetic field. 

In terms of the field strength tensors, two of Maxwell’s equations 
(the first and the last in (6.97) in vacuum) can be written as 


4 
0, FY = = ye (6.157) 
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This can be checked as follows. Let v = 0. In this case, the equation 
becomes (remember that we are restricting to free space) 


ar? = = 70, 
Cc 
or, O; Fo; = Vi(E); =V-E= Arp, (6.158) 


which is, of course, the Gauss’ law. On the other hand, if we choose 
v = j, then (6.157) leads to 


: a diag 2 
Oo F° +0;F"% = —O Fo; + 0;F;; = — J’, 


’ 2 OF =r Vil €ijk(B)x) = ae (J)j, 
Ar 10(E 
or, (V x B); ae. (J) _ 
Ar 1 OE 
meee ra aes wl 
or, VxB ; + care (6.159) 


Clearly, these equations are manifestly Lorentz covariant, since they 
are expressed in terms of Lorentz covariant quantities. In fact, we 
note that the left hand side of (6.157) behaves like a vector under 
a Lorentz transformation (namely, has only one free index) and the 
same is true for the right hand side as well. Defining the dual of the 
field strength tensor as 


= 1 s 
Fue = sei = —FY, (6.160) 


where e”” is the completely anti-symmetric (Levi-Civita) tensor in 
four dimensions with €°!?3 = 1 («07% — Eijk), We recognize that 


oe ieee 1 
pot — 50 Fie = 5 cis (—€ jx (B)r) = —(B);, 
PU = Sip, — OK Ry, — ee (E)p, (6.161) 


namely, the dual interchanges E and B fields (up to sign). In terms 
of the dual, we can write the other two Maxwell’s equations as 


Oke” = 0, (6.162) 


6.7 COVARIANCE OF MAXWELL’S EQUATIONS 211 


Note that for v = 0, (6.162) gives 
6,F° — —a,F% —0, 
or, V;(B);=V-B=0. (6.163) 
Similarly, choosing v = j in (6.162), we obtain 
OF + 0,F4 =0, 


me O(B); iF 
Or, ; ee +—V; (€jk(E Jk) = 0, 
oe! O(B); Fe 
or, (V x E); = “86 Ot ’ 
or, VxE= a (6.164) 


Of course, solving these conditions leads us to the definitions of the 
electric and the magnetic fields in terms of the scalar and the vector 
potentials as we have seen before. This demonstrates that the set of 
four Maxwell’s equations is manifestly covariant. 

Finally, let us note that the gauge invariance of the system is 
completely built into the definition of the field strength tensor. In 
fact, from the definition 


Fy = Oy Av — Oy Ag, (6.165) 


we note that the field strength is invariant under (these are precisely 
the same gauge transformations which we have discussed earlier in 
(6.100) ) 


Ay = Ay, = A, + O,A. (6.166) 
Namely, under this redefinition, 
Li = Oy Au Op Aj 
— O,(Ay + OA) — 0,(Ay + O,A) 
=O, Ay An = Pa (6.167) 
Furthermore, the Lorenz gauge choice (6.103) can now be seen to be 


Lorentz invariant from the fact that (remember that we are consid- 
ering free space) 


10® 
a yA = Pay. A=0, (6.168) 


is a scalar and, therefore, does not change under a Lorentz transfor- 
mation. 
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6.8 Retarded Green’s function 


As we have seen in (6.104), in the Lorenz gauge both the scalar and 
the vector potentials satisfy the wave equation with sources, namely, 
(for simplicity, we are choosing free space) 


1 2 
A= (am = v) | ees (6.169) 
C Cc 


Of course, we can combine the two equations in (6.169) into a single 
covariant equation of the form (which is consistent with the Lorenz 
gauge condition) 


1.0? 4 
Ay = (am = v’) Ay = — vim (6.170) 


It is clear, therefore, that we can solve for the potentials if we know 
the solutions to the equation of the form 


v= (sm _ v’) TED dew. (6.171) 


As we have discussed earlier, a simple way to solve such inho- 
mogeneous equations is through the method of Green’s functions. 
Namely, let us define the Green’s function G(x, t; x’, t’) for the wave 
operator to satisfy the equation, 


ce ot? 


= —4163(x — x’)5(c(t — t’)). (6.172) 


1 on 2 / 4 4 / 
G= —V* | G(x,t;x',U)) = —47 0" (a — 2’) 


Then, the particular solution of the inhomogeneous equation (6.171) 
is easily seen to be (as in (3.145)) 


W(x, t) = — [ate G(a, x') f(z’) 
= ae cdt’ G(x, t; x’, t') f(x’, t’). (6.173) 


This follows because 


U(x) = — i d4a! G(x,2'\F(2’) 
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~~ / de! (OG (x, 2’)) f(e’) 


= an f ate’ 64(a — 2) f(x') = 4a f(a). (6.174) 


Physically, it is clear that the Green’s function represents the solution 
of a given equation for a delta function source. 

The Green’s function is easily determined by transforming the 
equation (6.172) into Fourier space. Let us define the Fourier trans- 
forms (we are assuming that the Green’s function is a function of the 
difference in the coordinates because of translation invariance) 


G(a,2x') = / dtk e~* @-©) Gk), 


§(2 — 2’) = yt ; dtheih(e-2") (6.175) 


where we have defined a wave number (four) vector k# = (£,k). 


Substituting this into the equation satisfied by the Green’s function 
(6.172), we obtain 


Ar 1 

2 ey pea See 

PCIE) = oan = age 
& Che SaaS (6.176) 


Ts 2 ~ Te (ae) 


This shows the usefulness of the method of Fourier transforms. Basi- 
cally, the Fourier transform converts a (partial) differential equation 
into an algebraic equation which is much easier to solve. 

We can now determine the Green’s function in the coordinate 
space by substituting (6.176) into the definition of the Fourier trans- 
formation in (6.175), namely, 


G(x, 2x") = / dhe 8h P-2).G(K) 


1 —iw(t—t’)+ik:-(x—x’) 
Ar? c wk? 
The integrand in (6.177) has poles on the real axis at w = +c|k| 


and in order to evaluate the integral, we have to specify the contour 
of integration in the complex energy plane. Specifying the contour 
is equivalent to specifying the boundary condition for the Green’s 


214 6 MAXWELL’S EQUATIONS 


function (solution). There are various possible choices of the contour, 
just as there are several possible boundary conditions that one can 
impose on the solutions. However, in classical electrodynamics (or 
for that matter in classical physics), the boundary condition that is 
most commonly used is known as the retarded boundary condition. 
Since the Green’s function represents the solution at a point (x,t) 
due to a delta function source (disturbance) at (x’,t’), on grounds of 
causality we require that 


Gtx’. 7) = 0, for Eee". (6.178) 


In other words, the cause and the effect are related in a retarded 
manner, namely, the effect cannot precede the cause. 


Figure 6.8: Shifted poles in the complex energy plane (with k = |k|) 
for the retarded Green’s function. 


The choice of the contour which incorporates the retarded bound- 
ary condition is the one which pushes both the poles infinitesimally 
below the real axis as shown in Fig. 6.8. In other words, let us define 


1 eat (t-t!) +ik-(x—x’) 
G) (x, t;x!,t’) = lim a [era —s . (6.179) 
«0 473¢ wie ass e2 
In such a case, the poles of the integrand lie at 
w = +c|k| — ie = +ck — ie, (6.180) 


both of which are in the lower half of the complex w plane as in Fig. 
6.8. Here we have defined & = |k| for simplicity. 

To see that this indeed satisfies the retarded boundary condition, 
let us evaluate the w integral in (6.179) for t < t’. In such a case, the 
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exponential in the integrand will be damped on the semi-circle only if 
the contour is closed in the upper half plane (see Fig. 6.9). However, 
in such a case, there is no pole inside the contour and, consequently, 
the integral vanishes by the residue theorem giving 


Im w 


Re w 


e 
—ck — ie ck — te 


Figure 6.9: Choice of contour in the complex w-plane for t — t/ < 0. 


G(x, tx’) =0, for t<t, (6.181) 


which indeed defines the retarded Green’s function. 
3 
5 


Re w 


Figure 6.10: Choice of contour in the complex w-plane for t — t/ > 0. 


On the other hand, when t > t’, the exponential will be damped 
if we close the contour in the lower half plane as in Fig. 6.10. In 
this case, the contour will enclose both the poles and using Cauchy’s 


216 6 MAXWELL’S EQUATIONS 


method of residues, we obtain (for t > t’) 
Gi) Cede) 


j 5 ew ike(t—t') +ik:-(x—x") eike(t—t’)+ik:-(x—x’) 
~ (Qn)? ns a ee 
(6.182) 


The remaining k integrals are easily done in spherical coordinates. If 
we define 


R=x-x’, R=JRI, (6.183) 
we can write 
R : = a —ikc(t—t’')+ikR cos 0 
G (x, t;x’,t') = — ape / kdkd(cos 0)d@ le oa 


_ cike(t—t')+ikR cos ‘| 


= to / ik(c(t-t'!)—R) __ ,—ik(c(t-t’)+R) 
7 sp | a le - 
0 

_ eik(e(t-t!) +R) + eee) 
— a / ik(c(t-t’)—R) __ ,—-ik(c(t—t’)+R) 
IR [a f c 

1 

= — [d(c(t — #’) — R) — 6(e(t - t') + R)]. (6.184) 


It is clear that since t — t’ > 0 (and note that R > 0), the second 
delta function does not contribute. Thus, we determine the retarded 
Green’s function of the wave equation to be (for t > t’, a condition 
which can be implemented through a step function) 


§(e(t=t) = bx- x!) 


G(x, t:x’,t') = — 7 (6.185) 


|x —x 


With this, we can now obtain a particular solution of the wave 
equation (6.171) satisfying the retarded boundary condition as (see 
(6.173)) 


W(x,t) =— ta! G® (x, a’) f(a’) 
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= / ax! cat! Set = #) = x =x FH) 


|x — x’| 
= fae ! f(x’, f(x t) 
Jx-x'| 


It is clear that this gives a nontrivial solution only for later times, 


(6.186) 


=t— box! 


t=t+ Lael (namely, a retarded solution). Furthermore, from 
this we can now write down the retarded solutions for the Maxwell’s 
equations (in the Lorenz gauge) (6.170) to be 


A, == [ bs! oe 


Ix—x'] |, 


asd (6.187) 
=t— x x 


which reduces, in the static limit, to the solutions we have determined 
earlier. 


> Example (Lienard-Wiechert potential). As a simple example of the application 
of the retarded Green’s function, let us calculate the vector potential associated 
with the fields produced by a slowly moving charged particle. (We will study this 
problem in more detail in a later chapter.) We have seen in (6.187) that we can 
write the particular solution for the vector potential, in the Lorenz gauge, as 


/ ¥ 
An(o,t) = + fate! EO) 


‘ In(x’,t)8 (ef — t+ BN) 
- avare! ee, (6.188) 


Let us now consider a point particle with charge q moving along a trajectory 
&(t) so that we can write 


u(x,t) = ju (tO? (x — €(2)), (6.189) 


where, 


j* (t) = (cg, av) = (ca SO ) ; (6.190) 


Given this, we can compute the potential that such a moving charge would produce 
using (6.188). Namely, 


A, (x,t) = |x — x’| 


Lp, du(t)6 (t — 2+ ES) 
= * [at (6.191) 


c Ix — &(t’)| 


Let us next define 


rat —t4 R80! (6.192) 
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Then, the integration over t’ in (6.191) would determine the time coordinate t’ to 
be the one for which the argument of the delta function vanishes, namely, 


ratty 8 _o (6.193) 


This can be solved for t’ once we know the trajectory of the particle. Furthermore, 


dr 1 d|x — €(t’)| 
aL 194 
er Ott) 
and using the standard formula for integration with a delta function, namely, 
1 
[av 5(F(e)) ale) = ey 9%") (6.195) 
dz !70 


where zo represents the solution of f(«) = 0 (we assume here that there is only 
one root xo of the equation), we obtain 


ju(t’)6 (t - 8+ G1) 
x e@Q 


Au (x,t) = * [at 


Cc 
jult’) 
j 1 dix (e’)| 
pe—e(e) (1+ SSRN) 


ole 


|) (6.196) 
=o 1) 12 ‘ 
© lx — e(t/)| + 2a SP = 


These are known as the Lienard-Wiechert potentials. (We note here that for slow 
moving particles it is not necessary to have the magnitude in the Jacobian coming 
from the delta function.) From these, we can easily determine the electric and the 
magnetic fields that a moving charged particle produces which, in turn, are used 
in the study of radiation due to a moving charged particle. We will discuss this 
in more detail in a later chapter. < 


6.9 Kirchhoff’s representation 


The Kirchhoff representation is a mathematical statement of Huy- 
gen’s principle and is the starting point for the discussion of the the- 
ory of diffraction. It really follows from a generalization of Green’s 
identity (3.67) to the case where both time and space are involved. 
Let us note that we have so far determined the particular solution of 
the wave equation subject to the retarded boundary condition. How- 
ever, the solution of any differential equation, as we know, consists 
of a sum of a homogeneous part and the particular integral. In the 
static case, we saw that the homogeneous solution was the one which 
allowed us to impose the appropriate Dirichlet boundary condition 
on the solution. The wave equation, on the other hand, is a hyper- 
bolic equation. In such a case, as we have seen, a unique solution 
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is obtained by imposing Cauchy’s initial values, namely, by provid- 
ing the solution as well as its first derivative with respect to time at 
t = 0. As in the static case, the homogeneous solution allows us to 
find the solution subject to the given initial value conditions and the 
generalization of Green’s identity to four dimensions is quite crucial 
in showing this. 

Let us consider two arbitrary functions of space and time which 
we denote by UY and ®. (Here ® is not necessarily the scalar poten- 
tial.) It follows now that 


ly 


/ dz! (®L'V — WL’) = : edt! / dx! (60° — Vd") 


ty 


ty 


= i; edt! / da! dO), (OU — Vd") 


/ ds/, (®d'"U — VO") 


LF dee f OW oO | 54 
- [6 . oo BE | yy 


ty 
= c [aw fas’. (®V'v — UV'®) : (6.197) 
ty 


Here ds’ denotes integration over the two dimensional surface bound- 
ing the three dimensional volume. This is the generalization of Green’s 
identity to the four dimensional case for any two arbitrary functions 
W and ©. 


Let us now specialize to the case where 
& = G(x,t;x’,t'), V= V(x',?’), (6.198) 


such that 


W(x) = 4r f(x), 
G(x, 2’) = —4n64 (a2 — 2’). (6.199) 


Substituting this into the identity (6.197) and assuming that t; < t < 


220 6 MAXWELL’S EQUATIONS 
tf, we obtain, 
- f ate G(a, 2’) f(x") 


+g fev [emt 02)” 
BF OF | ims 


= & [1 Joe GV'V(x',t’) — U(x’, ’)V/G). (6.200) 


If we now restrict to retarded solutions, we note that we can identify 
G = G®) and that the contribution from the upper limit in the 
second term on the right in (6.200) vanishes because t — t/ < 0 at 
that point. Thus, in such a case, using (6.185) we can write 


aw aG®) 
ee 3,/ | a(R) 2S _ 
Atc ee ot! Ot! a 
ty 
—£ fat fas’. (Gv vet) - verve) 
TT 
ty 
- fer 0 
[pe et oe” [x=x'| 
L fata [ort _ 2 
~ Ane ot! Ot! ah 


a =f dt! / ds! (GM V'U(x,t') — Ux’ 1)V'G®). 


(6.201) 


There are two special cases that we will consider now. First, 
let us consider the case where the volume of space is infinite. In 
such a case, with the assumptions of asymptotic fall off for the fields 
(variables), the surface integral in (6.201) vanishes. The remaining 
terms are determined completely in terms of the initial values of U 
and at. Namely, we have a solution of the Cauchy initial value 
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problem subject to the retarded boundary condition. Let us choose 
t; = 0 and denote 


ow 
Fila H(x). (6.202) 


Furthermore, to simplify the evaluation of the integrals, let us choose 
the point of observation to be x = 0. In such a case, the solution 
(6.201) becomes 


ee bee ee |x’ 
v(0,t) = foe! a = - 
= fi =D _ reat Palle =O i!) . | 


(6.203) 


where we have used the form of the retarded Green’s function in 
(6.185). Going over to the spherical coordinates, this gives 


/ 
v(0,t) = pew r'dr’ f (v.08 =t- “) 


ee: 
+ _ pew r'dr’ Ga O')6(ct — 7’) + Fr’, qe) 
TC 


/ 
= an rar’ f (we Zi “) 
Cc 


O(tF (ct, 0')) 
ae (6.204) 


+ z= fav fer(ct.2" + 
4 
This gives the solution of the initial value problem once we know the 
explicit forms of F'(x) and H(x). 

The second case that we are interested in is when the volume is 
finite. Furthermore, let us assume that there are no sources present 
in this volume, namely, f(x) = 0 and that the initial values are also 
trivial. In such a case, (6.201) leads to 


ly 


U(x,t) = _ [ee i; ds’. (Gv'v(x,t’ = U(x’) V'G™® ) 


(6.205) 
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Once again, we can use the form of the retarded Green’s function in 
(6.185) and defining, for simplicity R = x — x’, we have 


VG) = _Vv! oa ee *) 


R 
cam 8 (S(t -t) - R) 
-wn 7 (2 ) 
~ (6(c(t —-U)—R 1 Od(c(t-—t')—R 
--3 (8 ea). (6.206) 


where we have used (V’R) = —R. Using this, we can do the time 
integral in (6.205) to obtain 


ty 
— / — 
U(x, t) = x fat fos’ eee Vv'v 
. (d(c(t-t)—R) 1 O6(c(t—’) — R) 
ay ( R? eR at! S 
a Ades Ris Ow 
=> / ds’. | EVV - BY - Se, _. (6.207) 


This is known as Kirchhoft’s representation for the solution of 
the wave equation. It is important to recognize that this does not 
provide an explicit solution for the equation, since the unknown WV 
appears on the right hand side. Rather, it gives an integral repre- 
sentation for the wave disturbance and this provides a mathematical 
description of Huygen’s principle in the sense that the value of the 
solution at any point is given completely by its value as well as the 
derivatives of the function on the surface of a closed volume. 


6.10 Selected problems 


1. (a) Show that the four Maxwell’s equations (in any medium) 
imply the continuity equation. 


(b) For asystem with well localized charges and currents (namely, 
charges and currents which do not extend to infinity), show that 
the total charge 


= i d°x p(x, t), 


all space 
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of the system does not change with time as a consequence of 
the continuity equation. 


2. Consider the following one dimensional problem. A wire of 
cross-sectional area A and length L carries a current J and is 
maintained at a potential difference (voltage) V. Defining the 
specific resistivity of the material to be p which is the inverse 
of conductivity 0, show that Ohm’s law gives 


J=oE. 
(Just to remind you, the resistance R is defined as R = 4 p.) 


3. Work out the plane wave solution for a charge neutral (without 
any free charge) conducting medium, for which you may assume 
J = cE. Compare the present solution with the one for the 
dielectrics obtained in this chapter. 


4. Show explicitly that Maxwell’s equations in terms of the scalar 
and the vector potential, namely, 


10(V- A) An 

V6 + —- 4 = 
ai c Ot ae 
Eu O7 AT pL EL OD 
VS jp A SHS A 
( £5) c s+v(¥v On 
are invariant under the gauge transformations 
cee ees A>A-VWA. 
c Ot 


5. For a plane wave solution of the Maxwell’s equations, calculate 
the time averaged power radiated through a surface of unit 
area (namely, calculate the time averaged value of k-S over 
one period where k is the direction of propagation). 


6. It is possible to define the Poynting vector, S, even in the static 
case. However, show that, in the static case in the absence of 
currents, there is no power loss due to radiation through any 
closed surface. 


7. If we write the electric and the magnetic fields in the complex 
notation, then the time-averaged Poynting vector (in vacuum) 
can be written in the form 


= (Ss Cc 
Ss E x H*) = — a Be 
S 3, Re( x H*) g, Re(E x B’) 
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Consider the following three plane wave solutions of Maxwell’s 
equations 


E, = xE| ge wt ke) B,=yE\ ge tebe) 
E, = yp eet ete) Bo = —%E> eailwt-keta) 
E; = xE3 Boe Ree) B; = yB3 ew i(wt-keta) 


where FE), E29, E3 are real constants. 


(a) For a solution which is a superposition of the first two (of 
equal weight), show that S,42 = S; + So. Explain this result. 


(b) For a solution which is a superposition of the first and the 
third (of equal weight), calculate S;;3 and compare with the 
earlier case. 


CHAPTER 7 


Wave guides 


We have already studied simple solutions of Maxwell’s equations and 
have seen that electromagnetic waves carry power. It is, therefore, an 
interesting question to ask how this power can be transmitted from 
one place to another. There are two kinds of transmission problems 
that may be of interest. First, we may want electric power to be 
transmitted from a specific point to another without an intermediate 
party having access to it. The significance of this is clear, for example, 
from the usual domestic power connection. It is also crucial in the 
case of telephone conversations, as we may not want a third party 
to overhear a private conversation. The second kind of transmission 
corresponds to radio or television transmissions which may not raise 
such privacy concerns. Here, anyone who can tune to a particular 
frequency is capable of getting the signal. In this lecture, we will 
study transmissions of the first kind relegating the second topic to 
later lectures. 

Transmission of electric power from one specific point to an- 
other is achieved much the same way as the water supply or the 
gas supply. The usual transmission of power is through parallel wire 
lines or through coaxial cables. Such a mode is suitable for low fre- 
quency transmissions of less than 200 MHz. For higher frequencies, 
the physical dimensions of such a carrier system become unrealis- 
tic. For transmissions of power of higher frequency one uses wave 
guides which are basically hollow metal tubes where the metal walls 
of the tube “guide” the wave along the tube (much like the role of the 
water pipes). The wave guides can be of any cross-sectional shape. 
However, the two most commonly used are the rectangular and the 
cylindrical wave guides. We note that, in discussing wave guides, 
it is commonly assumed that the metal walls of the wave guide are 
perfect conductors with 0 — oo, where o represents the conductivity 
of the metal. In reality, of course, metals have a finite conductivity 
and electric fields can penetrate inside a metal. However, the skin 
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depth (penetration depth) at high frequencies is quite small. Conse- 
quently, the assumption of the walls being perfect conductors works 
well and the small deviations from this assumption can be calculated 
systematically if necessary. 


7.1 Boundary conditions 


In discussing wave guides, it is very important to understand the 
boundary conditions for the system. Let us recall that Maxwell’s 
equations in an arbitrary region have the form 


V:-D=47p, 
V-B=0O, 
1 OB 
VxE=-- — 
. Ot’ 
An 1 0D 
VxH=—J+-—. l 
a Cc Te Ot (o1) 


Various fields satisfy the relations noted earlier in (6.13) 
D=eE, 


1 
H=-—B, 72 
i (7.2) 


where €, js represent respectively the permittivity and the permeabil- 
ity of the medium. In addition, in a metal, we can relate the con- 
duction current to the electric field through Ohm’s law as (see the 
second relation in (6.12)) 


J=cB, (7.3) 


with o representing the conductivity of the metal. (Incidentally, re- 
lation (7.3) is true both in the CGS as well as the MKS system of 
units. ) 

The boundary conditions in the interface of two different media 
can be derived from (7.1) in the standard manner as we have done 
earlier in the case of static problems. Let us note here only the 
geometrical behavior of the electric and the magnetic fields when time 
variations are allowed. We note that the first equation of Maxwell (in 
(7.1)) implies that the electric fields must begin and end on charges 
while the second implies that magnetic field lines must form closed 
loops since there is no magnetic charge (magnetic monopole). From 
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the third equation of Maxwell, we see that electric fields must form 
closed loops around time varying magnetic fields. Similarly, the last 
equation of Maxwell leads to the fact that magnetic fields must form 
closed loops around a conduction current or a “displacement” current 
produced by a time varying electric field. This is the general behavior 
of electric and magnetic fields when time dependence is present. If we 
have a perfect conductor as would be the case for the walls of a wave 
guide, then, we realize that the electric and the magnetic fields cannot 
penetrate inside the metal. Any change in the external fields would 
lead to an instantaneous response whereby charges will move to the 
surface of the conductor to prevent any field within. In particular, 
we note from (7.3) that, for a perfect conductor with 0 — ov, there 
cannot be any tangential component of the electric field present on the 
surface of the conductor (for any t), which would otherwise imply an 
infinite conduction current that is physically untenable. Similarly, the 
normal component of the magnetic field must vanish on the surface of 
the conductor simply because there are no magnetic monopoles (on 
the surface of the conductor). Mathematically, we can write these 
boundary conditions as 


a x E| =0, 
A- Bl =0, (7.4) 


where n represents a unit vector normal (outward) to the conduct- 
ing surface and the restriction implies the validity of these at the 
boundary corresponding to the locations of the conducting surfaces. 

A wave guide, as we have noted earlier, is simply a hollow metal 
tube without any free charge or current inside. Let us assume that 
the length of the tube is along the z-axis, which is the direction in 
which we would like the electromagnetic wave to be transmitted. The 
shape of the transverse cross-section of the wave guide will depend on 
whether we have a rectangular or a cylindrical wave guide. Therefore, 
to keep things as general as is possible, let us decompose the fields 
into components along the z-axis and normal to it as 


E=2zx(Exz)+2z(z-E)=E_+E)=E,+2£,, 


B=2zx(Bxz)+ 


N> 


(@-B)=B,+B);=B.i+4B.. (755) 


This follows from the familiar vector identity (if A,B,C involve op- 
erators, the order should be maintained) 


Ax (Bx C) =(A-C)B-(A-B)C. (7.6) 


228 7 WAVE GUIDES 
Similarly, we can write 


0 
Vie NY, = Vali eia (7.7) 


Exercise. Although z x E gives a component of the E field normal to the z-axis, 
show that (7.5) gives the correct decomposition of the fields. Namely, show that 
any arbitrary vector V can be written uniquely as 


V=%x(Vx%) +2 (4-V). (7.8) 


With the decomposition in (7.5) and (7.7), in a charge free re- 
gion, the first two equations of (7.1) take the forms 


OF, 
wae Oz? 
OB, 
Vi Bl =-—. (7.9) 


The last two equations in (7.1), being vector equations, decompose 
into two equations each. For example, the third equation in (7.1) can 
be written as 


42 7 \__10(B, +2B,) 
ai, Se Se pas (ee ea ae 
Oz Cc Ot 


This, in turn, leads to (taking the dot as well as cross product with 


1 OB, 
laa oo 
OE, 1. OBL 
Seg BETS pe. a 
Oz cat V1 ue 


where we have used the fact that V, x E, points along the z-axis as 
well as (7.6). Similarly, the last equation in (7.1) can be decomposed 
into 


+ 3x —+=V_B,. (7.12) 
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Let us next assume that the fields are harmonically varying with 
time. Furthermore, since we want the wave to be propagating along 
the z-axis, we can also extract the z dependence of the fields to write 


B(x, 2,4) = Bex je *™), 


5%, t) = B(x, )e te), (7.13) 


where w represents the frequency of the wave and & is a constant 
parameter, complex, in general. (Recall that the fields are real. When 
we write it in the form as in (7.13), we are tacitly assuming that we 
are looking at the real or the imaginary part of it.) Factoring out the 
(t, z) dependence, the Maxwell’s equations, (7.9), (7.11) and (7.12), 
take the forms 


V.i-E, =-tkE,, 
Vi By ==, 


2- (Vix E.)=— Ba, 


ikE, + “ax B, =VLE,, 
Cc 


2-(V_xB,)=-~4 


Ez, 


LE LWW 


ikB, — ZxXE, = V_B.z. (7.14) 

There are several things to note from Eq. (7.14). First, we 
note that the transverse components of the fields are completely de- 
termined from a knowledge of E,, B,. For example, from the fourth 
and the last equations in (7.14), we obtain trivially that (for example, 
multiply the fourth equation with (ik) and then use the last equation) 


By = (kV EB, - “2x VB.), 
ata c 

oe (kV LB. se SH ViE:) (7.15) 
ae ; 


(Here, we are considering a wave traveling along the positive z-axis. 
For a wave traveling in the reverse direction, we simply let k > —k.) 
Furthermore, from the fourth equation in (7.14) we obtain (using the 
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first as well as the fifth equations) 
VL: (we. += a x B.) =ViE:, 

c 


2 
or, V2E,+ (= Z i) ens (7.16) 


Similarly, it follows from Eq. (7.14) that 


2 
V2 B+ (4 ss ) B, =0. (7.17) 

The solutions of the wave equation are correspondingly classified 
into three categories depending on the values of E,, B,. When E, = 
0 = B,, namely, if both the electric and the magnetic fields have 
only transverse components, then the solution is known as the TEM 
(transverse electromagnetic) solution. This is the case already seen 
for plane wave traveling solutions following from Maxwell’s equations. 
From Eqs. (7.14) and (7.15), it is clear that such solutions exist only 
if 


k=ko= a (7.18) 
and that in such a case it follows, for example, from the last relation 
in (7.14) that (remember B, = 0) 

Ep 


Bisa, 2h Paes Ei (7.19) 


as we have discussed earlier (see, for example, (6.30)). (The two signs 
correspond to the waves traveling along +z directions respectively.) 
If B, = 0 but FE, ¥ 0, then the corresponding solution is known 
as the TM (transverse magnetic) solution since the magnetic field is 
transverse to the direction of propagation in this case. In this case, 
from (7.15) (or alternatively from the last relation in (7.14)) we have 


LE [LW 
= c cS 
OL Gap ~ 2 zZxXV_E, 
LE [bw an € pw? = k2 
= Taare ZX Cae e.) ; 
€ _ k2 k 
€ 
i Bia sk Bip (7.20) 
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Similarly, if E, = 0 but B, 4 0, then the corresponding solution 
is known as the TE (transverse electric) solution because, in this 
case, the electric field is transverse to the direction of propagation. 
It follows from (7.15) (or alternatively from the fourth relation in 
(7.14)) that in this case, we can write 


k 
B, = ~“@xE,. (7.21) 
WwW 


Furthermore, we note that since the direction of propagation is chosen 
to be along the z-axis, the boundary conditions (7.4) for a wave guide 
take the simpler form 

_ OB, 


Etan| =0= Aa 5 (7.22) 


where Etan represents the component of the electric field tangential 
to the boundary surface and a denotes derivative along the normal 
direction and the second identity in (7.22) follows from using the 
second and the last equation in (7.14). Namely, we note that 


A- (2x E,) =—%- (ax E,) = —%- (Ax (E- 2E,)) 
ea ee (7.23) 


which vanishes at the boundary. Furthermore, we recognize that the 
second boundary condition in (7.4) implies that (recall that n-z = 0) 


a-(B, +4B.)=A- By, (7.24) 


which vanishes at the boundary. Using (7.23) and (7.24) in the last 
equation of (7.14) leads to 


a-V_B,| = 


| 
> 
——N 
<1 
| 
N> 
ee 
nN _” 
& 
R 


_ OB, 
on 


=0, (7.25) 


where we have identified n = n-x. With these basics, we are now 
ready to analyze the solutions in the case of a rectangular wave guide. 


7.2 Rectangular wave guide 


Let us consider a rectangular hollow tube along the z-axis and with 
transverse dimensions satisfying 0 < x < a,0 < y < 6 as shown in 
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Figure 7.1: A rectangular wave guide along the z-axis. 


Fig. 7.1. As we have noted, the walls of the tube are assumed to be 
perfect conductors. In this case, the solutions of Maxwell’s equations 
have to satisfy the boundary conditions (7.22). It is clear that, in 
this case, for the wall in the z-z plane, n is parallel to y and this 
leads to the boundary conditions (see (7.22)) 


OB, 


y=0,b 


Ex|y=o,b at Ez|y=o,p> 


On the other hand, for the wall in the y-z plane, n is parallel to x 
leading to the boundary conditions 


OB, 
E, | — 0 = Ez|\ 40,4 5 soa = 0. (7.27) 


xz=0,a 


Equations (7.26) and (7.27) define all the boundary conditions in this 
case. We note that Eq. (7.15) explicitly takes the forms 


a OE, wQOB, 
a ly 
Eu fe (: dx” © Oy 
B= a OE, Ww OB, 
Yo eu? 2 Oy  c¢ Ox }’ 
ei a OB: elu OE, 
aa pg? = Ox Ce 0y) 
} B, E, 
By =—> (i 1 ea (7.28) 
ue 2 Oy c Ox 
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while the z-components of the fields satisfy 


OPE, OPE, Ep 9 

be Oy (4 -i?) B,=0 

OB, OB, Epi 2 

a2 + oe ‘ a k ) By = 0: (7.29) 


Equations (7.28) and (7.29) have to be solved subject to the boundary 
conditions (7.26) and (7.27). 


7.2.1 TM waves. In this case, we assume that B, = 0. The solution 
for the z-component of the electric field in Eq. (7.29), subject to the 
boundary conditions in (7.26) and (7.27), yields 


E(x.) = E,(2,y) =A sin a sin (7.30) 
where A is an arbitrary constant and 
2 272 2,2 
2 €MW mm Tn _ 
k = a -( ae +r), m,n =1,2,.... (7.31) 


The transverse components of the fields are then determined from 
(7.28) to be 


i kAnrm ™mnr , mwny 
E(x) = ee. CO; pecan, 
nae one) i 
i kArn . 7m2 mny 
Ey (x1) = Eu 49 b sin 3 Cc pe? 
Brae 
i euwATn . mmx any 
B(x.) = -——— ——_ sin cos ——, 
Su — 2 cb a b 
i euwArm mmx . mM 
By(x1) = —3—> ET eos sin (7.32) 
ug — 2 ca a b 


It is clear from (7.32) that we can write, in this case, 


Bp oes (7.33) 
ke 
consistent with (7.20). Note that all the transverse components of 
the fields satisfy the boundary conditions in (7.26) and (7.27). 
The solutions in (7.30)—(7.32), corresponding to fixed integers, 
m,n, are known as TM, modes. From (7.31), it is clear that the 
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constant & depends on w as well as the values of the integers m,n. 
For small values of w, it follows from 


| Eu qm? — 72n? 
k= 2 -( e + , (7.34) 


that the quantity inside the square root can be negative. In this 
case, k will become purely imaginary. As a result, there will be no 
propagation inside the wave guide. Rather, the electromagnetic signal 
will be attenuated along the tube. Defining 


qe fm? n? VELL 
wn = Teg gh tp BE VE ein (7.35) 


we see that propagation of the TM, wave can take place inside a 
rectangular wave guide only if w > Wmy which is known as the cut- 
off frequency below which propagation of the TM, wave will not 
occur. Above this frequency, the TM,», wave will propagate without 
any attenuation for a wave guide with perfectly conducting walls. 

The wavelength of propagation inside the wave guide for the 
TMmn wave is easily obtained to be 


qe 2n7  2ne 1 
— kb ie See 
21C 1 
= SS, 7.36 
VEU 2 mc? ( m2 n2 ( ) 
i eu \ az | 


Correspondingly, the velocity of propagation inside the wave guide is 
given by 


W Cc Ww 
v= = 
k EL 4/w? — we, 
Cc W 
= (7.37) 
€ 
eee (areas) 


Note that, in deriving all these results, we have assumed the inside of 
the wave guide to be filled with an arbitrary dielectric. If we assume 
that it is empty space inside, then in this case we can identify eu = 1 
and the formulae in this section simplify. With this, we note from 
Eq. (7.37) that the velocity of propagation of the wave, inside the 
wave guide, is larger than its value in free space. We note that it 
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is infinite at the cut-off frequency. As the frequency is increased, it 
decreases and for arbitrarily large frequencies, it approaches c, the 
speed of light in free space (for ej: = 1). The fact that the velocity of 
propagation is larger than the speed of light is not disturbing since 
this corresponds to the phase velocity of the wave. We note, from 
(7.31) (or (7.34)), that the group velocity, in this case, is given by 


dus @ kk OP 1 
CS OS SS SS SSS SS SS 
9 Ok eww ew’ 
2 
or, vgv=—, (7.38) 
El 


so that, when the phase velocity is larger than the speed of light, the 
group velocity is smaller, as it should be. 

As is clear, the wave guide can support an infinite number of 
TM modes. It is for the mode corresponding to m = 1 = n that 
the cut-off frequency is the smallest and would correspond to the 
dominant TM mode. In this case, with e4 = 1, we have 


mova’ + b2 


W111 = 
ab ; 
Cc 
ee, ns 
2 m2c2(a2+b2) 
We ope. 
a“b 
WwW 
<< * (7.39) 
Ss m2c2(a2-+b2) 
a“b 


7.2.2 TE waves. In the case of TE modes, we have E, = 0. It follows, 
then, that the solution of (7.29) subject to the boundary conditions 
in (7.26) and (7.27) is given by 


any 


B,(x,) = B,(x,y) = Ccos a COs ae (7.40) 


where C is an arbitrary constant and we have, as in Eq. (7.31), 


2 
k= 2 a2 b2 


Ep” Tm — 1?n? 
c 


). eth OTR oe. (GAL 
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The transverse components of the electric and the magnetic fields, in 
this case, become 


a wCmn mmx . wny 
E,(x1) = -—>— cos sin —, 
ue — K2 cb a b 
C 
(ery at wOnm AME ue 
ug — 2 ca a b 
kC 
Bao l= =a OT si eee a. 
wp a a b 
kC 
By( xa) = ae eee oF 63 = sin 2. (7.42) 
Epw* 2 b 
oe 
It follows from this that, for TE waves, we can write 
ke, 
Bi (x1) = mie E 1 (x1), (7.43) 


consistent with (7.21). We see that the transverse components of the 
fields satisfy the boundary conditions in (7.26). 

Like the TM waves, we see that a rectangular wave guide can 
also support an infinite number of TE modes known as TEmn modes, 
but unlike the TM modes, here it is possible to have m = 0 or n = 0. 
However, from the form of the transverse fields in (7.42), we see that 
we cannot have m = 0 = n because, in that case, all the transverse 
fields would vanish and we will have B, = constant which would 
correspond to a trivial solution. As in the case of TM modes (see Eq. 
(7.35)), here, too, there is an analogous cut-off frequency for TE, 
waves given by 


TC m2  n? 


SO Jeg Nad 


and the discussion of the wave length of propagation as well as the 
velocity of propagation goes through in a completely parallel manner. 
However, in this case since we can have m = O or n = 0, the lowest 
cut-off frequency will be for the TE;9 mode (where we are assuming 
that a > b) given by 


(7.44) 


TC 


(7.45) 


Correspondingly, the TE;q mode is called the dominant mode in a 
rectangular wave guide. It is also clear from (7.42) that in this case 


7.3 CYLINDRICAL WAVE GUIDE 237 


E,=0= E,. As a result, for this mode the electric field is parallel 
to the y-axis everywhere. Furthermore, for the dominant TE;9 mode, 
we have 


ie 
[a aee (7.46) 


7.3 Cylindrical wave guide 


The other kind of wave guide that is commonly used is the cylindrical 
wave guide. Here, we have a hollow cylindrical tube of radius a with 
a perfectly conducting wall and length of the tube along the z-axis 
as shown in Fig. 7.2. Because of the symmetry in the problem, it is 
simpler to study this problem in cylindrical coordinates defined by 


Figure 7.2: A cylindrical wave guide of radius a along the z-axis. 


x=rcos¢, y=rsin 4g, Ze (7.47) 


Here, r,@ denote the radial and the angular coordinates on a trans- 
verse plane. The unit vectors satisfy 


tx@=% @x@Z=% @xt=¢. 
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The unit vectors, in non-Cartesian coordinate systems, are not fixed 
and their variations can be determined from the transformation rules 


& =fcosd — dsing, 


y =fsind + dcosd, 


These can be inverted to give 


r= xcosd+ysing, 


Q 
II 


—xsingd+ ycos ¢, 


From these, it follows that the only non-trivial variation of the unit 
vectors are given by 


at te ee Sp 7.48 
Oo dQ, Od r ( ) 
We also note here that in cylindrical coordinates, 
Pe ae 
Vi =r Op + e ae’ 


With these, we can go back and recast all the equations (7.13)— 
(7.17) and (7.22) in cylindrical coordinates. In particular, the bound- 
ary conditions (7.22) in the case of cylindrical wave guides take the 
form (here n is parallel to r) 


OB: 
a Or 


Ez|pq = 09 = Eo! =0. (7.49) 


r=a 


The relation for the transverse components in (7.15) take the forms 


Z OE, w OB, 
E,(x1) = E,(r, 6) = aa 42 (i Ber oe ae ) ; 


ay a 


r 06 c Or 


z KOE, wQOB, 
Eo(x1) = Eg(r,¢) = aa 4p ( = ) ; 
a 
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_ a OB,  euw OE, 
B,(x1) = B,(r,¢) = ae (i De ee OO ) 


_ _ a kOB, | euw OE, 
Babes) = Bal 9) = gare (SSeS), (750) 


while the equations for the E,, B, (see Eqs. (7.16)—(7.17)) take the 
forms 


OPE, 10E, 1 OPE, € pu 2 
Dr op Or a2 On (4 -#) B,=0 


O Bo LOBE. 10r By €[? 2 
Oe On va? Od? (4 C? -#) B,=0. oor 


Physical solutions have to be periodic in the angular variable. 
Consequently, we can extract the ¢ dependence of the z-components 
of the fields as 


E.(r,¢) = EO(r )( A,,ein(o+o) 4. Bee re), 


B.(r,¢) = BO (r) (cere) ie Dye Or) (7.52) 


Furthermore, by choosing the arbitrary constants An, Br,Cn, Dn, 0 
appropriately (which is equivalent to choosing an axis of orientation 
of the wave), we can write 


E.(r,$) = EO (r) cosnd, 
BARRO) = BO) (r) cos ng, (7.53) 


where n = 0,1,2,... and the overall constants have been absorbed 
into the definitions of BO, Bo). Thus, Eq. (7.51) takes the form 


0 0 
day. dey” ee? = yas 
dr? r dr pe} * ; 
Bo 14aB® El es 
Zz st z = no ee (0) _ 
a t= + ( vk = BO =0. (7.54) 


Each of the equations in (7.54) is a Bessel equation of order n. 
(Fig. 7.3 shows the behavior of Jo(x) as a function of x.) Conse- 
quently, we can write the solutions of (7.51) as 


E.(r, 6) = anJn(hr) cos ng, 
B.(r,¢) = bpJn(hr) cos nd, (7.59) 
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Jo (x 
° 
iN) 


Figure 7.3: The behavior of the Bessel function Jo(x) as a function 
of x. 


where we have defined 


— ke, (7.56) 


7.3.1 TM waves. In this case, we assume that B, = 0 (namely, b, = 
0), whereas EF, has the form given in (7.55). The boundary condition 
on F,, (7.49), implies that 


J, (fa) =-0. (L570) 
There are an infinite number of zeros of the Bessel function for any 


n and denoting all such roots as (ha)mn (implying the mth zero of 
Jn), we note that the first few take the values 


(ha)10 _ 2.405, (ha)14 = 3.85, (ha)12 = 7.02, 
(ha)20 = 5.52, pecicae (7.58) 


From (7.56), this determines the constant k to be 


2 
k= ml Heh, (7.59) 


The transverse components of the fields can now be determined 
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from (7.50) to be 


E,(r,6) = == k Ji, (hr) cos ng, 
ann 
1an kn : 
Eg(r,¢) = ipl ap Jn(hr) sin nd, 
“Cr 
1An, Euwn ; 
r(r, 0) = —3— = — In (hi ) 
B,(r, o) rm <eaer Jn(hr) sin ng 
Bg(r,o) = —_" = J! (hr) cos n@. (7.60) 
—7 —k 


Cc 


Here, a prime denotes a derivative with respect to the radial coordi- 
nate. We note from Eq. (7.60) that the transverse field Ey satisfies 
the boundary conditions in (7.49). It is clear from Eq. (7.60) that 
we can write, in this case, 


B, = ¢éxk, (7.61) 
ke 


consistent with (7.20). 

The TM modes with different values for (ha) (see (7.58)) are 
known as TM,,, modes of the cylindrical wave guide. From Eq. 
(7.59) we note that, as in the case of the rectangular wave guide, 
there is also a cut-off frequency here given by 

Cc 

Wmn = Val linn: 

For w < Wmn, there is no transmission of the TMmn wave in a cylin- 
drical wave guide. With w > wmn, the wave is propagated without 
any attenuation for perfectly conducting outer boundaries. The wave 
length of propagation, in this case, is given by 


on 2 1 
(oe (7.63) 


ko Jet fu? = wr.” 


while the velocity of propagation takes the form 


(7.62) 


w c Ww 
v= 


The velocity, as in the case of the rectangular wave guide, is infinitely 
large near the cut-off frequency and goes to the speed of light in a 
dielectric for asymptotically large frequencies (in free space, this is 
just c). As is clear from Eqs. (7.58) and (7.62), the dominant TM 
mode in a cylindrical wave guide is the TM 9 mode. 


(7.64) 
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7.3.2 TE waves. In the case of TE waves, we assume that E, = 0 
(namely, a, = 0) while B, has the form given in Eq. (7.55). However, 
in this case, the boundary condition on the magnetic field, (7.49), 
requires that 


J! (ha) = 0. (7.65) 


In contrast to the TM case, here we are not interested in the zeros 
of the Bessel function, rather the locations where the Bessel function 
has vanishing slope are important. Once again, for every value of n, 
there is an infinite number of such points given by 


(ha)1o = 3.83, (ha)j1 = 1.84, (ha)y2 = 3.05, 
(ha)20 = 7.02, (ha)21 = 5.33,°°° , (7.66) 
and as in (7.59), the value of k is determined from (7.56) to be 


few? 
k= ea ei (7.67) 
The transverse components of the fields are now determined 
from (7.50) and (7.55) to be 


Dy, wn : 
E,(r,¢) = rue) ae In(hr) sin nd, 
_ Dn, Wo, 
Eg(r, ?) rae eB Ip (hr) cos ng, 
Bega ag 
r(r, 6) = ae 42 n(hr) cos nd, 
Bo(r,¢) = -— 2 — © 4,(hr) sing. (7.68) 


2 
sul 4a 


It is clear from Eq. (7.68) that Ey satisfies the boundary condition 
in (7.49) by virtue of (7.65) and that we can write 


i: 
Bj 2e 5. (7.69) 
w 
consistent with (7.21). 
The TE modes with different roots in (7.66) are known as TEmn, 


modes and it is clear that, as in the case of the TM modes, the cut-off 
frequency is given by 


Cc 
Wmn = Val Nis 
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and correspondingly, for the propagating modes, w > wm, the wave 
length and the velocity of propagation are given as in Eqs. (7.63) and 
(7.64). We note from (7.66) that the dominant mode, in a cylindrical 
wave guide, is the TE;; mode. Thus, we see that the rectangular and 
the cylindrical wave guides have similar qualitative features. 


7.4 Impossibility of having TEM waves in a wave guide 


Although we have classified electromagnetic waves into three cat- 
egories, in discussing propagation in a rectangular or a cylindrical 
wave guide, we have only discussed the TM and TE modes of propa- 
gation. The reason for this is that in a hollow wave guide, rectangular 
or cylindrical, TEM waves cannot be present. This can be easily seen 
in the following manner. Let us note that by definition, both the elec- 
tric and the magnetic fields are transverse in a TEM wave. Namely, 
for such a solution, we must have 


E,=0=B,. 


We know from Maxwell’s equation, V-B = 0, that the magnetic field 
lines must form closed loops. In particular, when B, = 0, they must 
form closed loops in the transverse plane to the z-axis. Furthermore, 
from the last equation of Maxwell in (7.1), we see that in the absence 
of a conduction current 


so that these closed magnetic loops must enclose the “displacement” 
current. However, since the closed magnetic loops are in the trans- 
verse plane, this is possible only if the “displacement” current has a 
component along the z-axis, which would imply that the electric field 
itself has a time varying component along the z-axis. This is, how- 
ever, in contradiction to the requirement of a TEM wave for which 
EF, =0. 

Thus, we see that in a hollow wave guide, there cannot be any 
TEM wave present. The TM and the TE waves represent all the 
modes that can be present in such a system. On the other hand, 
waves guided by two infinite parallel conducting plates, for example, 
can support TEM modes. This can be seen from our previous analysis 
of the rectangular wave guides by taking the limit a — oo. In this 
limit, since there is no boundary in the x-direction, we can assume 
that the fields are uniform along this direction (namely, there is no x 
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dependence because of translation invariance). The TM solution, in 
this case, is easily seen to lead from (7.29) and (7.14) to 


B, =0, 

C 
B.(y) =~ sin, 
E,(y) = 0, 


aly) = SS = Ey, 
Bal) b ke! 
B, = 0. (7.70) 
Here, we have 
ew? 72m? 
k= a Oe (7.71) 
and m = 0,1,2,.... In fact, when m = 0, we see that the field 
configuration has the form 
Ez(y) =0= B,(y), 
Ey (y) = ikC, 
B= ey ae (7.72) 
Cc 
with 
ee (7.73) 
Cc 


This field configuration is clearly that of a TEM wave and we see that 
waves guided by two infinite parallel conducting planes can support 
TEM modes unlike a hollow rectangular wave guide. Furthermore, 
in this case, we see from (7.72) and (7.73) that we can write 


Bi(y) = /euzx E,, (7.74) 


as we would expect for a TEM wave (see Eq. (7.19)). 
Let us note here that TEM waves can also be present if the 
wave guide is not completely hollow. For example, in the case of a 
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coaxial cable, we have an inner conducting medium surrounded by 
an external conducting surface. In such a case, the inner conductor 
can carry a conduction current along the z-axis. The last equation 
of Maxwell in (7.1), in this case, has the form 
VxB= ati J+ i a 
Cc c Ot 

and the closed magnetic loops in the transverse plane can enclose the 
conduction current and we do not need a z-component of the electric 
field to be present. In fact, from the radial symmetry of the coaxial 
cable, we see that the electric field must be radial everywhere. As 
a result the “displacement” current must also be along the radial 
direction. Since the conduction current is along the z-axis and the 
“displacement” current along the radial direction, it follows from the 
above equation that the B field cannot have a component along the 
z-axis since there is no current along the ¢ (angular) direction. This 
shows that TEM wave is the only wave that can exist in a coaxial 
cable. A similar conclusion also follows for two wire transmission 
lines. Furthermore, since TEM waves do not have a cut-off frequency, 
coaxial cables or two wire transmission lines are used to transmit low 
frequency electromagnetic waves. 


7.5 Wave impedance 


Let us recall that the impedance of an electromagnetic wave is related 
to the proportionality constant between the transverse magnetic and 
electric fields, namely, 

1 


Bia 2 By (7.75) 


where Z is known as the impedance (and the two signs correspond 
respectively to forward and backward traveling waves). For example, 
in free space (e4 = 1), we see from Eq. (7.19) that the impedance 
for a TEM wave is unity. In general, in a dielectric medium the 
impedance for a TEM wave is 


1 
ZTEM = ———; (7.76) 


Ver 
We can, similarly, determine the impedance for the TM and the TE 


waves in a rectangular as well as a cylindrical wave guide. From Eqs. 
(7.33), (7.43), (7.61) and (7.69), we see that the impedance for the 
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rectangular as well as the cylindrical wave guides have similar forms, 
namely, 


ke c k 1 
Zu = — = SS - 
[LW Ef W/E 
2 
= 1- (=) ZTEM, 
Ww 
Z Ww few 1 
Te ee age ay aT 
1 
= SS ZTEM: (alt) 
a Ceri) 


Of course, the values of wy, are different for the two wave guides. 
However, for a given wave guide (for example, rectangular), we see 
from the forms of the impedances in (7.77) that if the space inside is 
empty (eu = 1, Zppem = 1), then we can formally write 


1 
Zz =—. 7.78 
Ma 7, (7.78) 


In general, though, we have 


1 
IM = Zip: (7.79) 
TE 


7.6 Attenuation factor in wave guides 


Thus far, we have discussed wave guides where the external wall is 
assumed to be a perfect conductor with o > oo. In reality, however, 
the metallic conductor has a finite conductivity, be it very large. 
Normally, a metal is considered a good conductor if o > & (see 
(8.57)). When the conductivity is finite, as in a realistic conductor, 
the electromagnetic fields within the wave guide can penetrate inside 
the conducting walls. The penetration depth, also known as the skin 
depth, is normally very small and this phenomenon induces a surface 
current in the metal that plays a very important role. Namely, it 
leads to heating and Ohmic losses in the conductor. Even though 
this effect is small, it leads to an attenuation of the electromagnetic 
fields that are propagated inside the wave guide. This is reflected in 
the fact that in the regime of propagation (namely, for w > Wm), the 
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wave vector k becomes complex of the form (see discussion in section 
8.4) 
k>k+ta, a> 0, (7.80) 


so that all the non-vanishing components of the fields have the z 
dependence of the form 


Ew ene. Bw elkz—az (7.81) 


Here, a is known as the attenuation factor. In this case, the time 
averaged power transmitted along the z-axis can be obtained from 
the Poynting vector as 


PQ) = f daa 8=< | da Red: (Ex H) 
A 8m JA 
=< | daRea-(B, x Hi) ~e™, (7.82) 
8a A 


where A represents the cross sectional area of the wave guide per- 
pendicular to the z-axis (we do not use the conventional symbol S$ 
to avoid confusion with the Poynting vector) and we have used the 
definition of the time averaged Poynting vector in (6.96) 


S= = Re (Ex H*). (7.83) 


It now follows that 


dP(z) 
dz 


= —2a P(z) 


1. -dP(Z) 
2P(e@) dz 


__ Power lost per unit length 


2 x Power transmitted ee) 
Thus, we see that the attenuation factor for the wave guide can be 
calculated once we know the power lost as well as the power trans- 
mitted during the process of propagation. 

A rigorous calculation of the attenuation factor can be carried 
out systematically, starting from Maxwell’s equations with modified 
boundary conditions to take care of the finite conductivity of the 
metal. However, an approximate calculation that gives very good 
agreement with the actual results can be described as follows. Once 
we know the solutions for the case of the perfectly conducting wall, 
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it is reasonable to assume that the solutions inside the wave guide 
are unaffected significantly if the conducting surface has a finite but 
large conductivity. This allows us to calculate the power flow along 
the wave guide as (see (7.82) ) 


P(z)=- SE f dares: ((2 x H_) x H’,) 


Z 
ae SS | ae \H,|?, (7.85) 


where Z represents the impedance and we have used Eqs. (7.75) as 
well as (7.2). As we have seen earlier in (7.77), 


1 — (Ym 2 
ZT™ = yin Ce) ZTE = el (7.86) 


a cu (1— (222)”) 


The power loss can be calculated in the following manner. By 
assumption, the fields inside the wave guide are affected only slightly 
when the conductivity is finite. This is particularly true for the tan- 
gential component of the magnetic field (tangential to the the wall, 
Hian = 0 x H) when the conductivity is large. Through the bound- 
ary conditions, we expect the tangential component of the magnetic 
field to be continuous which gives us the tangential component of the 
magnetic field on the surface of the conductor. This, in turn, leads 
to the induced surface current given by (See discussion in section 8.1, 
in particular, Eq. (8.9) as well as section 8.4.) 


A 
3, = 1x H= ian. (7.87) 
Cc 


The surface current leads to heating and, consequently, to power loss. 
The power loss per unit length (along the z-axis) can be calculated 
in the standard manner as (see, for example, (6.83) or (6.84) ) 


Power loss per unit length = R, ds |J,|" 


surf 


2 
R. 
eas : ds |Htan|, (7.88) 
167 surf 


where we have used (6.12) as well as (7.87) and (see (8.73)) 


27 UW 
Rs = 4/—z, 7.89 
Ve (7.89) 
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is the resistive component (real part) of the surface impedance of the 
conductor which has the form (see (8.72)) 


(7.90) 


In (7.88), “surf” represents a surface of the conductor of unit length 
along the z-axis. Note that, for a perfect conductor, 0 + oo and 
the power loss vanishes so that waves travel unattenuated. However, 
when ¢ is finite, there is a power loss and Eqs. (7.85) and (7.88) 
determine the attenuation constant through (7.84). 

A concept related to the attenuation factor is known as the 
quality factor or simply the @ factor of the wave guide, defined as 


oz Energy stored per unit length 


25 ee 7.91 
a Energy lost per unit length per second ( ) 


where w is the angular frequency of the wave. We note that, by 
definition, 


Power transmitted = v, x Energy stored per unit length, (7.92) 


where v, denotes the group velocity of propagation. Using this, we 
note that the Q factor can be written as 


Q= Ww Power transmitted 


Ug Power lost per unit length 


Sle 2 =e. 2 (7.93) 


where we have used Eqs. (7.37) and (7.38). Since, in wave guides, 
the attenuation factor @ can be very low, it is possible to construct 
wave guides with large Q factors. This becomes quite important in 
the construction of resonating cavities, which we will study next. 


7.7 Cavity resonators 


Let us next consider a rectangular wave guide of length d along the 
z-axis. Furthermore, let us close the two ends of the wave guide with 
perfectly conducting metal walls. Then, it is clear that, in this case, 
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the fields have to satisfy additional boundary conditions on the two 
new surfaces. From (7.4), we see, for example that the electric field 
components, E,,, must vanish at z = 0,d. As a result, the z de- 
pendence of the fields cannot have the simple exponential form, as 
has been assumed in (7.13). Rather, the fields must be expanded in 
terms of sinkz and cos kz, as is suitable for the appropriate bound- 
ary conditions. Let us note that, for a TM wave, B, = 0 and the 
additional boundary condition required is obtained to be 


OF, 
Oz z=0,d 


= 0, (7.94) 


which follows from the first equation of (7.9), since (7.1) requires that 
E, =0 at z=0,d. This, then, determines the form of FE, from Eq. 
(7.16) to be (compare with Eq. (7.30)) 


£ 
Ea 2) =A em Ee ain cos =, (7.95) 
with €=0,1,2,... as well as the usual restrictions on m,n and 


GO Ue ie ae 
= LANs AN cite ee 7.96 
w = aD + pet Ge = Wine (7.96) 
which follows from (7.34) with the identification k = um The trans- 
verse field components can now be determined from the Maxwell’s 
equations, (7.9), (7.10), (7.11) and (7.12), to be 


1 OE, 
E| (x) = E. (2, y, z) = Eflws2 qeb2 Vi ae ’ 
Cc “ae 
a EUW. 
B(x) =B.(2,y,2) = eee a Vi«&:, (7.97) 
Cc 
which lead explicitly to 
B,( x ame mmx . tny , Tez 
L,Y, Zz) =—-A—;“*— cos sin —— sin — 
x iY; cua? = re a b d ’ 
saa my mhz 
E, (x,y,z) =—-A ae ae) =p sin => sin 
ed 
Euwrn 
ny nez 
B,(x,y,z) =—-iA aa cb = 8m cos = cos; 
c “a 
— max my mez 
By(z,y,z) =tA aa = apr 008 sin [~ cos —- (7.98) 
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It is easy to see from the explicit forms of E, in (7.98) that they 
satisfy the required boundary condition (7.4) at z = 0,d (namely, 
they vanish at these boundaries). Parenthetically, let us sketch here 
how, for example, the first relation in (7.97) will be obtained. From 
(7.9) we obtain 


V =-V.(V_-E 
Oz (Vi ) 
=-ViE, —-V.x (Vi xE,) 
— —-WiE, = — Vi x ZB, 
2 2 p2 
9 — ( epw mee 
=-V‘{E. = ( aT ) E,, (7.99) 


which leads to the first relation in (7.97). Here we have used the 
harmonic time dependence of the fields as well as B, = 0 for TM 
waves in the intermediate step. We have also used the wave equation 
for E, in the last step. 

It is clear from Eq. (7.96) that, in such a set up, electromagnetic 
fields exist only for a single frequency depending on the given values 
of m,n, @. This is the behavior of an undamped resonant system such 
as an oscillator. As a result, such a set up is called a cavity resonator 
(or a resonant cavity). The cavity can also have resonant TE modes. 
For the TE modes, we note that FE’, = 0 and the additional boundary 
conditions have the form 


BHO, (7.100) 


which follows directly from Eq. (7.4). It is now easy to determine B, 
from (7.17) (compare with (7.40)) 


£ 
Be, 9,2) = -C cos OEE ees = sin a (7.101) 
with @ = 1,2,... as well as the usual restrictions on m,n and (see 


(7.34)) 


Tc m2 n2 
pee Sas ee, (7.102) 


Viva be 


which has the same form as (7.96). 
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The transverse field components can now be determined from 
(7.11) and (7.12) to be 


ale 


E. (x) = E.(#,y,2) = -iz aap 2 ViB:, 
“@  “q 
1 OB: 
B(x) = Bi (2, y, z) = eps? Vi Oz . (7.103) 
ary a, 
Explicitly, these give 

_ TMX my mhz 

E,(2,y,z) =—-iC gut age COS — — sin —~ sin, 
c d 
mm my mhz 
Bylesge2) SiC aa = =p Sin => sap 
c d 
nme 
7 _ TMX my Tez 
B,(2,y,z) =-C EE ae cos == cos 
c “ad 

fn TMx my mez 

B, (x,y,z) =—-C —+—— cos sin —— cos —. 
y( 1Y;2) sua? - me a b d 
(7.104) 


In a similar manner, we can also find the appropriate solutions 
for a cylindrical cavity resonator of radius a and length d along the z 
direction. From the earlier analysis of cylindrical wave guides as well 
as the discussion of the rectangular cavity resonator, it is easy to see 
that for the TM waves in such a resonator, we will have 


Ba, dQ, z) = 0, 
E.(r, ¢, Z) = an Jn(hr) cos nd cos =, (7.105) 
where 
ew? 7262 
a ee (7.106) 


Furthermore, for the electric fields to vanish at the cylindrical walls, 
we must have (see (7.57)) 


Jy(ha) = 0, (7.107) 
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which determines that (ha)mnj, must correspond to the m-th zero of 
the n-th Bessel function. Some of these are already listed in (7.58). 
In terms of these, we see from Eq. (7.106) that 


292 


4,6 nel 


w= aa a pe Wmnts (7.108) 
with @=0,1,2,... and m,n restricted as in the case of TM waves in 


the cylindrical wave guide. 
Similarly, for the TE waves, we have 


EAT; ?, z) = 0, 


d 
B.(r, ¢, Z) = bn Jn(hr) cosn¢ sin oe (7.109) 
with h still defined as in (7.106). However, for TE waves, as we have 
already seen in (7.65), the radial derivative of the magnetic field at 
the cylindrical walls must vanish leading to 


JL ha). = 0; (7.110) 


This determines (ha)mn to correspond to the m-th zero of the first 
derivative of the n-th Bessel function, some of which are listed in Eq. 
(7.66). In terms of these, we obtain, from Eq. (7.106), 


262 
ae aa Bn =e (7.111) 


with @=1,2,... and m,n restricted as in the case of TE waves in the 
cylindrical wave guide. Once we have the longitudinal components 
of the fields, the transverse components can be obtained using the 
Maxwell’s equations as we have done earlier (or see (7.97), (7.103)). 

Let us note that a cavity resonator, with a variable length (along 
the z-axis) can be used as a frequency meter. Namely, by varying the 
length of the cavity, one can make a signal resonate in the cavity and 
thereby determine its frequency. While cavity resonators can be of 
any shape, for such a purpose, the TE 9; wave in a cylindrical cavity 
resonator is quite useful. This is because, in this case, the radial 
component of the electric field vanishes (see, for example, (7.68) with 
n = 0) and the electric fields define concentric circles in a plane with 
z = constant. As a result, there is no radial current and the movable 
piston (or the “plunger”) does not have to make a rubbing contact 
with the walls of the cavity. 
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7.8 Q factor of a cavity 


As we have seen, electromagnetic waves can exist inside a cavity only 
in resonant modes of discrete frequencies. (Any other field can, of 
course, be expanded in terms of these resonant modes.) However, 
this result is obtained by assuming that the walls of the cavity are 
perfectly conducting, which is not the case in realistic cavities. As 
a result, as in the case of wave guides, there are Ohmic losses and 
power is lost. A consequence of this is that the resonant frequencies 
are no longer sharp, rather they spread out a little. The Q factor of 
the cavity gives a measure of this spread and is defined as 


Energy stored in a cavity 


Q = wr 5 (7.112) 


Power lost 
where w, represents a resonant frequency (of the original lossless sys- 
tem). Let us note that if U denotes the energy stored in a cavity, 
then the power lost is the energy lost per unit time. Thus, from the 
definition (7.112), it follows that 


eas 
dé Q 
or, U(t)=U(0) e7@. (7.113) 


This is clearly defined only for positive times and the energy inside 
the cavity decreases as time evolves due to the losses at the walls of 
the cavity (as well as possible losses in the dielectric inside). 

It is clear from this that, since there is energy loss in a cavity, 
if we want to excite a particular resonant mode in the cavity by, say, 
introducing an external electromagnetic wave into the cavity through 
a small aperture, the system would behave like a damped oscillator 
with a time dependent driving force. From the form of the energy U 
in (7.113), we note that we can write the form of the electric fields 
inside the cavity to have the form 


E(t) = E(0) e “O20”, (7.114) 


where we have suppressed the spatial dependence of the fields for 
simplicity and have defined 


Op = Wp + dw. 


The quantity, dw, has been introduced to account for the possible 
smearing of the resonant frequency due to other effects. Taking the 
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Fourier transform of (7.114), we obtain 


= a dt et E(t) =f dte i(w— Br +i5G )t 
Tv 


1 
= ae ae (7.115) 
= (W — Gr) + 155 
It follows now that 
E(0)|? 1 
pEw)P = ZO) (7.116) 


An? (w — @,)? + a 

This has the characteristics of a resonant behavior (Breit-Wigner 
shape) and shows that the electric field no longer has a sharp, discrete 
frequency. Rather, it is smeared out around the resonant value w = 
W, as shown in Fig. 7.4. From (7.116), we see that the intensity has 
the maximum value at w = w,. It decreases to half of its maximum 
value at 


|E(0)|? 
An 


Wp Wr WwW 


2Q 


Figure 7.4: The behavior of the absolute square of the electric field 
as a function of the frequency w. 


Wr 
=Wpt—. 7.117 
W= Opt 5 OQ ( ) 
Consequently, the width of the curve at half the peak value is obtained 
to be 


oF 
Q’ 
or, Q=—. (7.118) 


T= Aw = 
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This shows that the @ factor, indeed, measures the spread out in the 
frequency due to Ohmic losses. 

As in the case of the wave guide, the power loss at the walls can 
be calculated in a simple manner and, for microwave cavities, one can 
obtain a @ factor as large as ten thousand. This implies that one can 
construct cavities that can show very sharp resonant behavior. 


7.9 Dielectric wave guides (optical fibers) 


The perfectly conducting walls of a wave guide basically do not al- 
low the electromagnetic waves to escape from the wave guide. As 
a result, the waves bounce back and forth at the walls and prop- 
agate along the axis of the wave guide. We have also seen earlier 
that, while electromagnetic waves can be transmitted through a di- 
electric boundary surface, under appropriate conditions, there can 
be total internal reflection (without any transmission). Thus, under 
appropriate conditions, a dielectric slab can also be used to guide 
waves through successive total internal reflections, much like wave 
guides with perfectly conducting walls. The first analysis of such a 
phenomenon was carried out by Debye in 1910. 

When the frequency of the wave lies in the optical or in the in- 
frared range, such a transmission line is known as an optical fiber and 
is extremely important in reliable, high speed telecommunications. A 
common optical fiber consists of a silicon fiber of small dimensions 
(of the order ~ 50 — 100um) and an optical fiber cable, typically of 
the order of a few centimeters, contains many such fibers allowing 
for multi-mode transmissions. Technology in optical fibers has ad- 
vanced tremendously over the last couple of decades which signifies 
the importance of this. Of course, the conditions in optical fibers 
cannot always be met perfectly so as to have complete total internal 
reflection. As a result, a small amount of the signal leaks through, 
leading to losses much like in the metallic wave guides. Nonetheless, 
this form of transmission is quite important considering that the fre- 
quencies involved are large thereby allowing for large bandwidths for 
transmission. 

Although, in practice, one uses cylindrical dielectric wave guides 
(optical fibers), the mathematical analysis of such systems is rather 
involved. Therefore, just to get a feeling for the qualitative properties 
of such a system, let us analyze a rectangular dielectric slab of width 
—a <x <a which we choose to be of infinite extension in the y direc- 
tion (see Fig. 7.5), for simplicity. As before, we will assume the wave 
to propagate along the z-axis. Because of the infinite extension along 
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the y direction, translations along this direction define a symmetry 
and, consequently, it follows that the fields cannot depend on the y 
coordinate. Therefore, we can choose the electric and the magnetic 
fields to have the forms 


Figure 7.5: An infinite rectangular dielectric slab with a finite width 
along the x-axis and wave propagation along the z-axis. 


E(x, t) = E(x) et), 
B(x, t) = B(x) et), (7.119) 
Substituting these into (7.16)—(7.17), we obtain 


2B, 2 
BO) (0 2) pia) on 
Cc 


dx? 
d?B, 3 
cot) x (4 = X) B,(x) =0, (7.120) 


while Eq. (7.15) leads to 


ik dE. (ax 
E,(z) = Sie A ) 
“oe 
is dB,(a 
E,(x) = a pp st ) 
“a 
ik dB.(x 
B,(2) a 


ew 2 dx 
c 
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i dE, (zx) 


B ee eee 


(7.121) 


These equations must hold in both the regions — inside and out- 
side the dielectric slab. Let us assume that €1, 4, represent the per- 
mittivity and the permeability inside the dielectric (—a < x < a) 
while €, 42 represent the same quantities outside (|x| > a). Because 
of the symmetry in the problem under x © —z2, the solutions can 
be classified into even and odd ones. Furthermore, we would like the 
solutions to be exponentially damped outside the slab while oscilla- 
tory inside. With this, we see that we can have four different kinds of 
solutions — TM even, TM odd, TE even and TE odd. Let us simply 
work out one of the solutions in detail. 

Let us consider the TM even solutions. In this case, we have 
B, =0. Furthermore defining, in the two regions, 


2 2 

ey pw EQ UQw 
= 4/ ——  — k?, = 4/k? — ; 7.122 
a C2 x C2 ( ) 


where we assume that both a,7y are real and positive, we see that 


oe me: se 
a+ = (e1u1 — €2H2) =Az: (7.123) 


Furthermore, we note that because of the symmetry of the solutions, 
we can restrict ourselves to the positive z-axis only (x > 0). Using 
(7.122) and (7.123), we obtain from Eqs. (7.120) and (7.121) (for 
x > 0) 


Ex’ (x) = Acosaz, Ee? (es) =Ce-r 

E; (x) = ~iA# sin ax, Ee (2) 1G & e-, 

By (x) = 0, By (x) =0, 

By(e) = 0, By (x) =0, 

BY (a) = —iAS* sinag, Be (@) =i e™, 


(7.124) 


where the superscripts (1), (2) denote the two regions 0 < x < a and 
x > a respectively (because of our choice x > 0). 

Since these are even solutions, we can apply the boundary con- 
ditions only at « = a (the conditions will then automatically hold at 
the boundary « = —a by symmetry). We have already worked out 
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the boundary conditions at the interface of two dielectric surfaces 
(see (6.39), (6.42) and (6.43)) and, in the present case, they take the 
forms 


6 EO) (a) = QE) (a), 
BO (a) = B® (a), 


EQ) (a) = EO) (a), 

1 1 

— BY (a) = — BE (a). (7.125) 
M1 b2 


In the present case, since E,, B; (and B,) are zero in the two regions, 
we obtain from the third relation in (7.125) that 


or, Acosaa=Ce”. (7.126) 


Similarly, the last relation in (7.125) leads to 


1 1 
— BY (a) = — BY (a 
a y (a) ie y (a) 


or, A | sinaa = —C 2 7%, (7.127) 
a 7 


It is easy to see that the first relation in (7.125) leads to the same 
relation as (7.127) and, therefore, (7.126) and (7.127) represent essen- 
tially the boundary conditions that need to be satisfied. (The second 
relation in (7.125) is trivially satisfied.) 

Taking the ratio of Eqs. (7.126) and (7.127), we obtain 


a Y 
— cotaa = —— 
Ey €92 
€ 
or, a cotaa = —— 7. (7.128) 
€2 


Using (7.123) and defining dimensionless variables € = aa,n = ya, 
we can write (7.128) also as 


Anne 
€coté=-tyn=-25)/ — — €?, (7.129) 
€2 €92 Cc 


This is a transcendental equation for € (or a) as a function of 
w and the solutions can be obtained graphically (see Fig. 7.6), much 
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Figure 7.6: The TM even solutions are obtained from the intersections 
of 7 = =e ecole and 7% + €? = constant. 


like in the case of the square well potential in quantum mechanics. In 
fact, let us note that we can analyze the other modes as well exactly 
in this manner and the boundary conditions, in each case, would yield 


22 
TM (odd): € tang = “14/ mad oe. 
€92 Cc 
aD 
TE (even) : E<ose= a \/ ee — €3, 
M2 Cc 


Awaz 
a -e, (7.130) 


TE (odd) : € tang = al 
Le Cc 


with a, ¥y satisfying (7.122) and (7.123). Thus, in each case, we have a 
transcendental equation to solve. Much like in quantum mechanical 
potential problems, here, too, one finds that there is a cut off fre- 
quency below which there does not exist any solution. Beyond this, 
there is a range of values of the frequency for which there exists only 
one solution and so on. In this respect, it is quite reminiscent of the 
square well potential in quantum mechanics and this behavior is also 
qualitatively similar to that of metallic wave guides. 
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7.10 Selected problems 


1. 


Consider a pair of perfectly conducting parallel plates of infinite 
dimensions along the y and the z axes, separated by a distance 
“a” along the x-axis. Determine all the possible solutions for 
an electromagnetic wave to propagate along the z-axis. 


. Calculate the attenuation factor for the TEM waves in the set 


up described in the previous question. 


. A rectangular wave guide (with perfectly conducting walls) has 


cross-sectional dimensions 
a = 7cm, b = 4cm 


Determine all the modes which will propagate at a frequency 
of (a) 3000MHz, (b) 5000MHz. 


. If X and X represent the wavelengths of the same electromag- 


netic wave in vacuum and inside a wave guide respectively, then, 
show that 


Oe 


where A, denotes the wavelength corresponding to the cut-off 
frequency WwW, of the wave guide. 


. Derive the transcendental equations (discussed in this chapter) 


determining the TM (odd), TE (even) and the TE (odd) solu- 
tions for a wave traveling between two parallel dielectric slabs. 


. A wave guide of right triangular cross section is bounded by 


perfectly conducting walls at = a,y = 0,2 = y. Find the 
cut-off frequencies and the field modes of such a wave guide. 
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CHAPTER 8 
Propagation through a conducting 
medium 


8.1 Boundary conditions 


We have so far discussed the propagation of electromagnetic waves in 
vacuum or in dielectric media. Let us next analyze the propagation 
of such waves through a conducting medium. Of course, the essential 
change, in this case, lies in the boundary conditions. If we look 
at the Maxwell’s equations in an arbitrary medium in the Fourier 
transformed space (in the time variable), they take the forms 


V - (cE) = 479, 
V-B=0, 
V x E=ikB, 


1 4 4 
Vx (2B) = 5-iken = Biker, (8.1) 
Lb c Cc 


where we have defined, as before, k = © and have identified 
J=oE, (8.2) 


with o representing the conductivity of the medium. We note that 
o,€ and p are, in general, dependent on the frequency and although 
for most non-magnetic materials we can set uw * 1, we will not do 
so for completeness. Here all the field variables have the coordinate 
dependence ¢(x,w), since time has been Fourier transformed. Alter- 
natively one can also think of these equations as those for fields with 
a harmonic time dependence (E(t), B(t)) = (E(0),B(0))e"? with 
the exponential factored out. 

The first two equations of Maxwell lead to the fact that, across 
a boundary with no free charges, the normal components of both «E 
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Figure 8.1: Boundary condition for the tangential component of the 
electric field. 


and B should be continuous. In the presence of free surface charges, 
the normal component of the D field will be discontinuous across the 
surface, the discontinuity being proportional to the surface charge 
density. This is what we have already seen in the static case. Taking 
an infinitesimal surface element as shown in Fig. 8.1, we can deduce 
from the third equation that the tangential component of the electric 
field must be continuous across the boundary. 


fes(v x) =ik fas-B 


or, fae-E=ik [ds-B (8.3) 


In the limit of an infinitesimal surface with area going to zero, this 
leads to 


n x E,| = nx Eyl, (8.4) 
where n represents a unit vector normal to the boundary and the re- 
striction represents the boundary. If the second medium corresponds 
to a perfect conductor, then there is no electric field in the second 
medium. Consequently, in such a case, we obtain the boundary con- 
dition to be 

nh x B| = 0. (8.5) 


Similarly, taking an infinitesimal surface element across the bound- 


8.1 BOUNDARY CONDITIONS 265 


ary, we obtain from the last equation in (8.1), 
Jos: (v x +B) = fas: (= 5- iker) 
fe c 
1 4 
or, fae-tp= fas-(25—iter). (8.6) 
c 


For non-singular field configurations, the right hand side of (8.6) van- 
ishes in the limit of vanishing surface area and the boundary condition 
takes the form 


1 
=nx — Bo 
Le 


1 
nx —B, 


r (8.7) 


When the second medium is a perfect conductor, the second term on 
the right hand side of (8.6) still vanishes in the limit of a vanishing 
surface area. However, in the presence of time dependent incident 
electromagnetic fields, a perfect conductor develops singular surface 
currents so that the first term on the right hand side of (8.6) does not 
vanish. (What this means is that the surface currents exist only on 
the surface and, therefore, are described with delta functions which 
are singular and may not yield a vanishing contribution even in the 
limit that the surface area vanishes.) 


>> 


Figure 8.2: The induced surface current on a conductor with n and 
t denote respectively the normal to the surface and the direction of 


Ae. 


In fact, let us define the surface current J; as the amount of 
charge crossing the Gaussian surface per second per unit length along 
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the long arm of the surface (see Fig. 8.2). In this case, in the limit 
of vanishing surface area, (8.6) leads to 


1 1 4 
ax (“Bi -— Bh] Al = — J, Ag 
M1 2 c 
1 1 4 
ob AX = B,| SAX —B,| +g, (8.8) 
foal [2 Cc 


Since there is no magnetic field inside a conductor, this condition can 
also be written as 


1 4 
fa x | Sale 
m Cc 
4 
or, ax H|=—Jq. (8.9) 
Cc 


The important thing to note from this relation is that it relates the 
induced surface current in the conductor to the magnetic field outside. 
It is, therefore, not a boundary condition. Rather, once all the fields 
are determined, this relation can be used to calculate the induced 
surface current. 


8.2 Reflection from a perfect conductor at normal incidence 


Let us consider a plane wave of frequency w traveling along the z- 
axis and let it be incident on a perfectly conducting surface located 
at z = 0 as shown in Fig. 8.3. 


Figure 8.3: Reflection of a wave from a perfectly conducting surface 
at z = 0 at normal incidence. 
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We assume the first medium to be vacuum for simplicity. Thus, 
in the region z < 0, we expect an incident wave as well as a reflected 
wave whereas, since the second medium is a perfect conductor, we do 
not expect any transmitted wave in this case. (This is different from 
normal incidence in the case of a dielectric medium.) Thus, in region 
z <0 we have 


E(x, w) = Eine (x, w) 5 Ey ea (x, w), (8.10) 


where the incident and the reflected waves have the coordinate de- 
pendence given by 


Binc(x,w) = EO) ere, 


inc 
Eyea(x,w) = BO) et, (8.11) 


with k = £. (We have factored out the time dependence for simplic- 
ity.) 

The electric and the magnetic fields, in a plane wave, are or- 
thogonal to the direction of propagation (as well as to each other) 
and, therefore, are along the surface of the boundary (tangential to 
the surface). As we see from the boundary condition for a perfect 
conductor in (8.5), 


E(z,y,z =0,w) = 0, (8.12) 
which determines 
BO =-BO =-BO, 2. BO =0. (8.13) 


Namely, the incident and the reflected electric fields have the same 
amplitudes, but are out of phase. Thus, we can write 


E(x, w) = Bince(x,w) + Erea(x, w) 
= BO (et — 6?) = BO sin kz. (8.14) 


Putting in the harmonic time dependence (and recalling that the 
fields are really defined as the real part of the complex quantities), 
we obtain the form of the electric field for z < 0 to be 


E(x,t,w) = Re (2B sin kz er) 


= 2B) sin kz sinwt. (8.15) 
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Once we have the electric fields, the magnetic fields can be ob- 
tained through the use of the relation (see (7.76) in vacuum) 


B=+2zx E, (8.16) 


where the + signs are related to the direction of propagation of the 
wave. Thus, using (8.16), we obtain 


Binc(X, w) =Zx Binc(x, w) = (2 x B) ere, 
Brea (X, w) =-ZxX Ere (X, w) = (2 x BE) eT tke, (8.17) 


As a result, we obtain the total magnetic field in the region z < 0 to 
be 


B(x,w) = Binc(x, w) + Brea(x, w) 
= (2 . BI) (ci 4 est) 
=2 (2 x B) cos kz. (8.18) 
Putting in the time dependence, we obtain 
B(x,t,w) = Re (2@ x BE) coskz ett) 
=9 (2 x B) cos kz cos wt. (8.19) 


There are several things to note from Eqs. (8.14) and (8.18) (or 
(8.15) and (8.19)). The unique solution to the problem is obtained 
using only the boundary condition (8.5) (namely, we do not need (8.9) 
to obtain the solution). Furthermore, the electric and the magnetic 
fields define standing waves with the electric field vanishing at (z < 0) 


kz = —nr, n=0,1,2,..., (8.20) 
while the magnetic field vanishes at 


2 1 
ke = nt n=0,1,2,.... (8.21) 
The electric field vanishes at the boundary z = 0 simply because the 
incident and the reflected electric fields are out of phase. However, we 
note that the magnetic field does not vanish at the boundary. This 
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can, in fact, be physically understood as follows. The (time averaged) 
radiated power per unit area, in the region z < 0, is obtained to be 
EP <9 fe 
da 8m 


= = Re [2- (Eo x (2 x (B)*)) 


x (ci** =: ete) ie" fe et) 
=0. (8.22) 


The radiated power vanishes simply because the incident and the 
reflected components of the magnetic field are in phase while those 
for the electric field are out of phase. Physically, this is clear since 
there cannot be any transmitted wave inside a perfect conductor and, 
therefore, there cannot be any power loss. 

Let us note that the non-vanishing of the magnetic field, at the 
boundary, immediately shows that there must be a surface current 
in the conductor. In fact, from (8.9), we conclude that (4 = 1 and 
z-E) —0) 


Re @- (E x B*) 


Ey, = ERE Sb eB 
c 
= -28 x (2x BO) = 28, 
- © ZO 2 
or, Js=5-E ‘ (8.23) 


This can, therefore, be thought of as the reason for the change in the 
phase of the reflected component of the electric field. 


8.3 Reflection from a perfect conductor at oblique incidence 


Let us next consider the reflection of a plane wave of frequency w from 
a perfectly conducting surface at oblique incidence as shown in Fig. 
8.4. Let us assume that the boundary surface is at z = 0 and that the 
region z < 0 corresponds to vacuum. Without loss of generality, we 
can assume the plane of incidence (the normal to the surface and the 
direction of propagation define the plane of incidence) to be the x— z 
plane. Let 6; be the angle of incidence (namely, the angle between 
the incident ray and the z-axis). 

Therefore, we can write the incident wave in region z < 0 to be 
of the form 


Einc(x, w) = EO) eiki-x = EO) etki (sin 6; xtcos 6; 2 (8.24) 


Cc inc 
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Figure 8.4: Reflection of a wave from a perfectly conducting surface 
at z = 0 at oblique incidence. 


where 
k, = k,(sin 0; x + cos 6; 2), k; = Xsin 6; + cos 6;. (8.25) 


In the region z < 0, we also expect a reflected wave. However, since 
the region z > 0 is perfectly conducting, we do not expect a trans- 
mitted wave in this region. We can write the reflected wave to be of 
the form 


Eyoa (x w) = EO cikrx = EO) eth (sin 6 x—cos yz) (8.26) 


refl refl 

where 

k, = k,(xsin 6, — zcos @,), k, = (Xsin 0, — Zcos6,). (8.27) 
Therefore, the total electric field in this region has the form 

E(x, w) = Binc(x, w) + Eyeq(x, w) 

= EO ctki(sin 6; x-+cos 6 z) 4 EO) eike(sin Or x—cos Or z)_ (8.28) 
The boundary condition (8.5) now leads to 
n x E(x,w)|,_, = 0, 


or, (2 x EY) a (2 x Bh) elkrsinrz 9 (8.29) 


inc 


8.3 REFLECTION AT OBLIQUE INCIDENCE 271 


Clearly, this is satisfied if 


ky = ky = k, 
0, = 6, =8, 
ax (EO) + EQ)) =0. (8.30) 


This shows that the wave numbers for the incident as well as the 
reflected waves are the same (they are in the same region) and that 
the angle of incidence is equal to the angle of reflection, as is also 
true in the case of reflection from a dielectric surface. However, here 
we have no transmission. 

The last relation in (8.30) allows for two possibilities. First, we 
can have the electric fields along the y-axis - perpendicular to the 
plane of incidence. In this case, for the last relation in (8.30) to hold, 
we must have 

BO) = BO) = BO 5, (8.31) 


efl inc 
It follows now that 
E(x, Ww) = Eine + Exen 
= 216 ¥ eth 8in® sin(kz cos 8). (8.32) 
Furthermore, using (8.25) and (8.27), we obtain 
Binc (x, w) = kj x Binc(x, w) 
= (x sin 0 + Zcos 0) x y EO eik(wsinb+z cos 0) 
= (—x% cos @ + Zsin 6) BO) etka sin 8+2z cos 9) 
Brea (x, w) i k, x Exon (x, w) 
= (xsin@ — Zcos@) x (—y) FO) gihleome2008¢) 
= —(Xcos 6 + Zsin 8) BO eth(esind—z cos 8) (8.33) 
so that we can write 
B(x, w) = Binc(x, w) + Brea (x, w) 
= 2F©) ete sin? |_& cos 6 cos(kz cos 4) 


+iz sin @ sin(kz cos 0)] . (8.34) 
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Thus, in this case, we see that while the electric field is perpendicular 
to the plane of incidence, the magnetic field is parallel to it (lies in 
the plane of incidence). Furthermore, we have 


B(z,y, 2 =0,w) = —2E© & cos 6 e*™ 5"? J 0, (8.35) 
so that the tangential component of the magnetic field does not vanish 


at the boundary. This, therefore, leads to a surface current (see (8.9) ) 
of the form 


Cc Cc i 
oe ae Ps hx Bl = 7 (-2x Bi) 


(0) ee 
= 5 Picco’. (8.36) 
us 


Furthermore, the time averaged power per unit area is obtained to 
be 


dP c F . 
da 3, Re? (Ex B’) 


= Re (22 ? cos 6 sin(2kz cos 0)) 
87 
= 0. (8.37) 


Namely, since there is no transmission, all the energy that is radiated 
in the forward direction is reflected back leading to a net zero energy 
loss. 

The other possibility that one can have is that the electric field 
lies in the plane of incidence. Of course, it has to be orthogonal to 
the direction of propagation. Therefore, we can choose 


EO = pO (x cos 0 — zsin 8), 


BO) = —E (&cos 0 + asin 8). (8.38) 
This satisfies the last relation in (8.30) and leads to 
E(x, w) = Einc(x, w) + Erea(x, w) 


= 2B) etkrsin§ F: cos @ sin(kz cos 0) 


—Z sin 6 cos(kz cos @)] . (8.39) 
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In turn, using (8.25) and (8.27), this leads to 


Binc (x, w) = ki x Einc(x, w) 
= 7 EO eik(e sin 0+z cos @) 

Brea (x, w) = k, x Exea(x, w) 
i 7 EO eik(x sin0—z cos 0) (8.40) 


As a result, we obtain 


B(x,w) = Binc(x, w) + Brea (x, w) 


= 2B ¥ e'**8in® cos(kz cos 8). (8.41) 
In this case, we note that the magnetic field is orthogonal to the plane 
of incidence while the electric field is parallel to it. 
Let us note that 


B(x, y, z = 0,w) = 2E© ¥ ethrsin8 Z 9), (8.42) 


so that the tangential component of the magnetic field does not vanish 
on the boundary. Consequently, it leads to a surface current of the 
form 


Co xs Cc a 
Js= 7 ax Bl = 7 (-2x Bi) 
= “ O geibesind (8.43) 
TT 


We can also calculate the power radiated per unit area in region 
z <0, which takes the form 
dP 


Cc 
“=— Re#-(Ex Bt 
a 3, Res (E x B*) 


=~ — Re (22 ? cos @ sin(2kz cos 0)) 
87 
=0. (8.44) 


This shows that all the energy that is incident is reflected back and 
there is no net loss of energy. 

Finally, let us consider, for simplicity, the first solution (where 
the electric field is orthogonal to the plane of incidence) and note 
some qualitative features which hold for both the solutions. We see, 
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from Eq. (8.32) that the electric field forms standing waves along the 
z-axis with nodes at (z < 0) 


kzcos@ = —nn, n=0,1,2,.... (8.45) 


The locations of the nodes depend on the angle of incidence and, in 
particular, for normal incidence (9 = 0), we recover the conditions 
in (8.20). Furthermore, from (8.32), we also note that this entire 
standing wave travels along the z-axis with a wave number 


k=ksin@. (8.46) 


Namely, the wave length of propagation along the x-axis is given by 


cea (8.47) 


sin 0’ 


corresponding to a propagation velocity 


ae (8.48) 


Thus, we see that the wave length as well as the velocity of propa- 
gation are larger than their corresponding values in vacuum. This is 
very similar to the behavior we have seen in wave guides. In fact, 
suppose we add a parallel, perfectly conducting surface at z = —b, 
then, from the solution for the electric field in (8.32), we see that 
this has to satisfy the boundary condition (8.5) at the new boundary 
leading to 


kbcos@ = nt, (8.49) 
which gives 
k=ksin@ = Vk? — k? cos? 6 


fae edge 

= Ao iyort (8.50) 
This shows that for w < 7, there will be no propagation, while for 
w > 2" there will be propagation of waves. This is, in fact, exactly 
what we have seen for a wave guide. However, here we only have a 
pair of parallel conducting surfaces. As we have discussed earlier, a 
pair of parallel conducting plates can also guide waves and, among 
other things, has a TEM mode of propagation. 
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8.4 Reflection from a good conducting surface 


We have, thus far, talked about perfect conductors for which 0 — oo. 
In reality, the conductors have a large but finite conductivity. The 
reflection of an electromagnetic wave from a real conducting surface 
will, therefore, be different from the earlier results. In this section, 
we will consider the reflection of a harmonic plane wave from a good 
(but not perfect) conductor. A conductor is commonly known as a 
good conductor if dno >> 1, as we will see shortly. 

Before analyzing reflection from a good conductor, let us discuss 
some of the properties of harmonic fields. For harmonic fields (that 
is when all the field variables have a harmonic time dependence of 
the form e~’ of a given frequency), the Maxwell’s equations take 
the forms 


V-D=4zp, 
V-B=0, 


VxE=“s, 
Cc 
1 4 } 4 , 
vx (<p) =43-Sp-(-*) E. (8.51) 
Ll Cc Cc 
We have used here the relation 
J=ocE, (8.52) 
as well as 
D=cH, (8.53) 


where € represents the permittivity of the medium. Although, for 
most non-magnetic material, the permeability w ~ 1, we will keep it 
in our calculations for completeness. 

The important thing to observe from (8.51) is that the first two 
equations follow as a consequence of the last two and the continuity 
equation. Furthermore, it follows from the continuity equation that 


or, L+oV-E=0, (8.54) 


where we have assumed that the conductivity does not vary with 
space. Furthermore, using the first of the Maxwell’s equations and 
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assuming that the permittivity also is independent of space (this is 
true when we are considering an isotropic medium), we obtain 


Op 4no 
2 at NT, te 
Ot 2 one 
or, p(t)~e~ at (8.55) 


This shows that the charge density dissipates with a time scale 


€ 
=——, 8.56 
¢ 4no ( ) 
On the other hand, the only meaningful time scale in a harmonic 
problem is + and so, we conclude that if 


1 
TKS 
Ww 


or, ee. SL, (8.57) 
€W 

the charge will dissipate quite rapidly and this is what defines a good 
conductor. In such a medium, therefore, we can set the charge density 
to zero. Note, from (8.55), that for a perfect conductor, 0 — oo so 
that there is no charge density produced. 

Returning to the Maxwell’s equations, (8.51), and taking the 
curl of the last two equations, we note that they lead to 


2 Ani 
VB+=> (14 =) B=0. (8.58) 


These are complex equations which we can think of as the wave equa- 
tions that we have studied earlier, if we allow for a complex permit- 
tivity of the form 


Ais Age 
ei ag (1 cs =) ste eee (8.59) 
EW WwW 


Since 0 = O in vacuum, such a definition is compatible with the 
vacuum solutions. The equations (8.58) have solutions of the forms 


Exe Baek * (8.60) 
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provided 
2 Ari 
[ey eee (1 ns =) (8.61) 
C 


This shows that in a conducting medium, the wave number, in gen- 
eral, becomes complex with a real and an imaginary part. In partic- 


ular, if we have a good conductor, Ano > 1, we obtain 


Ani 2 
Pee Acc LIRICA (8.62) 
Cc EW Cc 


where we have used 
- 1+) 
vi= 24), 
VJ2 
and have identified 


ACE (8.63) 


Cc 


ky = ky = 


Thus, in a good conductor, the solutions of the Maxwell’s equa- 
tions traveling along the z-axis, for example, lead to electric and 
magnetic fields of the forms 


E(x, w) = EO) etkr 2 ger 
B(x, w) = BO et? e“hiz, (8.64) 


This shows that the wave attenuates as it travels because of dissipa- 
tion in the medium and the length 

1 Cc 

(== 8.65 

ky /2ropw’ 2) 
is known as the penetration depth or the skin depth of the medium 
beyond which the amplitude of the wave becomes negligible. As a 
result, it follows that the fields and the currents cling close to the 
surface of a good conductor. For such a wave, it is easy to see from 
the first two of the Maxwell’s equations that 


E, =0=B,, (8.66) 


and the third of Maxwell’s equations gives 


K 
B=—(k, +ik)@x E=—@x FB, (8.67) 
WwW WwW 
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which allows us to identify the impedance for such a TEM wave to 
be 


wW wW w 
Om: ee ee 8.68 
c(ky +iki) ck a 8roU (08) 


This can be identified with 

1-1 1 

(ay pee. 1 Zi. 
VY2eu V Ato eee 

for a good conductor. We see that the impedance, in this case, is 


complex and, as a result, the refractive index for such a medium also 
becomes complex, namely, 


1 K /2 
Z 2) Ww 


which signals absorption by the medium. 

Since the electric fields fall off with large values of z, it follows, 
from (8.52), that the current must also have a similar behavior. This, 
therefore, allows us to define a surface current density as 


a Feaeae 


= cB | dz eK 
0 


(8.69) 


J 


ic0EO ia 
=—E 8.71 


where the restriction refers to the surface assumed to be at z = 0. In 
analogy with electric circuits, the ratio of the tangential component 
of the electric field at the surface to the surface current density is 
defined as the surface impedance of the medium, namely, 


E| = Z, Js, 
ik 277 LW «i 
Goss Oo  ( —(1-—7)— 72 
or, Ss o ( ) ace ( ‘) (8.72) 


where 6 represents the skin depth defined in (8.65). The real part of 
the surface impedance can be thought of as the surface resistance of 
the medium, 


1 27 WwW 
Rg =—=4/ ; 8.73 
a6 ac? 873) 
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Note that when o — oo, the surface resistance vanishes (as does the 
surface impedance). It is now straightforward to see from (8.68) and 
(8.72) that 


Cc Cc 


Z=— Z,= (1-31) (8.74) 


Arpad 

With these, we are now ready to analyze reflection from a good 
conducting surface. Let us assume that the conducting surface is at 
z = 0 and that an electromagnetic wave is incident from vacuum in 
z <0 at an angle of incidence 6; in the x — z plane as shown in Fig. 
8.5. In this case, we do expect a reflected wave in the region z < 0 
with angle of reflection 0, as well as a transmitted wave in the region 
z > 0 with the angle of transmission 6. Of course, the transmitted 
wave will be highly attenuated and we assume that the thickness of 
the conducting medium is much larger than the skin depth so that 
the transmitted wave will practically be a surface wave. We can 
parameterize the electric fields associated with the three components 
as 


Figure 8.5: Reflection from a good conducting surface at z = 0 at 
oblique incidence. 


Eine (x, w) = BE; ei @ sin fire cos) | 
Brea (x, w) =E, eikr (x sin 0;—z cos r) 
Etrans (x, w) = kK eikt (x sin +z cos Or) (8.75) 


where we have used the results from our earlier analysis that the 
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propagation has to be in the same plane and have defined here 


k; = k(x sin 6; + Z cos 6;) =k; k;, 
k, = k,(Xsin 0, — %cos 0,) = ky ky, 
ky = ky (Xsin 6 + Zcos 0) = hy kt. (8.76) 


We recall that the wave number k; inside the conducting medium is 
complex. 
In this case, the boundary condition (8.4) takes the form 


(Z x Bjererns ats (a x E, )e’*** sin Oy __ (% x E, )e*** sin Ot (8.77) 


For this to be true, we must have 


sin 6, = £ sin 6 


zx E,=zx (Ei, +E,). (8.78) 


We note that the first of these relations tells us the familiar result 
that the angle of reflection is the same as the angle of incidence while 
the third gives Snell’s law, namely 

in 8 k; 1 

ea, (8.79) 


sin 6 kt MN, 


where nz represents the index of refraction of the conducting medium 
and we have used k = © as well as (8.70). The important thing to note 
here is that, in this case, the index of refraction is complex signifying 
dissipation (absorption) of energy in the medium. Furthermore, for 
a good conductor (see (8.69)), 


ZA <1, (8.80) 
so that we expect 


To continue with the analysis, let us assume that the incident 
electric field is orthogonal to the plane of incidence, namely, it has a 
component only along the y-axis. It follows, then from the boundary 
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conditions, that all the electric fields will have the same polarization, 
namely, 


Binc(x, w) = Ey y ef sin 8+2 088) | 


EByea (x, w) =E.y eik(x sin 0—z post). 


Birans(X, w) = Ey 9 eb @ sin fete 0086) (8.82) 


Furthermore, we can obtain the components of the magnetic fields as 


1 « 
Binc(X, w) —s a kj x Binc 


= (—x cos @ + zsin 0) E. emer i recos 


ders 
Broa (x, w) = Z k, x Exe 
= (x cos 8 + zsin 0) E: Eph eelnid seca) 


iv 
Btrans(X, w) = F, kt x Etrans 
t 


1 ‘ 
=e (—X cos 0, + Zsin O,) Ey ete sin P+2 0088) (8.83) 
t 


Here we have used Z = 1 in vacuum. Matching the tangential com- 
ponents of the electric and the magnetic fields across the boundary 
(see (8.7) with  & 1 for non-magnetic materials), we obtain (the z 
component for the magnetic fields does not lead to any new condition 
because of (8.79)) 


E; + Ey = Ex, 


1 
(E, — E,) cos 0 = 7 cos 6. (8.84) 
t 


These can be solved to obtain the coefficients of reflection and refrac- 
tion in a straightforward manner from 


E, | Z,cos@ — cos 7 Z,cos@ — 1 
E, Z,cos@+cosh  Zcosd+1’ 


EX 2Z; cos @ ee 2Z;, cos 6 


SS Ss 8.85 
Ei “Z,cos@+cosh %Z%cos@+1 ( ) 


The other case, where the incident electric field is parallel to the 
plane of incidence can also be done in a straightforward manner and 
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we only quote the results here. In this case, we have 


Einc(x,w) = (Xcos 0 — %sin @) E, (sin +2 0088) 


Even (xX, w) = —(Xcos 6 + Zsin 0) E, ete sin 8-080) 


Eirans(X, W) = (X cos 6, — zsin A) Ey etke(# sin O,-+2 cos Os) (8.86) 


The magnetic fields are obtained from this to have the forms 


Binc(X,w) = ¥ By eiblesind+=00s0), 


ik(a sin 8@—z cos 0) 


Brea(x, w) =yE,e ) 


Berans(X,w) =y > cikt (x sin +z cos Or) (8.87) 

t 
Furthermore, the boundary conditions on the tangential components 
of the electric and the magnetic fields give (4 © 1 for non-magnetic 


materials) 
(E; — E,) cos 6 = Ex. cos 6, 


1 
E+ B=> By, (8.88) 
t 


and the coefficients of reflection and transmission can be obtained 
easily from 


Ey  cosé— Z cosh 23 cos 0 — Z;, 


EE, cos0+Z,cos@  cos0+ Z%’ 


Ey 2Z; cos 6 _ 24,,cos 6 (8.89) 
EE, cos0+Z,cos@  cosd+%. 


We note that, in a good conductor, 6 ~ 0 independent of the 
value of the incident angle. Furthermore, the coefficients of reflection 
reduce to those for reflection from a perfect conductor with Z — 0. 


8.5 Radiation pressure 


As we have studied earlier, electromagnetic fields carry energy and 
momentum. As a result, when electromagnetic waves are incident 
on a surface, they can exert a force or pressure on the surface. This 
is known as radiation pressure (in analogy with statistical mechan- 
ics of gases). The examples we have studied in this chapter clearly 
demonstrate this and bring out the origin behind this (which was 
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also discussed earlier along general lines when we studied the Poynt- 
ing vector). Let us recall that the momentum density associated with 
electromagnetic fields is related to the Poynting vector as (see (6.92)) 


p= ReS. (8.90) 
Cc 


For harmonic fields, therefore, we can define a time averaged momen- 
tum density as 
EC 


€ 
Ss E x H*):=—— E x B*). 8.91 
p= % = Re (Ex H’) = — Re (Ex BY) (8.91) 


The total momentum exerted by the EM waves on a surface of area 


O99 


a” in a time interval At, therefore, follows to be 


ea(cAt) 
8 


Ap = p a(cAt) = ee 


Re (E x B*). (8.92) 


This leads to a pressure exerted by an electromagnetic wave on a 
surface of the form 


Re (E x B*). (8.93) 


Let us now analyze all of this in the case of an electromagnetic 
wave (in vacuum) at normal incidence on a perfectly conducting sur- 
face at z = 0 that we have already studied. We have seen that, in 
this case, the incident electric and the magnetic fields have the forms 
(see (8.11) and (8.17)) 


Binc(x, w) = E© e**, 
Biel ey) = (2 x B°) en. (8.94) 


It follows, therefore, from (8.93) that such a wave will exert a pressure 
on the surface at z = 0 of the form (in vacuum ¢ = 1) 


1 
Sa aed 0) 6 (a x (EO)* 
P = Re (E x (& x (E )*)) 


sage [EO |, (8.95) 


This shows that the incident wave exerts a pressure on the surface 
along the z-axis. Furthermore, if we have a perfectly conducting 
surface, the incident wave is totally reflected doubling the pressure 
so that, for a perfectly conducting surface, we have 


a 
Protal = 2P = % EO |. (8.96) 
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On the other hand, we note that, for a perfectly absorbing surface 
such as a blackbody, the pressure will be given by (8.95). 

The mechanism leading to the radiation pressure can also be 
easily understood from this simple example. We have already seen 
that, in this case, there will be induced surface currents. However, the 
surface current is uniform so that there is no induced charge density. 
As a result, when an electromagnetic wave is incident on the surface, 
the surface current will experience a force (Lorentz force) leading to 
a time averaged force per unit area as 


1 
— = — Re (J, x B*). (8.97) 
4c 


Several comments are in order here. First, the factor of + arises as 
follows. The time averaging leads to $ whereas the other $ comes 
from averaging the current both above and below the surface. (An- 
other way to look at it is to note that the surface current is obtained 
from the jump in the magnetic field which, in the present case, is 
twice that associated with the incident magnetic field (see (8.18)).) 
Second, normally the Lorentz force, given in terms of a current den- 
sity, gives rise to a force density. However, since we have a surface 
current (that is already integrated over a unit line), the Lorentz force 
leads to a force per unit area or pressure. Recalling the definitions of 


B and J, in Eqs. (8.17) and (8.23) respectively, we obtain 


P= x = Re (Bo x (2 * (e®)’)) 


1 
=a BO |? (8.98) 


It follows now that, for a perfect conductor, the total pressure on the 
surface due to the incident and the reflected waves is 


, Ll 
Protal = 2P =% a [EO /?, (8.99) 


which coincides identically with (8.96). 

Thus, we see explicitly the origin of the radiation pressure, 
namely, the electromagnetic waves exert a force on the charged par- 
ticles on the surface which generates a pressure. 


8.6 Selected problems 


1. Determine the reflection coefficient at normal incidence for sea 
water, fresh water and “good” earth at frequencies 60 Hz, 1 
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MHz and 1 GHz. Use € = 80,0 = 3.6 x 10° /sec for sea water, 
€ = 80,0 = 4.5 x 10"/sec for fresh water and « = 15,0 = 
9 x 10’/sec for “good” earth. 


2. Show that two dimensional fields that are independent of z can 
be written as superpositions of the following fields (in vacuum) 


i) E= (0,0, £,), B= (Ag ys), 


with 
EB, | OF, 
aoa . 2 ’ Hy = ae 2 ’ 
k Oy k Ox 
OB. Orr. 
= -4k7E, =0 
Ox? ee Oy? us : 
and 
it) E= (Ey BO) H = (0,0, H.), 
with 
i OH, it OH, 
1 alam prea 1 a eae ia 
k Oy k Ox 
O° Hy, O° H, 
- <4 h?H, = 
Ox? Oy? vi 


3. Show that, when a uniform plane wave is incident normally on 
a good conductor, the linear current density, J,, is essentially 
independent of the conductivity o. 
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CHAPTER 9 


Radiation 


So far, we have studied some of the properties of the electromagnetic 
waves in various media without worrying about how they are pro- 
duced. The sources of electromagnetic waves are, of course, charges 
and currents. Let us now study, in some detail, the properties of 
electromagnetic fields produced by a localized distribution of (time 
dependent) charges and currents. Let us assume that we have a given 
distribution of charges and currents in a localized volume V. We have 
already seen (see (6.187) and (6.188)) that the retarded solutions of 
Maxwell’s equations in the Lorentz gauge are given by (in vacuum) 


/ t! 
A, (x, t) x [aia ult) 


[x — 0] fpr bx! 
J,,(x!,t)5 G ae ee A) 
1 3 pel ’ Cc 


In fact, let us note that since in the Lorentz gauge 


1 0® 
At =-—+4+V-A=0 9.2 
On as 2) 


the scalar potential is related to the vector potential and it is sufficient 
for us to study only the (three dimensional) vector potential. From 
(9.1) we have 


i I(x’, t')6 (v Ht aa 
A(x,t) =  f aca’ (9.3) 
Cc 


Ix — x" 


The space integral here is over the volume V which contains (charges) 
currents and if we are interested in the fields at points which are far 
away from the volume containing the (charges) currents, we can make 
an expansion much like in the static case. This would give rise to the 
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multipole expansion of the vector potential. In general, in the time 
dependent case this expansion has to be carried out more carefully 
than in the static case and would contain both electric as well as 
magnetic multipoles which we will study later. In what follows in 
this section, we will describe such an expansion for systems with a 
simple time dependence. 

Let us consider the case where the current has a simple harmonic 
time dependence of the form (remember that the current is real and 
corresponds to either the real or the imaginary part of this expression) 


J(x,t) = Ixje™™*. (9.4) 
It follows from the continuity equation 


Op 
Ot 


that the charge density must also have exactly the same harmonic 
time dependence, namely, 


(x,t) = p(x) e™". (9.5) 


In such a case, the solution for the vector potential becomes 


I(x’je*'5 t¢—t+ yee] 
1 c 


Ix — x’ 


+V-J=0, 


A(x, t) 


(Ee x Al 


e 7 iwt 
= — | Ba! I(x) + oxy” (9.6) 


Therefore, the (three) vector potential also has a harmonic time de- 
pendence and separating out the time dependence of the vector po- 
tential, 


Ate) AGe™, (9.7) 


we have 


oe x! | 


=o f ae’ Iee) 7 =i (9.8) 


It is clear that all the variables (®, A) and (E, B) will have the same 
harmonic time dependence which can be factored out. The space 
dependent magnetic field can, of course, be determined from (9.8) as 


B(x) = V x A(x), (9.9) 
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while the electric field in the region outside the volume containing 
charges and currents (in vacuum) can be obtained from the last equa- 
tion of Maxwell in (7.1) as 


E(x) = = Vv x B(x) = 4 V x B(x). (9.10) 


So far, we have made no approximations. But, we recognize that 
there are now two length scales in the problem (as opposed to the 
static case, where there was only one length scale), namely, the size 
d associated with the volume V which contains charges and currents 
and the wavelength of oscillations \ = a = Pre (We are assuming 
that we are in vacuum.) As a result, there are more possibilities in 
the expansions that we can make. First, let us assume that we are 
very far away from the sources, namely, |x| >> d (as also in the static 
case). In such a case, we can expand |x — x’| as 


Ix — x’] = (r2 +r? — arr’ cos 6')2 


1 
( 2r’ cos 6’ =) 2 
O | be 
. 


r 


1 
=r—r'cos 6! + O(-). (9.11) 


Substituting this into the expression for the vector potential in (9.8), 
we have 


A(x) 


os 


1 fatty Hx elkl(r— r’ cos 6’) 


(r —r' cos 0) 
ikr —ikr’ cos 0’ 
= il we . (9.12) 
cr Pe cos 


Here, we have identified |k| = k. 

Let us next assume that d << X. This is, in fact, an excellent 
approximation. For, suppose vy = + = 60 cycles/sec, then, AX = £ = 
5 x 10° cm which is large compared to laboratory sizes. In this case, 
it follows that for most localized sources we have 


kd <<, (9.13) 


which allows us to make a Taylor expansion of the quantity in the 
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parenthesis in (9.12) as 


eo tke’ cos 6’ A 
——, ] = 1+ (-ik)(1+ —)r’ cos 6’ 


1 r! font kr 
(—ik)? i 2 ; , 
nh 5) ( i Terje)" cos 0")* + 
= $2 Xn(r, k)(r’ cos 6’)”, (9.14) 
n=0 


where the general form of X,y is easily seen to be 


-. (Aik) al) al?) as”) 
AGT be) = 7 1+ ker + (er? fee terye }? (9.15) 


and al”)’s (m <n) are numerical constants. Since X,,(r,k) is inde- 


pendent of the variables of integration, it can be taken outside the 
integral in (9.12) leading to an expansion of the vector potential of 
the form 


: oe) 
etkr 


A(x) = — > Xnlr,b) ( / oe IGANG coe a") (9.16) 


cr 
n=0 


There are now two possibilities. Namely, we can either have 
r<< (kr << 1), orr >>. (kr >> 1). The two regions are known 
respectively as the near (static) zone and the far (radiation) zone. In 
the two cases, the quantities X,, and, therefore, A behave differently. 
(In addition, there is also the intermediate zone where kr ~ 1 which 
we will not consider.) Thus, for example, in the near zone, kr < 1 
and we have from (9.15) 


_ap\n (2) ~(n) 
Xr(r, k) x \ ue, = aE, (9.17) 


which is independent of k. Substituting this into (9.16), we see that, 
in such a case, the vector potential takes the form 


(n) 
An n 
A(x) = y a [eo' Ie’) (r’ cos 6’)". (9.18) 
0 


In other words, in the near zone, the vector potential oscillates har- 
monically with time. Otherwise, it has a purely static character (no 
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propagation). (Here we have used the fact that in the near zone, 
ek" =~ 1.) We note that, since r’ < r, the dominant term in (9.18) is 
the zeroth order term leading to 


cr 


A(x) = Ea J e2' 300). (9.19) 


Here, we have used the fact that a = 1 (see (9.15)). 
In contrast, in the far zone (kr >> 1), we see from Eq. (9.15) 
that we have 


ik)” 


Xn(r,k) & ( 


— (9.20) 
so that the vector potential in (9.16) takes the form 
ene = (—ik)”" 3,,/ 1\(,/ \n 
AG) = ee feats cos 6") 
ik oy “Tanal ! 
eu (—ikr’ cos 6’)” 
= d3x! I(x! a 
cr / PA) » n! 
= eve [2'Iee) ew ikr’ cos 6’ (9 21) 
cr : 


We note that, since kd < 1 (see Eq. (9.19)), the dominant term in 
(9.21) leads to 


A(x) = au / Br! I(x’). (9.22) 


We see that in the far zone, the vector potential is represented 
by a spherically outgoing wave. This is because the phase of the 
complete vector potential is given by (wt — kr). As we have learnt 
earlier, wave fronts are described by surfaces of constant phase. Thus, 
at any given time, the surfaces of constant phase are given by 


wt — kr = constant 


or, kr = constant, (9.23) 


which are spherical surfaces of radius r. This is like the plane wave 
solutions of radiation that we studied earlier, but the waves, in the 
present case, are spherically outgoing. The other thing to note is 
that, in the far zone, the higher order terms in the expansion (of the 
exponential) fall off rapidly, simply because kd << 1. Consequently, 
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in the study of radiation, only the first term in the series contributes 
significantly. We can calculate the electric and the magnetic fields 
from the potentials (see (9.9), (9.10)). However, we will not go into 
it now except for the observation that, asymptotically, the electric 
and the magnetic fields fall off as 4 which is precisely the behavior of 
radiation fields. 


9.1 Electric dipole radiation 


In this and in the following sections, we will study the properties of 
the electric and the magnetic fields produced by some simple charge 
and current distributions. Let us consider a system consisting of two 
equal, but opposite charges whose magnitudes oscillate with time. 
The charges are separated by an infinitesimal distance along the z- 
axis as shown in Fig. 9.1. This can be thought of as an element of 
an alternating current circuit (as in the second diagram in Fig. 9.1) 
and is often called a Hertzian dipole. 


salle 


Figure 9.1: A Hertzian dipole element. 


Let us further assume that the size of the dipole, d, is very small 
and that the time dependence of the charge is harmonic as before. 
Namely, 


a(t) = goe™*. (9.24) 
This shows that 
dq(t 
I(t) = a) = —iwgoe* = Ine. (9.25) 


Therefore, such a system can be thought of as an alternating 
current element. Furthermore, both the charge and the current have 
a simple harmonic dependence on time so that the earlier analysis 
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can be directly applied. In such a case, the expansion of the vector 
potential, with the assumption that r >> d can be approximated by 
the leading term, which is the first term in the expansion. As we 
have seen in Eqs. (9.19) and (9.22), irrespective of whether we are in 
the near zone or in the far zone, the vector potential has the leading 
form (in the near zone e’*" ~ 1) 
eikr 
A(x) = — / dPz’ I(x’). (9.26) 


cr 


Next, let us use the vector identities (J; = —x;(0;J;) + 0;(aiJ;)) 
feo! Ie) = - [ es! x’ (V'- J(x’)) + | (ds’ - I(x’))x’ 


= —iw [ aa! x’ p(x’) 
= —iwp, (9.27) 


where we have used the fact that the currents are contained within 
the volume and, consequently, n- J = 0 on the surface. Furthermore, 
we have used the continuity equation 


S+V-J=0, (9.28) 


as well as the definition of the electric dipole moment p for an arbi- 
trary charge distribution (see (2.49)) 


p= [ xxp00), (9.29) 


in the above derivation. We note that by construction, the electric 
dipole moment of our system is along the z-axis. 
Substituting (9.27) into (9.26), we see that in such a case, we 
can write (k = ©) 
ikr ikr 


oe (—iwp) = —ikp — 


A(x) = (9.30) 


This allows us to calculate the magnetic field directly as 


= k2(# x p) (1 - =) aie (9.31) 
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On the other hand, the electric field can be calculated from the Am- 
pere’s law, namely, (since we are interested in points far away from 
the sources, J = 0, see also (9.10)) 


1 OE 
B= —-—_— 32 
Vv x A oR? (9.32) 


which gives 


= —}? c x (# x p)) (1 + = - oo! (9.33) 


" Fr ra 7 i 1 eikr 

—(0 x (0 x x x — ——, }]| — 

(Ox 6xp)+4x(dxp)(L-e)] 

where we have used the fact that the unit vectors in spherical coor- 
dinates are not fixed. In fact, while ge = 0, oF = 0 and or = psing. 
Furthermore, recalling that p is along the z-axis, we can simplify this 
and write (recall that, in spherical coordinates, z = f cos 9 — 8 sin A) 


+ (38(f - p) — p) (- = a) | aa (9.34) 


r 


It is clear from (9.31) that the magnetic field is always transverse 
to the radial vector, namely, 


?#-B=0. (9.35) 


However, it follows from (9.34) that the electric field is not transverse 
to the radial vector in general. We note that the magnetic field 
in (9.31) has two terms — one behaving as 4+ which dominates for 
large r, while the second depends on the radial coordinate as + and, 
therefore, contributes significantly for small r. The second is known 
as the static (or induction) term while the first is called the radiation 
term for reasons that will become clear shortly. Similarly, we see from 
(9.34) that the electric field has three terms out of which the a term 
gives the most contribution for small r (and is called the static field) 
while the 4 term dominates at large distances and is known as the 


r 


radiation field. 
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We note that in the near zone, kr << 1 and we can write the 
electric and the magnetic fields as (e’*” = 1) 


B(x) = SEXP) 
E(x) = ea (9.36) 


This shows that in the near zone, the magnetic field is what would be 
obtained from the Biot-Savart law for a current element (except for 
the trivial time dependence that has been factored out). Similarly, 
in this region, the electric field is that of a static dipole (except for 
the trivial harmonic time dependence which we have factored out). 
Furthermore, since in this region kr << 1, the electric field dominates 
over the magnetic field. In the far (radiation) zone, on the other hand, 
we note that kr >> 1 and we can approximate the electric and the 
magnetic fields in (9.31) and (9.34) as 


etkr 
B(x) = k°(# x p) = 
akr 
E(x) = —k2(# x (# x p)) — = -~# x B(x). (9.37) 


The last relation in (9.37) can also be written as 
B(x) =# x E(x), (9.38) 


which is the relation for traveling EM waves that we have seen earlier, 
for example, in (6.30). From (9.37) we see that both the E and the B 
fields fall off as 4 and are transverse to the direction of propagation 
(as well as to each other) as is expected of radiation fields. We see 
that the radiation terms are new compared to the behavior of static 
distributions. We note that, in the static limit (w = 0 or k = 0), 
the magnetic field identically vanishes everywhere. Furthermore, the 
radiation component of the electric field also vanishes in this limit. 
Thus, we see that radiation is an essential feature associated with 
time varying charges and currents. 

Incidentally, although we have discussed a very simple system, it 
is behind many physical systems such as antennas. In this discussion, 
we have only retained the lowest order term which, as we see, leads to 
an electric dipole description (in the static zone). The higher order 
terms in the expansion, similarly, can be shown to give rise to the 
description of a magnetic dipole, electric quadrupole etc. 
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9.1.1 Power radiated by an electric dipole. As we have seen earlier, the 
energy flow per unit time per unit area or the power flow through a 
unit area is related to the real part of the Poynting vector, which in 
the vacuum takes the form (this is the time averaged value defined 
in (6.96)), 


S = — Re (Ex B*). (9.39) 
87 


If we consider a large sphere of radius R, then, it is clear that the 
total time averaged power radiated through the surface of this sphere 
is given by 


Protal = [eae : S, (9.40) 


where da represents a surface element on the sphere of radius R. 


da 


> 


Figure 9.2: The solid angle subtended by an infinitesimal surface area 
on a sphere at the center. 


Since the solid angle subtended by this infinitesimal area element 
is given by (see Fig. 9.2) 


_ da 
saat 
it follows that the average power radiated through unit solid angle 


has the form 
dP = 


aa R°#-S. (9.42) 


If we take the radius of the sphere to infinity, then it is clear from 


(9.42) that only the field components that decrease as + can con- 


tribute to the power radiated out to infinity. It is for this reason that 


da (9.41) 
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these components of the fields are known as the radiation fields. They 
lead to a radiation of power to infinity (which cannot come back to 
the system). 

If we look at the forms of the radiation components of the elec- 
tric and the magnetic fields in Eq. (9.37) and recall that the dipole 
moment is along the z-axis (by assumption) with z = f cos 6 — 6 sin 0, 
it follows that in the limit R > «, 

GE S56 


a0 Be k*|p/? sin? 6. (9.43) 


This shows that the radiated power is highly directional (not uniform, 
but depends on @), peaking at 6 = 5. This also leads to a total 
integrated average radiated power of the form 


P 
Protal = foes = = Ip? f ao sin? 6 


Cc 87 
= — k*Ip/? — = 
a Ip| 3 


ck4|p|? 


; (9.44) 


Using k = © and the fact that for this simple system we can think of 
(see also (9.24), (9.25)) 
|Zo|? a? 
\p|? = |qol?d" = ape (9.45) 
we can also write the (time averaged) total power radiated to infinity, 
(9.44), as 


P wd? 
total = 
Ota. 33 


Qwd? _. 


|Zo|? == =a rms* 


(9.46) 
Here, Jp represents the peak current while I,m, denotes the effective 
current (root mean square). This suggests that we can associate a 
radiation resistance with the dipole from the standard definitions as 


Qwd? 


Rrad = 48° 


(9.47) 


9.2 Magnetic dipole radiation 


Just as we studied the electric and the magnetic fields produced by a 
short alternating current element (or an electric dipole), we can also 
do the same for a small alternating current loop. In this case, the 
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Figure 9.3: An alternating current loop of radius a in the x—y plane. 


system would behave like a magnetic dipole. Let us consider a small 


or) 


alternating current loop of radius “a” in the horizontal (x — y) plane 
as shown in Fig. 9.3. 

We will assume, as before, that the current has a harmonic time 
dependence, 


I(t) =Ibe™, 
J(x,t) = I(x)e"™! =  Ind(p — a)6(z)e~™, (9.48) 


where p denotes the radial coordinate in the x — y plane. Just as 
in the case of steady currents a closed current loop gives rise to a 
magnetic dipole moment, here, too, we can show that such a current 
loop would have a magnetic dipole moment with a harmonic time 
dependence associated with it, 


m(t) = my e = & Inna? e™. (9.49) 


Since the current has a harmonic time dependence, we can apply 
our general analysis and obtain from (9.6) that 


1 ik|x—x’ | 
Ay) = 2 f x! Ie’) — 
(9.50) 


Let us note that if we write 


r(xsin@cos¢+ysin@sin ¢ + Zcos 8) , 
/ 


x 
= p' (Xcos¢’ + sing’) , (9.51) 
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then, it follows that (note that 2’ = 0 or equivalently 6’ = 5 because 
of the delta function constraint) 


|x — x’| = (r? +p — 2rp' sin 6 cos(¢ — ¢))3 
~r—p' sinOcos(¢ — ¢’). Om) 


Here, we have assumed that the size of the current loop is extremely 
small compared with the distance of the point of observation (r > p’) 
which allows us to keep only the lowest order terms in the expansion. 

Furthermore, let us assume that we are interested only in the 
far field approximation (namely, in the radiation zone). In that case, 
r is very large (kr >> 1) and we can approximate the denominator 
by the lowest order term. However, we have to be careful with the 
exponent. Let us also note that we can write ’ = —xsin d’+ycos ¢’. 
With these, the expression (9.50) for large values of r takes the form 
(and we assume that a is very small, ka < 1) 


20 
A(x) s Ipae**" [oo (—% an o! + ¥ cos ') ec tkasin 6 cos(o—$") 
cr 4 
Igae**r ¢ 
~ — [eo (—xsin d’ + ycos ¢’) 
0 


x (1 — ikasin 6 cos(¢ — ?')) 


: Dues tkr 
a ee fae [-x (sin ¢ + sin(2¢’ — o)) 


2cr 
0 


+y (cos $+ cos(2¢" — ¢))| 


el, Dies 0 ikr 7 , 
Be endl i oa il — 7 (—xsin ¢ + y cos ¢) 
; ikIgma* sin be" > ik|mo| sin Oe**" 


cr cr 


(9.53) 


Here we have used standard trigonometric identities 
1 
sin AB = — (sin(A+ B)+sin(A— B)), 


cos AB = = (cos(A + B) + cos(A — B)). 


Nle we 
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We note that the form of (9.53) is, in fact, quite similar to the case 
of the electric dipole radiator studied earlier, with the electric dipole 
moment replaced by the magnetic dipole moment (along with various 
constants needed for dimensional reasons). 

We note that, unlike the electric dipole case, here the vector 
potential in the radiation zone is transverse to the direction of prop- 
agation, namely, 


#- A(x) =0. (9.54) 


The magnetic field can now be calculated easily 


B(x) =VxA 
nm eae Dee ikr 1 
_ 6 Komatsindel™ (=) . (9.55) 
cr r 
Similarly, the electric field takes the form 
E(x) => V xB 
ue k2 I, 2 et 0 ikr 1 
a one te ng (=) (9.56) 
cr r 


This allows us to calculate the (time averaged) power radiated per 
unit solid angle in a given direction through the surface of a large 
sphere to be (see (9.42)) 


a 25 
ve) Rt-S 
Br sD 4 2 
= (kiIgnaty’ — ) sin? 6 = R'lmol" to sin? 6. (9.57) 
TC TC 


We see that the angular dependence of the radiated power, in this 
case, is the same as that in the case of the electric dipole radiation 
in (9.43). The total power radiated through the surface of a large 
sphere, averaged over a cycle, is then obtained to be 


1? k*a4 In? k*a4 
Protal = oo i = Tie | Lee, (9.58) 


so that we can identify the radiation resistance associated with this 
system to be 
Qn? k* a4 


Rq=——_— 9.59 
a 3c ( ) 
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9.3 Center-fed antennas 


The previous analysis has direct application in short center-fed an- 
tennas. Antennas are open wire systems connected to an alternating 
current source — a transmitter. The center-fed antenna, for example, 
can be a parallel transmission line with open wires or wires bent at 
right angles. Such an antenna of length d (measured from one end to 
the other even though it is center-fed), is known as a dipole antenna. 
On the other hand, if one of the transmission lines is grounded (or 
we have only one wire above a perfectly conducting plane), it also 
acts like a dipole antenna together with the image inside the earth 
and such a set up is known as a monopole antenna (see Fig. 9.4). 
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Figure 9.4: A dipole antenna (on the left) and a monopole antenna 
(on the right). 


In the earlier analysis of the alternating current element, we 
assumed that the current is constant in the entire length of the wire, 
which is valid only because we assumed the dipole to have a very 
small length. In a realistic antenna, however, the current will be 
different at different points along the length of the wire, as is known 
from the study of transmission lines. Let us first consider a very 
short dipole antenna of length d. We assume a harmonic variation 
of the current with time as before. Since it is center-fed, it is quite 
reasonable to assume that the current has a maximum at the center 
and decreases linearly to zero at both ends. (From symmetry, we see 
that the current pattern will be the same in both the halves of the 
antenna.) Namely, let us assume that 


2 . d 
I(z,t) = Io (1 =~ 3) ge, ~9 < z < (9.60) 
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With this, we can repeat the calculation of the earlier sections. There 
is a simpler method for obtaining the relevant results by noting that 
the average current in the antenna, in this case, follows to be 


I 
lave = a (9.61) 


where we are assuming that Jp represents the peak current at the 
center of the antenna. 

With this, we can now extend our previous analysis simply by 
letting Ig > fo or Irms 4 fe Thus, for example, for the center-fed 
short dipole antenna we obtain (see (9.46)), 


wd? 
Protal = a 


(9.62) 
Correspondingly, the radiation resistance of the center-fed dipole an- 
tenna is smaller by a factor of 4, 


wd? 


Rrad = Keo! 


(9.63) 


On the other hand, for a short center-fed monopole antenna, 
since only one half of the antenna really radiates, we have 


272 272 
wd wd 
Petal = 9 x We 2 = 123 a (9.64) 
and correspondingly, the radiation resistance 
292 
wd 
Rraa = 138” (9.65) 


is even smaller. 

These theoretical predictions work quite well and can be checked 
experimentally to hold for short antennas satisfying d < where 
denotes the wavelength of the signal. In fact, they hold up to 
d< 4. However, in transmitting radio waves (for radio waves v = 
300Hz — 3000GHz, A = 100Km— 1mm), where antennas are primarily 
used, it is found that the transmission is better if the dimensions of 
the antenna were of the order of the wave length, d ~ X (see Fig. 9.5). 
Of course, these are no longer short antennas and the analysis has 
to be carried out more carefully. The difficulty really lies in knowing 
the distribution of the current along the length of the antenna. If 
this distribution is known, the calculation of the fields can be carried 
out in principle. Following studies of the transmission lines where 
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Figure 9.5: A center-fed antenna of length d ~ 4. 


it is known that the current varies sinusoidally with distance, let us 
assume that the current has the form 


I(z,t) = Ipsink (5 = ) ere, — (9.66) 


Namely, we are assuming the antenna to lie along the z-axis and the 
current to be sinusoidally varying with z such that the maximum is 
at the center and the ends have vanishing current. This translates to 
a current density of the form 


J(x,t) = I(x) e~™* = 26(x)d(y)I(z,t), (9.67) 
where we identify 
z ; d d 
J(x) = 20(x) 0(y) Ip sink a lz|}, |z| < 5: (9.68) 
Since this involves a current distribution that is harmonic in 


time, we can apply our previous analysis and obtain from (9.8) and 
(9.68) 


P if pe d , eik|x—2'al 
=Z2 ae i dz sink (5 = |z | jx— 2a) (9.69) 
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We note that we are interested in the radiation fields for which r > d. 
In such a case, we can approximate the denominator in (9.69) by 


1 1 
nee (9.70) 


Ix— 2/2) or 
We have to be more careful with the exponent where we write 
|x — 2'@| = (r? + 2” — 2rz' cos 6)3 ~r—z'cosé. (9.71) 


Furthermore, let us simplify our calculation by assuming that 
d= 4 (kd = 7), in which case, we have 


. d n\) oe (F n\ _ no ! 
sin k; (5 —|z ) = sin (4 k\z ) =cosk|z’|=coskz’. (9.72) 


Using these in (9.69), we obtain for large r (the other term sin(kz’ cos 6) 
coming from the exponential vanishes by anti-symmetry in 2’) 


A(x) © gue 


jue cos kz’ cos(kz’ cos @) 


d 


2 
ae. cos kz'(1 — cos 0) + cos kz'(1 + cos @)) 


= sin kz'(1 — cos @) 2 sin kz'(1 + cos 0) 2 
~ k(.—cos0) ~ k(1+cos@) Jo 


1 T 
ckr —| 5+ al cos (5 cos 4) 


2Ipe**" cos (5 cos ) 


ae sin? 0 (9.73) 


Exercise. Show that, for an antenna of arbitrary length d, the vector potential has 
the large distance behavior given by 


eee QIoe'*" cos 44 — cos (44 cos 4) 
eS ckr sin? 6 


Recalling that z = f cos 6—6 sin 9, we can now calculate the magnetic 
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field for large r from (9.73) to be 
B(x) = V x A(x) 
—I({r oO + 6 oO + d oO 
- Or r 00 rsind 0¢ 


2Iye**" cos (5 cos ) 


x (#cos 0 — @ sin 0) 


ckr sin? 0 
x Mtge cos 6 1 
_ 4 diloe Sa (3 cos ) ae (0.74) 
cr sin 8 r2 


This shows that, at large distances, the dominant term in the mag- 
netic field is the radiation term and is along the @ direction. The 
electric field can also be calculated similarly and for large distances 
has the form 


=--f 


i : re 2iIpe’*” cos (5 cos 0) 10 ( 1 ) 


k - Or cr sin @ r2 
ath QiToe**" cos (& cos 6) ly (3) | (9.75) 
cr sin@ r 


Thus, we see that at large distances, the dominant terms in the 
electric and the magnetic fields are the radiation terms. They are 
transverse to the direction of propagation f (since as we recall, at 
large distances the wave is a spherical wave) as well as to each other 
which is characteristic of radiation fields. We can now calculate the 
average power radiated by such a dipole per unit solid angle through 
the surface of a large sphere using (9.39) and (9.42), which leads to 


dP =. 94 G& 
FTe) = R Fs S 
Tg cos? (5 cos 0) 


= ——— 9.76 
27c sin? 6 ( ) 


Similarly, we can evaluate the total power radiated, averaged over a 
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cycle, to be 


pa Pe cos? (4 cos 0 
Protal = a [eo (3 ) 


sin 0 


-8 fag 1+ cos(m cos 8) (9.77) 
0 


sind 


Defining x = cos @, this leads to 


i? 1+cos7x 
Protal = me [uw __ 
Cc 1-2 
0 


1 


IZ i i 
=— /dz(l 
x | x ( + cos me) (7 + =) 


1 
PF it 
a2 i dy Lt cosme: (9.78) 
l+z2 


Making a further change of variables, t = 7(1 + x), we obtain 


I? 1—cost 
Protal = os pu ie 
0 


[? 
= aa (C + In 2a — Ci(2r)). (9.79) 
Here, C % 0.577 is the Euler constant and Ci(x) is known as the 
cosine integral defined as (see, for example, Gradshteyn and Ryzhik) 


-- JS acame fate (9.80) 


The values of Ci(x) are tabulated in various mathematical handbooks 
and using these one can show that the quantity in the parenthesis in 
(9.79) has the value 0.609. Therefore, we obtain 


0.609 0.609 
Protal = Qe i= oe TP x (9.81) 
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so that we can obtain the radiation resistance, associated with such 
an antenna, to be 


0.609 
Brad = ——: (9.82) 


For the monopole antenna, the average power radiated would be half 
of this value and correspondingly the radiation resistance will also 
decrease by a factor of 2 (since power is radiated only through half 
the antenna). 


9.3.1 Properties of antennas. Radio antennas are primarily used to 
transmit signal from a given transmitter along some directions sup- 
pressing transmission along others. From the results in (9.43) as well 
as (9.76), we see that, for a short dipole antenna 


P 
FTe) ~ sin? 0, 
whereas for a half wavelength antenna, 


dP 7 cos? (= COs ) 

dQ sin? 6 
Thus, we see that, in both the cases, the transmitted signal is the 
strongest along 6 = 5 or along the axis perpendicular to the antenna. 
The detailed patterns of the two antennas are, of course, different. 
Therefore, unlike a point sound source, which leads to uniform radia- 
tion along all directions, antennas have a strong directional property 
which can be used to focus the transmission along certain directions. 
This enhancement of the transmitted signal along certain directions 
is characterized by the antenna gain parameter which is defined as 


_ 4n dP 
_ Protal dQ” 


Gd (9.83) 
Namely, it measures the ratio of the power radiated per unit solid 
angle in a given direction to the average power radiated per unit 
solid angle. In units of decibels, this can be expressed as 


Ga = 10 log io Gd: (9.84) 


There are also other measures for the antenna gain, but we will not 
get into these details. Let us simply note here that, by a clever choice 
of an array of antennas, the antenna gain can be enhanced quite a 
bit. 
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9.4 Multipole expansion for electric and magnetic fields 


In electrostatics, we obtained a multipole expansion for the electric 
field by expressing the scalar potential in terms of spherical harmon- 
ics. However, in dealing with time dependent Maxwell’s equations, 
we are dealing with vector quantities and correspondingly, the mul- 
tipole expansion has to be carried out in terms of vector spherical 
harmonics. Such an expansion is quite useful in solving boundary 
value problems (including in the study of scattering and diffraction) 
as is also true in the static case. 
To begin with, let us consider a scalar wave equation of the form 
1? 
2p — a _ =0, (9.85) 
where, for simplicity, we are assuming wave propagation in vacuum. 
The conventional way one solves this equation is by Fourier trans- 
forming the solution in the time variable 


$ene / de tapes): (9.86) 


Substituting this into Eq. (9.85), we obtain 


(V? +k?) o(x,w) =0. (9.87) 
Here, we have defined, as before, k = © and this equation is known 
as the Helmholtz equation. For k = 0 (w = 0) or the static case, this 
reduces to the Laplace equation which we are quite familiar with. Let 
us emphasize that we are trying to solve here a general problem and 
are not assuming a harmonic dependence on time as we had done 
earlier for simple systems. 

The solution of the Helmholtz equation is obvious in Cartesian 
coordinates. However, our interest is to find solutions in spherical 
coordinates where the multipole expansion becomes manifest. To 
this end, drawing from our experience with spherically symmetric 
equations (say, from quantum mechanics), we write a factorized form 
for the solution w as 


W(x, w) = Re(r,w) Yem(9, ), (9.88) 


where Y;,, represent the spherical harmonics depending only on the 
angular coordinates while Ry is the radial function which depends 
on the radial coordinate as well as the energy. Substituting this 
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into (9.87), we find that the Helmholtz equation separates into two 
equations of the forms 


dé: 2d o &(€+1) 
laatiatk Tae | een 
(9.89) 
1 Oo 0 Ie 2 
— |—— — | sing— a | Yom = F(E +: 1)Y em. 
= oo (sin x) r sin? 0 5 4 Ped)eb 
Here, @ takes positive integer values including zero while, for a given 
£, we have m = —f,-¢+41,...,£ (as we know from the study of 


angular momentum in quantum mechanics). The angular functions 
Y¢m, the spherical harmonics, are eigenstates of Li? ‘and... 

The radial equation in (9.89) is the equation for the spherical 
Bessel functions and the two independent solutions can be written as 
the spherical Bessel functions and the spherical Neumann functions 
defined as 


fee) = (2)? Jey), 


Qa 2 


me(x) = (=) Nyy1 (2). (9.90) 


The spherical Bessel functions j¢(x) are regular at the origin while 
the spherical Neumann functions n(x) diverge. An alternative way to 
write the solutions is in terms of the spherical Hankel functions, which 
are defined as linear combinations of the spherical Bessel functions 
and the spherical Neumann functions, namely, 


nS (x) = je(ax) + ine(2), 


ni (a) = je(@) — ine(e). (9.91) 
From the fact that the spherical Bessel functions (as well as the spher- 
ical Neumann functions) are real, it follows that the two spherical 
Hankel functions are complex conjugates of each other. We note that 
either of the sets in (9.90) or (9.91) can be thought of as an inde- 
pendent set of solutions for the spherical Bessel equation in (9.89). 
Thus, we can write the most general radial solution of the form 


Ro(r) =a nM (kr) + aA (kr), (9.92) 


where a‘) are coordinate independent constants. The full solution 
for the Helmholtz equation can now be written in the form 


v(x,w) = > (af? ny? (er) es af hy” (kr)) Yom(0,¢). (9.93) 


Lym 
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There are several things to note here. First, the spherical har- 
monics are normalized so that 


/ sin 040 dd Yi,(8, 6)¥ormn' (0, #) = S0e-Siam- (9.94) 


The spherical harmonics reduce to the Legendre polynomials when 
m = 0 and that they are eigenfunctions of the angular momentum 
operator. Namely, let us define (recall the definition from quantum 
mechanics) 


,9 6 9 


As is clear, this is the rotation operator (changes only the angles) 
and it is straightforward to check that 


1 O 0 L 30? 
Pe ae 
a 00 (sino5) 7 sin? 0 | ; 0) 


from which it follows that (see Eq. (9.89)) 
L?¥pm(0, 6) = (6 + 1)¥em(9, 4). (9.97) 


We note that by construction the angular momentum operator is 
transverse to the radial direction, namely, (as is obvious from (9.95)) 


#-L=0. (9.98) 


Similarly, it satisfies commutation relations analogous to the angular 
momentum operators in quantum mechanics so that we have 


LxL=iL. (9.99) 
As a result, we also have 
r-(L x L) =0. (9.100) 


With these basics, we are now ready to discuss the multipole 
expansion for the electric and the magnetic fields. Let us consider 
an arbitrary distribution of localized charges and currents. Outside 
the region containing the sources, the Maxwell’s equations take the 
forms (in vacuum, for simplicity) 


V-E=0, V-B=0, 


— _1 0B _ 1 0E 
VxE=-138, VxB=12. 


(9.101) 
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Fourier transforming the time variable as before, we obtain 
V -E=0, V -B=0, 


(9.102) 
V x E=ikB, V x B=-ikE, 


Ww 


where k = ©. Here, both the electric and the magnetic fields have 
a nontrivial dependence on frequency (because we are allowing for 
an arbitrary time dependence other than the simple harmonic depen- 
dence) that is understood. 

The Maxwell’s equations (9.102) can be written in a simpler 
form eliminating either the electric or the magnetic field. For exam- 
ple, if we eliminate the electric field from (9.102), we can write 


V-B=0, 
(V* +k?) B=0, 
B=;VxB. (9.103) 


Here, we treat B as the independent field. Alternatively, if we elimi- 
nate the magnetic field from (9.102), then we obtain 


V-E=0, 
(V? +k*)E=0, 
B=-7VxE, (9.104) 


where E represents the independent field. 

Both the sets of equations in (9.103) or (9.104) are equivalent 
and also equivalent to the Maxwell’s equations in (9.102) and we 
note that the independent field in (9.103) or (9.104) can be solved 
by solving a Helmholtz equation. However, in the present case, the 
dynamical variable (the electric or the magnetic field) is a vector, 
as opposed to the earlier case where y~ was a scalar function. Cor- 
respondingly, the solutions can be expressed as before in terms of 
spherical Hankel functions and spherical harmonics, but with vector 
coefficients. Thus, for example, the solutions for B in (9.103) can be 
written as 


B(x) = > (af? Ap? (hr) + a hy’ (kr)) Yem(9,4), (9.105) 


Lym 


i ; 
where al ) now represent arbitrary vector coefficients. These coeffi- 


cients are arbitrary except that the magnetic field has to be transverse 


312 9 RADIATION 


(see (9.103)) so that we must have 
aD (al? A{? (br) + a AP) (kr)) Yem(O, 6) 


Tis (9.106) 


Since pir?) represent independent solutions of the spherical Bessel 
equation, it follows that, for (9.106) to hold, we must have indepen- 
dently, 


VS ant (kr)Yem(8,0) =0, i= 1,2. (9.107) 
Lym 


Decomposing the gradient into its radial and angular parts (see (9.95)), 


ne ae (9.108) 
Or 


we obtain from (9.107) 


dh (kr 
2 (: : aoe Oy, = ni kr) é- ‘(Lx a ¥m) = 0, 


Lym 


(9.109) 


where we have used some familiar properties of products of vectors 
(namely, (A x B)-C = A- (Bx C)). From (9.98) and (9.100), we 
note that a particular solution of (9.109) is given by 


al) ~ af) L. (9.110) 


The vanishing of the first term in (9.109) is, of course, obvious from 
(9.98). The vanishing of the second term follows from (9.100), namely, 


#-(LxL)=0. (9.111) 


Thus, we can write a particular solution of the Helmholtz equation 
in (9.103) satisfying the transversality of the magnetic field as 


B(x) = So (aj hf? (ker) + af? hy” (kr) (L¥em(0,4)), 


Lym 


EG= Vv x B. (9.112) 
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(The fact that this is a solution of the Helmholtz equation follows 
from the observation that if 7 is a solution of the Helmholtz equation, 
then so is (Lz) since L commutes with V? as well as with a scalar.) 
Such an expansion of the fields leads to the electric multipole fields. 
Alternatively, if we had started with (9.104), the solution would turn 
out to be 


E(x) = D> (0,7 AL? (ker) + 8) 2 (kr) (LYi.m(0,)); 


Lym 
B(x) = = Vx E, (9.113) 


which leads to the magnetic multipole fields. The reason for this 
nomenclature will become clear shortly. 

Since the combination (LY?) arises frequently in the study of 
electrodynamics, it is given a special name, vector spherical harmon- 
ics, and is defined such that it is normalized, namely, 


CES (LY, (8, )), t ~ 0, 
0, 0=0. 


Yom(0,¢) = (9.114) 


The fact that it is normalized follows from 


/ sin 040. dd Yi? (8,6) ¥v-m'(0,6) 


1 

= in 0d0 dd (LIY,~.) - (LY pr my 

ITI | 8 8004 LVF) - LY) 

- : ceaicEsuil sin 60d Yin (8, @)(L?¥o (0, 6)) 

Jee+ Dee +1) ca ene 
"+ 
- (+) Tas Sf sinoaoas Y_(6 6) Yom (8, 4) 
= 600 Omm's Le #0, (9.115) 


Here, we have used the fact that L is a Hermitian operator as well as 
Eqs. (9.94) and (9.97). With this, we can write the electric multipole 
fields as 


B(x) = > (af Hy? (der) + af AY (kr)) Yem(O, 4), 


Lym 


E(x) = -Vv x B, (9.116) 
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while the magnetic multipole fields take the forms 


B(x) = So (8) Hf? (hr) + PHP? (kr) Yem(O, 9), 


Lym 
B(x) = -5 VxE. (9.117) 


An arbitrary electric field can, of course, be written as a linear su- 
perposition of the electric and the magnetic multipole fields. 


9.5 Behavior of multipole fields 


To understand the nomenclature of electric and magnetic multipole 
fields, let us analyze the behavior of these fields in the near zone, 
kr <1. For example, for the electric multipole fields in (9.116), 
we note that the spherical Hankel functions are linear combinations 
of spherical Bessel functions and spherical Neumann functions. For 
small values of the arguments, these functions behave as 


. 1 
jel) > a!, mea) + (9.118) 


The spherical Neumann functions diverge at the origin. However, 
since we are excluding the region containing charges and currents 
(assumed to be in a finite region near the origin), they are allowed 
in the solutions. Correspondingly, we see that at small distances, 
it is the spherical Neumann functions that dominate. Choosing a 


od ba 1,2 : : 
particular normalization for a ) we see that, in this case, we can 
write the magnetic field in the near zone as 


k 1 
B(x) > ->— ? pt LY¢.m(9, %) 


k Yom 
=-S~ 7h (4) ; (9.119) 
Here, we have used the fact that L is an angular operator which does 


not act on the radial coordinate as is clear from (9.95). The behavior 
of the electric field in the near zone now follows from (9.116) to be 


Bix) = FV xBo- DTV xu (4), (9.120) 
Lym 


The expression (9.120) can be simplified in the following manner. 
From the definition of L in (9.95) and the definition of the cross 
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product (one should be careful about the positions of the operators), 
we obtain 


(V x L), = —-i(V x (r x V)),; 

= —1€ijKeKst V j7s Vt 

= —1(isd;¢ — Oitdjs) Virs Ve 
fe f= NaN) 


—1 


—i (6,V; +riV? — 3Vi — 75 V;Vi) 


(V 
(543 
=i — 2V; — VirjV5 + 5 V5) 
=-i(riV 


rj i(l+r-V)). (9.121) 


Thus, we can write 


VxL=-i (rv —V (1 + rs)) ; (9.122) 
r 


where we have used r- V = rf. 
With (9.122), the expression for the electric field in (9.120) for 


small distances takes the form 


E(x) > -5 (xv? -V (1 +rz)) (=) (9.123) 


Lym 


Let us recall here (see (9.89) with k = 0) that 


Ye 1 -Oi5 0° «h 
Vv? | |= = r——-.U? 124 
€ ) me Or Or re! 120) 
so that the first term on the Fen hand side of (9.123) vanishes. 


Furthermore, we observe that (r— r4, simply counts the power of r) 


r 


d 1 £ 


so that the expression for the electric field in (9.123) in the near zone 
becomes (has the static form of a gradient) 


= —S 0 VG8em = S- Eem(x); (9.126) 
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where we have identified ®, ,,, = Yim the factor arising in a multipole 
expansion. We recognize each term in the sum, namely Eg, to co- 
incide precisely with the static electric multipole moments. For small 
distances, these behave as ~ a as opposed to the corresponding 
terms in the magnetic fields (Bem ~ <r): Therefore, the electric 
fields dominate over the corresponding magnetic fields. In fact, in 
the static limit, k = 0, the magnetic field vanishes and we are simply 
left with the electric field which has the correct multipole expansion. 
It is for these reasons that these solutions are known as the electric 
multipole fields. (We have already seen this behavior in the case of 
electric dipole radiation.) 

Let us next analyze the behavior of the electric multipole fields in 
the far away region (radiation zone) where kr >> 1. Asymptotically, 
for large values of the argument, we know that the spherical Hankel 
functions behave as 


; eit 
np'(@) > (J —, 


hn?) (x) = (hv? (x))* + (a —. (9.127) 
On the other hand, from our earlier discussion on fields produced by 
an arbitrary distribution of charges, we know that in the radiation 
zone the fields have the forms of outgoing spherical waves (see (9.22) 
and (9.23)). Correspondingly, we conclude that the coefficient a) = 
0 which leads to (for large values of kr) 


| +1 etkry, a 
B(x) + 57! ) ui (—), 


Lm 
_ aye ikr yy 
E(x) > > ( a Vx L (—) (9.128) 
Lym 
_ (—i)1 ra) age ee 
= » ae ag rv. —-V (1 + Lae 7 5 


where we have defined the coefficient ag by absorbing the normaliza- 
tion factor CEN coming from the definition of the vector spherical 


harmonics. The expression for the electric field can be further sim- 
plified by noting that 
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ees (eae (( kr —1) a _ 2 py, 
i a) ae 1 € ym - Lym 
eé+1 
= ( + a eV pa (9.129) 
r 
On the other hand, using (9.108) we have 
ikr yy 
te) ay 
Or fa 
= ikV (Yam) 
; tkr 
Stk Ya —# x LYem. (9.130) 


Substituting (9.129) and (9.130) into the expression for the electric 
field in (9.128), we obtain, for large distances, (namely, we are ne- 
glecting terms of order + compared to those of order +) 


(—i)t! . uae fe 7 
E(x) > : 7 ae XL ( : ) = —#x B(x). (9.131) 
There are several things to note from the structure of the radia- 
tion fields in Eqs. (9.128) and (9.131). We note that the fields in the 
far off zone do fall off as +. Furthermore, using (9.98) it is clear that 
the magnetic field is perpendicular to the direction of propagation f. 
Similarly, the electric field is also perpendicular to the direction of 
propagation and the electric and the magnetic fields are orthogonal 
to each other. This is the general characteristic of radiation fields. 
We can also obtain the small distance as well as the large distance 
behaviors for the magnetic multipole fields in a similar manner. In 
fact, looking at Eqs. (9.103) and (9.104), we see that the electric 
multipole fields go over to the magnetic multipole fields under the 

transformations (known as duality transformations) 


E — B, B- -E. (9.132) 


As a result, we do not have to carry out a separate analysis for the 
magnetic multipole fields. Rather, the same analysis can be taken 
over with the appropriate replacements. 
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Given the electric and the magnetic fields for either of the mul- 
tipole expansion, we note that we can write 


= S° Bem(x) 
Lym 

= S° Eg n(x). (9.133) 
Lym 


Here, Bgm(x) and Eg ,,(x) are the multipole fields of order (¢,m). 
For the electric multipole fields, in the radiation zone, for example, 
as we have seen 


_7\étl1 ikry7 
Br m(x) = ty (ee) 


k r 
Ee m(x) =-f x Be m(x) 
_7)é+1 ikr yy 
= 2 ex (—) (9.134) 
is 


Using (9.134) we can now calculate the time averaged radiated power 
for the multipole component fields through the surface of a large 
sphere per unit solid angle along a given direction as 


dpe. — Re 
7 = R°t- Sem = — Re f+ (Egm x Bem) 
cR? - 
= = — (Bim: Bem) 
clae|? 
= Bape LY em)": (LY em). aed 


The right hand side can be simplified by noting that 


(LYpm)” : (LY pm) 


i 
5 5 (|E+Yem|” + |L-Yeml*) + |LzYeml? 


1 
15 ((—m)(é+m+41)|Yems/? 
(E+ m)(€— m+ 1)|Yem—1/?) +m? |Yom? |, (9.136) 
where we have defined, as in quantum mechanics, Li = Ly + ily 


and used the properties of the action of the angular momentum op- 
erators on the eigenstates of angular momenta (namely, L+Yom = 
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(€+ m)(€+m+1)¥em4i). This, therefore, gives 


DPem clae|? 
dQ 8k? 


+(€+m)(€—m+1)[Yem-11?) +m? |Yeml?]. (9.137) 


E ((€—m)(€+m+1)|Yomei| 


We see, therefore, that by measuring the angular distribution of the 
radiated power, it is possible to determine the order of the multipole 
component of the wave. However, without going into details let us 
note that the magnetic multipole fields would also lead to the same 
exact angular pattern for radiated power, since one is obtained from 
the other by replacing the electric field by the magnetic field (up 
to a sign). Therefore, it is not possible to determine the nature of 
the multipole fields (electric or magnetic) from a measurement of the 
angular distribution of the radiated power alone. However, the two 
fields have very different behavior under parity (something that we do 
not get into). Therefore, one needs to measure the polarization of the 
waves to determine the character of the multipole field components. 
Let us note from the definition of the spherical harmonics 


mimi [26+ 1 (C= |m))!]? 
An (€+|ml)! 


Yom(9,¢) = (-1) Pime'™?, (9.138) 
and the form of (9.137) that the radiated power spectrum is indepen- 
dent of the azimuthal angle ¢. Therefore, the radiated power per solid 
angle along a given direction depends only on the angle @ through the 
associated Legendre polynomials. We note that we have denoted the 
associated Legendre polynomials by Pe, to avoid confusion with the 
radiated power for a given multipole field component. The first few 
associated Legendre polynomials have the forms 


Po,o(cos 0) = Po(cos #) = 1, 
P1,0(cos 0) = Pi (cos #) = cos A, 


P1,+1(cos 0) = (1 — cos” 6)3 = sin 6, 


? 


1 
P2,9(cos 0) = P2(cos #) = iG cos? @ — 1), 


P»,+1(cos 0) = 3cos O(1 — cos” 9)2 = 3sin 6 cos 0, 


’ 


P2,42(cos 0) = 3(1 — cos” 0) = 3sin? 6, 


(9.139) 
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Furthermore, by integrating (9.137) over all directions, we obtain the 
time averaged total power radiated of the form 


dP» 
Pig = f Q sm 
Lym d da 
clag|?7 [1 2 
sap g ((E—mi(E+ m+ 1) + (E+ m(E—m+1)) +m 
clae|72(€ +1 
= a (9.140) 


Let us next work out explicitly the radiation pattern for a few 
low order multipoles. For dipoles, 4 = 1 and we obtain, from Eqs. 
(9.137)—(9.139), that 


dPi,0 clay|? 3 : 29 
= — sin 
dQ ~ 8nk? 4n 


dP; 1 clay |? 3 2 
= —(1 : 141 
dQ 81k? an | eed) aay 


We note that for the dipole case, the two distinct possible radiation 
patterns can be represented as shown in Figs. 9.6 and 9.7. The first 
describes the polar plot for the case m = 0 while the second denotes 
the case for m = +1. For m = 0, we see that the maximum power is 
radiated along @ = 5 while for m = +1, it is along 6 = 0, as is also 
clear from (9.141). 


Figure 9.6: Dipole radiation pattern for m = 0. 


For the quadrupole radiation, @ = 2 and the possible forms for 
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Figure 9.7: Dipole radiation pattern for m = +1. 


the differential radiated power are given by 


dP. * 45 
Ta = Gear Gp sin? 0 os? 


dP241 _ clag|* 15 2 4 
qn Bae ee (1 — 3cos 9+ 4cos 0), 


dP» es) clag|? 15 4 
a — (1—cos*6). 
qo See Be ( cos ) (9.142) 


Similarly, the angular distributions of radiated power for higher mul- 
tipole fields can also be calculated. 


9.6 Selected problems 


1. A spherical balloon carries a charge Q uniformly distributed 
on its surface. The balloon pulsates with a frequency “v” and 
amplitude “a” so that its radius is given by 


r(t) =ro + asin 2mvt. 
Calculate the rate of radiation of electromagnetic energy. 


2. Determine the angular distribution of radiated power from a 
dipole antenna of arbitrary length “d”. 


3. Show that if w is a solution of the Helmholtz equation 
(V2 +k*) p=0, 


then, so is (r x V)q. 
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4. A time harmonic source “a” produces the fields E, 
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and 
another independent source “b” produces the fields EC ) Be ). 


Show that, at any point outside the sources, 


© Bo 


V -(E® «x B®) =V- (BO x BM). 


WwW 


This relation is sometimes known as the Lorentz lemma. 


. a) Find the current required to radiate a power of 100W at 


100MHz from a lcm Hertzian dipole. 


b) Find the magnitudes of E,B at a distance 10*cm at 0 = 
0°, 90°. 


. For a harmonically oscillating dipole of moment p, the Hertz 


vector is defined to be 


a1 — PB .-iw(t-4) 
r ’ 


at a distance r from the dipole. 


a) Show that, in terms of the Hertz vector, the potentials can 
be written as (up to possible multiplicative constants) 


tb On 


2S wee Way 
c Ot’ Hm 


b) Show from this that, at large distances from the dipole, the 
fields can be written as (up to possible multiplicative constants) 


1 a? w(t—Z 
Sees, baie —iw(t—2) 
es Aner? {rx rx (pe )|}. 


1 d? ecfucet 
Say aes —iw(t—2) 
B Ancr? > ty (pe ) ; 


CHAPTER 10 


Electromagnetic fields of currents 


10.1 Lienard-Wiechert potential 


Let us consider in this section the electromagnetic fields associated 
with the simplest of physical systems. Namely, let us consider a point 
particle carrying charge q and moving along a trajectory €(t) under 
the action of some forces that we do not specify. A moving charge, 
of course, produces a current with the current density of the form 


I(t) = jylt)6( — €()) (10.1 
where 
(0) = (eaav) = (ema SE). (10.2) 


We have already seen that the retarded solution for the vector 
potential for an arbitrary distribution of charges and currents in the 
Lorentz gauge has the form (in vacuum) 


1 Filet 
A,,(x, t) = x f abe’ Tue) 
c |x — x’| ip 
J,(x',t’)6(¢ —t+ Sel 
1 ? c 
=< i d3z! dt! ene) (10.3) 
c |x — x’| 


where the space integral is over the volume containing the charges and 
the currents. We can now apply this to the case of a point charge 
moving along a trajectory, in which case using the form of the current 
density in (10.1), we obtain 
1 ‘(#6 (x! — €()) 6(¢ —t + Bex 
Ayfosty = fata! HLEDSO = 0) =) 
c 


Ix — x’ 


$i ae + 2A | 


x) (10.4) 


os x fae jult’) é ( 
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To simplify this a little further, let us define 
R(t’) =x—- &(¢’), 


Ix — &(¢’)| Rt’) 


=t/-t+—~—, (10.5) 
c 

where we have identified R(t’) = |R(t’)|. Then, the integration over 

t’ in (10.4) would have contribution only from that value of the time 

coordinate for which the argument of the delta function vanishes, 

namely, 


=0. (10.6) 


This can, of course, be solved for ¢’ in principle, once we know the 
trajectory of the particle. Furthermore, we note that 
d 1 dR(t’ 
a(t’) = oe = 1 a ( ) 
dt’ c dt’ 
1 dR(t’) ~ v(t’) 


=1+ RE) R(t’) ao 1-R(t’)- a (10.7) 


where we have used the definition of R in (10.5) and R= x We note 
that s(t’) is a positive quantity whenever the speed of the particle 
is less than the speed of light. (This does not hold for Cerenkov 
radiation which we will discuss later.) We note the standard formula 
for the delta function integral, 


i de (f(x) g(a) = 9), (10.8) 


where Xp represents the solution of f(#) = 0. If there are more than 
one solution to this equation, of course, one has to sum over all the 
solutions. Using (10.7) and (10.8), the vector potential in (10.4) takes 
the form 


i ju(t’) 3 (t+ 22) 

CR eee ec xceeaiaae aR Ee 
i c Rit’) 

1 jult') 


© at) RE) ane) 


T=0 


These are known as the Lienard-Wiechert potentials which we had 
studied briefly earlier. In deriving (10.9) we are assuming that 7 = 
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0 has only one solution. (We are also assuming that the speed of 
the particle is less than the speed of light which is always true in 
vacuum.) If there are more than one solution, we must sum over all 
the contributions. Furthermore, the electric and the magnetic fields 
associated with a moving charge can be calculated from the vector 
potentials in the following manner. 

We note that we can rewrite the scalar and the vector potentials 
explicitly in a form convenient for our purpose as 


—¢+ Ht 5(v-t+ 80) 
i= L ; 10.10 
A(x,t)=¢ fat i (10.10) 
The electric field is defined in terms of these potentials to be 


E(x,t) = -Vo— : (10.11) 


There are several things to note here. First of all, since ® and A 
depend on x only through their dependence on R, it can be easily 


checked that acting on these functions, the effect of the gradient inside 
the integral can be represented as ((VR) = R) 


Vf(R) = (VR) —— =R =. (10.12) 


R 


os. | <i (t= pe 
=no fara| CEO) FS a(v e+) 
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— | —— : 10.1 
: (10.13) 
T=0 


Here, we have used the relation (10.8). 


The time derivative of a quantity with a restriction such as in 
(10.13) is tricky and can be carried out in the following manner. Let 
us note that the restriction 7 = 0 can be formally written as 


/ 
t=t+ a v2 A(t’) 
dt A(t’) 1 dR(t’) ; 
eg ee - = s(t 10.14 
ORS a ge = Se age aor) 


where we have used (10.7). If the relation between t’ and t is locally 
invertible (which we assume for a solution to exist), we can write 


P= BG) 
/ 
fe ett (10.15) 
dey Sar SO) Og 


=e (10.16) 


where we have used (10.15). 
With the help of these, the expression in (10.13) can be simpli- 
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fied as follows. 
B(x, 1) - & ee i) 
sR? c Ot sR 
t'=B(t) t/=B(t) 
fa s(@-2) @-) @2: 
eh xe s*R wert s7? 
t/=B(t) 
(10.17) 
From the definitions of R in (10.5) and s in (10.7), we note that 
Rey, 
kR=-R-v, 
+ d /R(t’) 1 fx & 
R el = . awe 
di! Ga A (Rv) —v), 
i i Re 
c c 
1dR(t’) -v l/s3 Voayv 
riche ol Raed (ERAT (| > 4] > ee eg oe © ee 
eo de R ( (REN) v) c Es c 
(10.18) 


Using the definition in (10.7) and the relations in (10.18), as well as 


some vector identities, the expression for the electric field, (10.17), 
becomes 


NN Os ; 10.19 
cs? R ( ) 
t!=B(t) 


Similarly, we can also calculate the magnetic field as 


B(x,t) = V x A(x,t) 


=! fatvx 55(r-142) 
c R c 
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_¢ prck 8 6(t'-t+%) 


oq [ow (Rx v)d (¢-t+2) 
eae <—  aee == 


cR 
(ixv)} 9 [(Rxv) 
=! eee (10.20) 
c sR? Ot csR 
/=B(t) /=B(t) 


This can be further simplified by using (10.16) and (10.18). Further- 
more, using some vector identities as well as the form for the electric 
field in (10.19), it is straightforward to show that 

B(x,t)=R Migs x E(x, t). (10.21) 

There are several things to note from the forms of the electric 
and the magnetic fields in Eqs. (10.19) and (10.21) respectively. We 
see that we need to solve for t/ = B(t) to determine the electromag- 
netic fields. (t’ is known as the retarded time.) This can, in principle, 
be done once we know the trajectory of the particle. We note from 
(10.19) that, for a charged particle at rest, v = 0 = v, in which case 
(s = 1 in such a case) 


res gR 
E( t) (x, t) = Re’ 
Be) (x,t) = R x B(x, t) =0, (10.22) 


which is what we will expect from our studies in electrostatics. In 
this case, 


R=x-&, (10.23) 


where € represents the fixed location (independent of time) of the 
charged particle. In general, though, both the electric and the mag- 


netic fields depend on a term of the form Z as well as z: For 
small values of R it is the term corresponding to z that dominates 


while, for large R it is the one with 7 that dominates. The fields 
in the far zone have the right characteristics of radiation fields and 
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will lead to power loss through radiation. However, we note that the 
term corresponding to the radiation field (z) is proportional to v. 
Correspondingly, we see that a particle moving in vacuum will radi- 
ate power only if it is being accelerated. Conversely, an accelerated 
charged particle will lose energy through radiation. On the other 
hand, there is no radiation of power if the particle is not being accel- 
erated (in vacuum). Let us note, from (10.19), that the amplitude of 
the radiation term dominates if 


Riv 


5 > 1. (10.24) 
Cc 
'=B(t) 


Thus, as long as v is nonzero, we can always find a distance large 
enough for (10.24) to be true. This is the analogue of the far zone 
condition kr >> 1 that we have studied earlier for systems with a 
harmonic time dependence. 


10.2 Uniform linear motion 


As we have seen in Eqs. (10.19) and (10.20) (or (10.21)), in order to 
derive the fields, we have to determine the retarded time t’ = B(t). 
This is not always easy and, therefore, the fields can be determined 
in closed form only for a few special classes of motions. The simplest 
motion that we can think of is, of course, a charged particle moving 
in vacuum along a trajectory with a uniform velocity. In this case, 
therefore, the acceleration vanishes and the radiation term is not 
present in the expression for the fields. For example, the expression 
for the electric field in (10.19), in this case, becomes 


q(R-¥) (1-(¥)") 


/=B(t) 


B(uniform) (yt) = (10.25) 


The restriction implies that the retarded time should be expressed 
in terms of variables at the present time. The velocity is uniform so 
that 


V\iy—a(t) = V = constant. 
We can solve for the trajectory of the particle easily in this case, 
€(t) = vt, (10.26) 


where, for simplicity, we have chosen the particle to be at the coor- 
dinate origin at time t = 0. 
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Figure 10.1: A charged particle in uniform linear motion. 


From the definition in (10.5), we note that we can define (see 
Fig. 10.1) 


R=R(t)=x-— vt. (10.27) 
It follows, therefore, that we can write 
x=R+vi, R(t’')=x-vt'=R-vit' —2). (10.28) 


Using this, we can solve for the retarded time 


or, c(t’ —t)=—R(t’) = —|R —- v(t’ —2)], 


or, (c? — v*)\(t' —t)? + 2Rv cos a(t’ —#) — R =0. (10.29) 


Here, v and R stand respectively for the magnitudes of v and R and 
@ denotes the angle between R and v (see also Fig. 10.2). This 
is a quadratic equation which can be easily solved by the standard 
method yielding 


(1) =- R vu cos @ (= 


c(1-4) c 


We note that, since t’ represents a retarded time and we assume the 
particle to be moving with a speed less than the speed of light, it is 


) . (10.30) 
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the second root that is physical, namely, 


R v cos 6 vsiné 
—t)= 7 —_ 

w ( _ =) & 
Since R and @ are actually functions of time t, Eq. (10.31) gives the 


necessary relation t' = B(t). 
Next, let us note from (10.28) and (10.31) that 


ee ee i 2 
Ra = v cos 6 a (: sin =) (10.32) 
1-3 c Cc 


where we have used the physical solution in (10.31). We can calculate 
and show from (10.32) that 


= Ne 
R(t) = R : vcos 6 ae (= ) (10.33) 
1-4 c 
It follows from (10.32) and (10.33) that 
~ ( 7 =) R Vv 
R(t’) = aa aera a 
voosé 4 i (zene) c 
lance fo FER 
Se, eg , 10.34 


Similarly, using (10.34), it is easily calculated that 


v2 v cos @ 


n rn Vv 
ot) =1 RU) = (1-3) (1- ee 
ree oes rae) 


v2 vsin6\2 
_ (aa (10.35) 


: 2 
port he (zen?) 


It follows, therefore, from (10.33) and (10.35) that 


s(t) R(’) = ( 7 (=) (10.36) 
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Using (10.34) and (10.36) in the expression for the electric field 
(10.25), we obtain 


Biliniform) (5.4) Z (R _ *) (1 - =) 


5° R? 
'=B(t) 
1(R=3) A(-8) 
7 (sR) 
'=B(t) 
gRR(1-%) 


z: (10.37) 


The magnetic field can also be calculated for this case using (10.21) 
and (10.34) and it turns out to be 


B (uniform) (x, t) = R(t’) 


= = se lintotm) (50-2); (10.38) 


al¢ 


This is, in fact, what we would expect from our earlier studies 
in electrostatics. To see that, let us specialize to the case of particle 
motion along the x-axis and the observation point x lying in the x—y 
plane for simplicity, as shown in Fig. 10.2. 

Introducing the conventional notations, 


1 1 
ae = (10.39) 


we note that we can write the components of the electric and the 
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vt 


Figure 10.2: A charged particle moving along the z-axis with the 


observation point in the x — y plane. 


magnetic fields in (10.37) and (10.38) to be 


y= eB, = 0, 
y2R° (1-8? sin? 6) 2 


Ey = =3 - P ce: By = 0, 
1?R° (1—6? sin? 0)2 (10.40) 
E, = 0, By = BE, 
= __ By : 
+2 R° (1—B2 sin? 6) 2 
In this case, we note that 
= 1 
= ((a — vt)? +”)? ; 
sin? = ez a ey 
Ro (nut)? +y2)3 
2 
(10.41) 


R (1 — 6? sin? 6) =F — By? = (a — vt)? + 2 


If we now go to a Lorentz frame where the particle is at rest, 
the electric and the magnetic fields would transform as 


q(x — vt) 
“?R (1 — 6? sin? 0): 


’ 


El. = E, = 


E, = 7(E, — BB.) =yA- 6°) Ey = — 


ye Se — 
+3R (1 — 62 sin? )2 


o) 
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Ey = y(Ez + BBy) = 0, 


Bl =B, =0, 


x 


By = (By + BEz) = 0, 
By, = (Bz — BEy) = (BE, — BEy) = 0, (10.42) 


where we have used the last relation in (10.40). 

These will be the electric and the magnetic fields in the rest 
frame of the particle, but still expressed in the old coordinates. We 
can transform them to the coordinates of the rest frame using 


os 7 Ae _ Bct), 

y =, 

ar 

Ly (« — *) (10.43) 


In particular, this leads to 


/ 


(x — vt) = (a — Bct) = as 


yr! 


R(1 — 6? sin? 6)2 =—, (10.44) 
7 


where we have defined r’ to be the distance of the observation point 
in the rest frame of the particle, namely, 


ghee (x + y?)3, 


Using (10.41), (10.43) and (10.44), it follows that 


y Gu 
E, Pans 
qy’ 
fees 
Ey = 
20S 2 Sp = pe (10.45) 


This shows that, in the rest frame of the charged particle, the mag- 
netic field is zero and the electric field has the form that we will 
expect for a point charge at rest. (There is no z-component of the 
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electric field at the observation point since it lies in the x-y plane.) 
For a charged particle moving with a uniform velocity in vacuum, we 
do not expect any power loss due to radiation, since the radiation 
components vanish in this case. 

Let us now analyze Eqs. (10.37) and (10.38) in some detail. 
First, we see that, for very small velocities, the electric and the mag- 
netic fields have the forms following from Coulomb’s law and Biot- 
Savart’s law respectively. However, as the velocity increases and ap- 
proaches the speed of light, we see, from Eq. (10.37), that the electric 
field becomes negligible along the direction of motion (along 0 = 0). 
Its magnitude is larger as @ increases from zero and peaks at 6 = 4, 
namely, at a direction perpendicular to the motion as shown in Fig. 
10.3. (Namely, the electric field is dominantly transverse to the di- 
rection of motion.) 


Figure 10.3: The electric field as a function of the velocity of the 
particle. The dashed circle represents the case when the particle is 
at rest. 


The magnetic field is, of course, always orthogonal to the direc- 
tion of motion as well as to the electric field as is clear from (10.38). 
Thus, we see that the fields of an extremely relativistic charged par- 
ticle in uniform motion along a straight line behave like an electro- 
magnetic plane wave (where both E as well as B are perpendicular 
to the direction of motion as well as to themselves). This can, in fact, 
be seen in a more quantitative manner as follows. 

Let us assume, as we have done earlier, that the particle is mov- 
ing along the x-axis. Then, we see from (10.40), that only the z com- 
ponent of the magnetic field is non-zero. Furthermore, using (10.41) 
and taking the Fourier transform in the t variable (so that we go to 
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the frequency space), we obtain 


CO 
1 , 
E,(x,w) = os / dt E(x, t) e* 
—oo 


is dwt 
an (y2(a — vt)? + y?)? 


geo iyv\ d i e- ae 
= —)— } da ——_, 
Qryvy \ w dy . (1 + €2)3 


_ ge mwy 54) (“) 


Inyvy yo ° yu 
qu ev (1) [wy 

= —~ — |, 10.46 
2yPy? ° ( yu roe 


where we have used (10.41) and defined € = yew} in the interme- 


diate steps. We note that AD represents the nth Hankel function 
of the first kind and we have used some standard relations from the 
table of integrals (see, for example, Gradshteyn and Ryzhik 8.407.1, 
8.432.5, 8.472.1). Similarly, the Fourier transform of the y component 
of the electric field leads to 


(oe) 
1 : 
Ey(x,w) = - / dt E,(x, t) e™ 
—0oo 


_ twyé 


qe» e., a 
= ——_— 
2nvy | (1+ €2)3 


qe a ( a yy (=) 
= pxpleates ae ee 
2rvy yu yu 


reece 0 (=) (10.47) 


WIL 
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It also follows from (10.40) that 


gBwe'v 
Qyv? 


Bia pn aay HO (=) (10.48) 


yu 


Let us recall that asymptotically for large values of the argument 
(i.e. when a large), the Hankel function behaves as 


HO (=) i) BO ee en) (10.49) 
yu amWwy 


while near the origin, the behavior is of the form 


2i f, 2 
Ho (=) Bets: (n= - in 781) 
yu T wwy 


HY (=) 322 (10.50) 
Twy 


Let us note that for fixed w,y, as v > c, y > oo. We see from (10.46) 
and (10.47) that since FE, is suppressed by a factor of y (compared 
to E,), it will be negligible. For large values of the frequency, all 
the field components will be exponentially damped. Furthermore, as 
v — c, we see from the asymptotic forms in (10.50) that (namely, we 
are looking at small w) 


E,.(x,w) > 0, 


qd iow 
Ei, (x,w) ~ —er 4% —ec. 10.51 
yloe wo) > Eo 4 (10.51) 
The non-vanishing magnetic field along the z-axis also has the same 
form and magnitude as E,. Thus, we see that every frequency com- 
ponent of the fields behaves like a plane wave when v — c. 


10.3 Method of virtual photons 


The analysis of the fields in the Fourier transformed space, as dis- 
cussed in the previous section is very important and leads to a very 
useful technique called the “method of virtual photons”, originally 
due to Fermi. Let us note from (10.49) that for fixed y,v, both 
E,, Ey are exponentially damped for w > “4. For small values of w, 
it follows from (10.46) and (10.50) that E, is negligible while E,, dom- 
inates. Thus, we can assume that E, is negligible for any frequency 
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and write 
By (x,w) = 0, w>t, 
y 
q ive ani (10.52) 
E,(x,w) = aye oar wea 


This allows us to reconstruct the original fields through an inverse 
Fourier transformation as 


E(x, t) = i dw E(x, w) e~™*. (10.53) 


This shows that the original field associated with the particle can be 
thought of as an electromagnetic pulse. 

It is, of course, much easier to solve for the fields for a given fre- 
quency and once this is known, the original field can be reconstructed 
by taking a linear superposition of the form in (10.53). An electro- 
magnetic field configuration corresponding to a given frequency can, 
of course, be associated with a photon of energy hw. The electromag- 
netic fields associated with a moving charged particle can, therefore, 
be thought of as resulting from emission and reabsorption of “vir- 
tual” photons by the charged particle. The word “virtual” (also in 
the method of virtual photons) comes from the following quantum 
mechanical correspondence. Quantum mechanics allows a charged 
particle to emit and reabsorb photons while it travels as shown in 
Fig. 10.4. 


Figure 10.4: An electron emitting and absorbing a virtual photon of 
wave number k and frequency w. 


Such a process is, of course, not allowed classically. For example, 
if k represents the wave number of the emitted photon and w its 
frequency (see Fig. 10.4), then conservation of energy and momentum 
would require 


p— p’ = hk, 
E— E' = hw. (10.54) 
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It now follows from (10.54) as well as from Einstein’s relation that 
pc! = (hus)? — (hk)? = (B- BYP —(p— pyre 
= (E? — pc?) + (E? — p22) — 2EE' +. 2p- p'e 
= 2mc4 (1 — yy (1 — BB" cos 0)) 
#0, (10.55) 


where 6 represents the angle between p and p’ and we have used the 
fact that for a real particle, we can write 


E 
E =mce’y, |p| = e = mceyf. (10.56) 


It is clear, therefore, that energy and momentum conservation will 
be violated in a process where a classical charged particle emits a 
photon. Quantum mechanically, however, energy can be uncertain 
due to quantum mechanical fluctuations and satisfies a relation of 
the form 


ABAt > s (10.57) 


Therefore, during a time interval of 


eR 2 
2AE 2p? 
such a process can take place and would involve a “virtual” photon 
(it cannot be a real photon since the rest mass cannot be zero by 
energy-momentum conservation). This is the reason that this method 
is known as the “method of virtual photons” and the quantity p is 
known as the invariant mass of the photon. 

Let us note that the electric and the magnetic fields carry en- 
ergy. In vacuum, the contribution of the electric and the magnetic 
energies are equal and, therefore, the total energy associated with the 
transverse components of the fields (volume is considered in cylindri- 
cal coordinates with the axis of the cylinder along the x-axis) can be 
calculated easily to be 


1 
v= Ts [ete |Ey (x, t)|? 


v 
Soe [ervav) dt |E,(x, t)|? 


=5 avy f atieyen?. (10.58) 


—cCo 
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Here, we have used the fact that the particle is moving along the 
x-axis with a uniform velocity v, to convert the x integral to a time 
integral. Furthermore, from the definitions of the Fourier transform 
as well as the delta function, 


E(x,t) = [vw E(x,w) e™, 


—oo 
CO CO 
1 dwt 1 —iwt 
d(w) = oe de = om dite", (10.59) 
—0o —oo 
we obtain 


Vv * —i(w—w! 
U=5 f ayy f atdurde! By u) Bj utero" 


= nv fdyy f dwee’ Ey (x, w) Ef (x, w") 5(w — w') 


aq? f d 
- F faw [2 (10.60) 
Tv y 
0 b 


Here, we have used (10.52) and have introduced a lower cut-off on 
the y integral since it diverges. The value of this cut-off, which can 
be thought of as a minimum impact parameter, can be fixed later on 
physical grounds. 

We recognize that we can write 


U= | dwU(w), (10.61) 
| 
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where U(w) is the energy carried by a particular frequency mode of 
the field components. From (10.60), we see that we can write 


2¢° 2¢? 
si [2 seas Tie (10.62) 
b 


Assuming that there are N(w) photons with energy hw (associated 
with frequency w), we can now obtain 


9 2 
hw N(w) =U) = mn 


tu wb’ 
2¢q? yu 
N(w) = In—. 10.63 
or, N(w)=— In (10.63) 
Let us assume that the charged particle is an electron with 
charge q = —e. Then, we note that the fine structure constant has 
the form 
pe (10.64) 
he ; 


Furthermore, identifying the minimum impact parameter from the 
uncertainty relation as 


h h 


bw —— = ——__., 10.65 
|Ap|  |p—p'| eee 
as well as using (10.54), we can determine 
2a, 7Belp — P'| 
Nig) Rie ig EOP 
aig 
2ah E Bclp—p'| 

= ———_ _ lh | — ——_| 10.66 
TB(E-E) (= (E—E’ }’ ye) 


where we have used (10.56). This gives the flux of transverse “vir- 
tual” photons. Note that, since the fine structure constant is a small 
number, the number of photons associated with an electron is also 
small. 


10.4 Asymptotic values of the fields 


As is clear from the previous example, even in the simple case of a 
charged particle moving with a uniform velocity, the calculation of 
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the electric and the magnetic fields is nontrivial. This is primarily 
because it is not easy, in general, to find a relation between the re- 
tarded time and the instantaneous (or observation) time in a form 
that is convenient for manipulations. It is for this reason that one 
often uses approximate methods to determine the forms of the fields 
(when nonuniform motion is involved). The approximations are quite 
analogous to the ones we have made earlier in connection with sys- 
tems with a harmonic time dependence and let us discuss these in 
some detail. 

As before, let us assume that the system is characterized by a 
size d. For a particle in bound motion, the meaning of this size is, of 
course, quite clear, namely, it corresponds to the size of the bound 
system. However, for unbounded motion extending to infinity, the 
meaning of a size is not quite clear. In this case, of course, we are 
not looking at the motion of the particle along the entire trajectory, 
rather, we are interested in a finite segment of the trajectory of the 
particle (that the particle traverses during the time that we need to 
make the observations). The size d can then be associated with such 
a segment of the trajectory of the particle. In either case, let us as- 
sume that we are interested in observations far away from the source, 
namely, in the radiation zone. Correspondingly, we can assume that 


Rt’) er >d. (10.67) 


Under this approximation, we see that only the second term in (10.19) 
would dominate and the electric field would have the form (we are 
now preparing to consider nonuniform motion) 


gR x (RB) x B) 


a cs? R 


(10.68) 
t/=B(t) 


To evaluate the quantities at the retarded time, let us note that 
we do not expect the retarded time to be very different from the 
present time. Therefore, we can make an approximate expansion 
which leads to (since by assumption r > d) 


k-€)] 
I — aro pe ee 
Cc Cc 


P= 
; r 

or, (¢ —t)=--, (10.69) 
c 


where we have identified r = |x|. 
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With this approximation, we can now calculate various quanti- 
ties of interest. 


R(t’) = r = bel, 
,_ RW). 

R(t’) = Re) re X, 
Blt’) ~ Bl) + (HB) ~ B- = B&B, 
s(t’) =1- Rit’) A(t’) 

w1—-x-B+-%-B 

Cc 
~1-—x-£, (10.70) 


where we are using our earlier convention of defining quantities with 
a bar to denote quantities at the instantaneous time. We also note 
that we are assuming 4 to be small (namely, the retarded time is 
assumed not to be very different) and, as a result, we have neglected 
some of the terms. Using (10.70) the electric field in the radiation 
zone, (10.68), can now be calculated. However, since the form is 
complicated, we do not give the explicit results. Rather, we would 
like to discuss several special cases of this approximation. 


10.4.1 Dipole approximation. As a first application of this approxi- 
mation method, let us consider the case of a non-relativistic particle, 
for which we can assume |3| < 1. The acceleration, even if small, is 
assumed to be nonzero. In this case, we see from (10.70) that 


s(t’) = 1. (10.71) 
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In such a case, therefore, the dominant term in the electric field in 
(10.68) has the form 


BOP) Ge 7) = gR x ((R = 2) x 2) 


cs? R 
/=B(t) 


q(&( - B) — 8) 
cr 
qasin@ ~ 
= 0, (10.72) 


Cr 


where we have defined a = c|A| to be the magnitude of the acceler- 
ation. Here, @ is the angle between & and v (see Fig. 10.5) and 0 
represents the unit vector along this direction (which is not fixed) so 
that 6 = &(x- 3) — 6|G| sin 9. It follows now that 


B(dipole) _RP t! E.Gipole) t 
6) = RE] x BOM G0 
gasind x 
a Eo (xx 8), (10.73) 


Figure 10.5: The angle 6 between x and v. 


A particle which is being accelerated radiates. Thus, we can 
calculate the power loss through radiation as follows. First, we note 
that the Poynting vector (we are not time averaging in this case and, 
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therefore, the factor differs from the earlier formula by two), in this 
case, has the form 


= ee (dipole) (dipole) « 
S = 7 Re (E xH ) 


22 ind 
_ qa‘sin’@ - . OS 
Tae 


2,2 +2 
qa‘ sin’ é | 
= ——.—— x. 10.74 
Arc? ( ) 
Here, we have used the identities involving vector products as well as 
the fact that x and @ are orthogonal. We have also assumed that we 
are in vacuum where H = B. Thus, we see that the radiated power 

along x, through a sphere of large radius r, is given by 

dP» qa? 


da” eae 


sin? 6. (10.75) 


This is exactly the angular distribution of power radiated from a 
dipole (see (9.43) as well as Fig. 10.6) and for this reason, this ap- 
proximation is conventionally called the dipole approximation. 


x 


(| 


Es 


Figure 10.6: Radiation pattern for a dipole with m = 0 as in Fig. 
9.6. 


Let us note that, if we write 


p=, a=€=-, (10.76) 


then, the power radiated can also be written as 


dP |p)?» 
an = Aes slr 0. (10.77) 
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We see that this is exactly the same as in (9.43) if we remember that, 
for a harmonic time dependence, 


e=5, p=-w*p. 
The extra factor of two in the denominator in (9.43) comes from the 
time averaging. 
We can integrate (10.75) over the entire solid angle of a large 
sphere to obtain the total power radiated, which has the form 
267 07 
38" 


q2a2 
Protal = ie 2n f a8 sin? 0 = (10.78) 


which is also known as the Larmour formula. 

10.4.2 Linear acceleration. Let us next consider the case where the 
particle is extremely relativistic and is subjected to an acceleration 
that is small during the time scale that observations are made. We 


also assume that the particle is moving in a linear trajectory so that 
the acceleration is parallel to the velocity. Therefore, we have 


BIB, |B\<1. (10.79) 


In this case, therefore, from (10.70) we have 


s(t') = 1—x- fp. (10.80) 
Furthermore, since the acceleration is parallel to the velocity, we have 
Bx B=0. (10.81) 


With these, we see that at large distances, the electric field takes 
the form (see (10.68)) 


qgR x ((R — B) x B) 
cs3R 


Bilinear) (x, t) 
/=B(t) 
_ ak x (xx B) 
~ or(1— + BY3 
ga sin 6 a 


a aoe (10.82) 
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where, as in the case of the dipole approximation, we have defined 
6 to be the angle between x and B (or @ since they are parallel). 
We have also defined a = c| BI as before. We see that the form of 
the electric field is very similar to the one in the case of the dipole 
approximation except for the factors in the denominator. From this, 
we can determine the magnetic field to be 


nxn 


Bllinear) t) = ! Bilinear) t 
66) = RE], EO) 


xs qasin@ OF 


The power radiated along x through the surface of a sphere of 
large radius r (in vacuum) can now be calculated easily (not time 
averaged) 


dP 2 
a = r2y. S= = Rex: (Teftinesr) x Hlinear) ‘) 
2,2 

qra ae 

x —————_ sin’ 6. 10.84 
4rc3(1 — 6B cos 6)® ( ) 
Thus, we see that the radiated power has an angular distribution very 
much like the dipole approximation except that it is modulated by 


the relativistic correction ——+—, as shown in Fig. 10.7. 
(1-8 cos 0) 


Figure 10.7: Modulated pattern for a dipole radiation. 


The total power radiated through the entire surface of a large 
sphere, then, is obtained by integrating (10.84) over all solid angles, 
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which gives 


2,2 “3 

qra sin? 0 
Protal = 2 dé ————_—_. 
oe xf (1 — Bcos6)6 


qa’ 8n(5+ 8") — 2a? (5+ 8?) 
Arc 15(1 — Baye 303 5(1 — ype Pn ee 


Note that this reduces to (10.78) when 6 < 1. 


10.4.3 Uniform circular motion. As another application, let us analyze 
the motion of a charged particle moving in a circle. This is a case 
of harmonic motion and we assume that the particle motion is in 
the x — y plane with the radius of the circle a small compared to 
the distance where we are observing the fields. Furthermore, without 
loss of generality, we can assume that the observation point lies in 
the « — z plane. Then, we have 


x = €, sind + €, cos 8, (10.86) 


where @ is the angle x makes with the z-axis (see Fig. 10.8, it is 
different from the @ in the earlier examples) and €,,, 4 represent 
the Cartesian unit vectors along the three axes. 


Figure 10.8: Circular motion of a particle in the x — y plane with the 
observation point lying in the x — z plane. 
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If the angular frequency associated with the particle motion is 
w, then we can write 


&(t) = a(€; coswt + , sin wt) , 


f wa, ., , R 
B= § = — (-€,; sin wt + €, cos wt) 
¢ € 
= B (—é; sinwt + é, cos wt) , 
wa, diy ote 
B = ——— (€, coswt + éy sinwt) 
2 


Tee (6, cos wt + é, sin wt) 
= —6 (@, coswt + é, sinwt) . (10.87) 


Here we have defined 


wa = 
b=()=, B= [A= (10.88) 
Using Eqs. (10.86) and (10.87), it is easy to obtain 
x- B= —B8 sinOsinuwt, 
%- 3B = —B sin cosut, 
B-3=0. (10.89) 


Here, the magnitude of the velocity is constant and the acceleration 
is orthogonal to the direction of the velocity, a case complementary 
to the earlier example where the acceleration was along the direction 
of the velocity. 


With the approximations in (10.70), in this case, we have 


Bt) = 
s(t!) ¥1—-&-B8=1+ BsinOsinut. (10.90) 


It is now easy to calculate the electric field in (10.19) for large dis- 


300 10 ELECTROMAGNETIC FIELDS OF CURRENTS 


tances, which takes the form 


Belton) (xc, £) a F- (& x ((&— A) x B)) 
=<& ((&- 8) &-B)-(& (&-B))A) 
= ((- 5) (&- 8) - 58). (10.91) 


The magnetic field can also be calculated using (10.21), which 
for large distances takes the form 


B(cizcular) (x t) wt & R(cireular) (x t) 


It follows now that (in vacuum) 


S= ed Re BR (circular) x B* (circular) 
An 


an g (5 _ toa Pr) (10.93) 


where we have used (10.88) and (10.89). 
We can now calculate the power radiated along x through the 
surface of a large sphere of radius r as (not time averaged) 


” cq? 84 (1 — 87) cos? 6 + (6 + sin @ sin wt)? 
Ana? (1+ 8sin@ sin wt)® , 


(10.94) 


This is, of course, time dependent and since the motion is harmonic, 
we can average over one cycle of the motion. In doing so, however, 
we have to be careful and note from (10.14) that 


dt = sdt' = sdt, (10.95) 
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so that the time averaged radiated power along x is given by 


2m 


(3) cq’? B* w [a (1 — 8?) cos? 6+ (8 +sin@ sin wt)? 


dQ/ 4a? Ix (14+ @sin@sinwt)> 
0 


20 
te 8 [oo (1 — 67) cos? 6 + (8 +sin @ sin ¢)? 
~ 8n2a2 (1+ Gsin@ sin ¢)® 

0 

20 


_ cg BP (1 — 6?)(1 — 6? sin? 4) 
~ 8r2a2 [e | (1+ Gsin@ sin )> 


2(1 — 67) 1 
(1+ 8sin@sin )4 = (1+ Bsinésin ¢)3 | © 


(10.96) 


Thus, we see that evaluating the integral basically reduces to 
evaluating an integral of the form 


20 


1 
In = [eo (14 Bsindsin dy’ (10.97) 
0 


which can be done in a standard manner. Let us define 
z=e'?. (10.98) 


Then, we can write 


4a \” gt 
Tn = (—i) (= 5) gaz (+53 ie 7 ~— 1)" (10.99) 


Bsind 


where the integration is over a unit circle. The integrand has n-th 
order poles at 


z= aaa (-1 + 4/1— 62 sin? a) (10.100) 


We note that only the first root lies within the unit circle and, con- 
sequently, the integral can be evaluated in a straightforward (but 
tedious manner since it is a higher order pole) using the method of 
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residues. Let us simply note the results that 
1 3 
(1—6?sin?6)2 (1 —? sin? 6)2 


3 5 
bt | | 
(1—6?sin?6)2 (1—? sin? 6)2 


1 T 3 30 
Bp ap ll ——s a Oe 
4/(1—6?sin?@)2 (1 6? sin? 6)2 


a ; (10.101) 
(1 — 62 sin? 6)2 


Using (10.101) in (10.96), we obtain 


a) ada aaaee 
dQ? 8ra2(1 — 6? sin? 9)3 


x la + cos” @) — us (1+367) sin*6}. — (10.102) 


We see that, for non-relativistic motion, 


dP 224 2.2.4 
aa <j EE (1+ cos? 9) = 2° 
dQ 87a? 8103 


(1+cos?6), (10.103) 


where we have used (10.88). This shows that the power radiated 
peaks along the z-axis (6 = 0). In contrast, in the relativistic case we 
see from (10.102) that the radiated power peaks at @ = 4. The study 
of this system is particularly useful in the analysis of synchrotron 
radiation in accelerators. 


10.5 Cerenkov effect 


Earlier, we saw that particles moving with a uniform velocity in vac- 
uum do not give rise to radiation. For radiation in vacuum, the 
particles have to be accelerated. Let us note that in vacuum, a parti- 
cle cannot travel faster than the speed of light c for causality to hold. 
However, in a material medium, the speed of light changes by the in- 
dex of refraction as c’ = < which can be smaller than c depending on 
the index of refraction of the medium. Here, n = n(w) = \/ep is the 
index of refraction of the medium and is a function of the frequency 
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of the traveling wave (this is also true of the speed of light in the 
medium). A charged particle traveling in a medium can, therefore, 
travel faster than the speed of light in the medium without violating 
causality provided c’ < v < c. In such a case, radiation is produced 
even when the particle is not being accelerated and this effect, known 
as the Cerenkov effect, provides an important tool in detecting high 
energy particles. 

The Cerenkov effect is an interesting phenomenon where the 
charged particle does not lead to radiation directly. Rather, it is a col- 
lective phenomenon where the radiation is produced by the medium 
through which the charged particle moves. Quantum mechanically, 
the phenomenon can be understood as follows. The charged particle 
moving through the medium excites the electrons in the atoms which, 
upon return to their original state, emit a coherent radiation. Macro- 
scopically, the phenomenon is analogous to the production of sound 
waves (shock waves) in the case of supersonic motion in a medium, 
where the fluctuations in the density of the medium produce a sound 
wave. In fact, geometrically, it is easy to see that if the particle trav- 
els with v < c’, then the information spheres (spherical wave fronts 
traveling with the speed of light in the medium), originating at later 
times, are contained inside the earlier ones. In this case, it is easy to 
see geometrically that there is only one unique retarded time for every 
point as shown in Fig. 10.9. (Basically, what this means is that any 
observation time can lie only on the surface of a single information 
sphere and, therefore, would correspond to a unique retarded time.) 


Figure 10.9: Information spheres for a particle travelling with v < c’. 


On the other hand, if v > c’ the particle is moving faster than 
the speed with which the information spheres travel. Consequently, 
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the information spheres originating at later times overtake the earlier 
ones (see Fig. 10.10). (In this case, the information spheres intersect 
leading to the fact that any observation time may lie on the surface 
of two or more information spheres and, therefore, may correspond 
to two or more retarded times.) The surfaces of the information 
spheres define a cone with the charged particle at the vertex and as 
these waves become more and more dense, a shock wave is produced 
traveling perpendicular to the conical surface. It is easy to see geo- 
metrically, that if 6. denotes the angle between the axis of the cone 
and the perpendicular to the surface of the cone, then, 


/ 


cos 0. = —. (10.104) 


Figure 10.10: Information spheres for a particle travelling with v > c’. 


Defining 6’ = 4 = Bn(w), we see that for such a phenomenon 
to take place, we must have 


1 1 
B = Bria) = COS A. <1 
or, B> ay (10.105) 


which also implies 6’ > 1. This is the condition for the emission of 
Cerenkov radiation. Geometrically, one can see that, in this case, 
there can be more than one retarded times associated with any given 
point. 

To understand the Cerenkov radiation more quantitatively, let 
us note that, in an arbitrary medium, the vector potential, in the 
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Lorentz gauge, is given by (This follows from the Maxwell’s equations 

and so far we had been considering the medium to be vacuum, for 
which ¢ = wp = 1.) 

= Lt ae Jul’, t') 

Anat) =4 fx |x — x!) 


= Ef ata ult, t) 
C 


Ix — x" 


—x/ 
=t— bones | 


(10.106) 


2 
=t— n(w)|x—x’ | 
c 


where the refractive index of the medium is defined to be 
n(w) = feu = a (10.107) 


Let us assume that we have an isotropic, non-magnetic medium (which 
is fairly general) for which = 1 and, consequently, 


nw) = Ve= a (10.108) 


As we have discussed earlier, in the Lorentz gauge, the scalar and 
the vector potentials are related to each other so that it is sufficient 
to study only the vector potential. If we have a charged particle in 
uniform motion, we know that we can write the current as 


J(x,t) = qv 6°(x — &(t)), (10.109) 


where &(t) represents the trajectory of the charged particle. Using 
this as well as our earlier observations, we can write 


qv 6°(x' — &(t’))d (tf —t+ bea 
frou Hele 


Ix — x" 


A(x, t) 


wf. 6(t — 4+ BSD 


/ Ix — €(t’)| 
—_ — (10.110) 
: Ril a re v=t-4 


where we have defined as before, R = x — €. Equation (10.110) 
is exactly like the earlier cases (see (10.9)) except that we have the 
modulus of s in the denominator, which is not necessary when v < c’ 
(for which s is positive definite). 

For uniform linear motion, the retarded time can be determined 
as before. In fact, following the discussion up to (10.30) we see that, 
in this case, we can write 
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Mr4l R ! 7 7 
c(t —9) =~ ay E cos 6 = \/(8 cos 6)? + (1 — 8?) . 


(10.111) 


Here 6 is the angle between R = R(t) and v (see Fig. 10.2). For t’ to 
represent a retarded time, as we have argued before, only the second 
root is allowed when £’ < 1. As we will see now, for 6’ > 1, both the 
roots are allowed leading to two retarded times for a given t. 
For 8’ > 1, we note from (10.111) that real roots will exist only 
if 
(8’ cos 6)? + (1— 6) > 0 


1 
or, cos?6> (1 = =) (10.112) 


which leads to the two solutions 


ee 1\? 
cos0 > (1- 53) ; or, cos < - (1-5) . (10.113) 


On the other hand, for t’ to represent a retarded time, we see from 
(10.111) that cos@ must be negative (because of the factor in the 
denominator). Therefore, we choose 6 to be an obtuse angle and 
note from (10.113) that the allowed root corresponds to 


L 
1\3 
arccos (- (1 — za) <0. (10.114) 


In this case, it is easy to see from (10.111) that both the solutions 
lead to retarded times and provide the two retarded times for this 
problem. 

Even though the retarded times are determined (and now the 
contributions from both these solutions must be added in (10.110)), 
evaluating the fields is extremely complicated. In what follows, we 
will present an alternate derivation of the fields as well as the energy 
radiated, using the method of Fourier transforms, which also brings 
out some other interesting features. To keep the discussion parallel 
to the earlier discussion of uniform linear motion in vacuum, let us 
choose the charged particle to be traveling along the x-axis. In this 
case, therefore, the current has a non-vanishing component only along 
the x-axis given by 


Jy (x,t) = qu d(x — vt)d(y)d(z). (10.115) 
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Taking the Fourier transform of this (into the energy-momentum 
space), we have 


if ; 
Tlkwoy = Gay [a de I(x) err) 


) cilwt—kea) 


= a fe ei S ke )e 
zt oo 5 (ke - =). (10.116) 


In the Lorentz gauge, Maxwell’s equations (in the presence of 
currents) in an arbitrary medium (with y= 1) lead to the inhomo- 
geneous wave equation (recall that in a medium 0, = (42, V)) 


dae Ar 
& ap Y ’) A(x,t) = 7 I(x, t), (10.117) 


which in the Fourier transformed space becomes 


Ww An 
(-3 - K?) A(k,w) = > J(k,w), 


4x J(k,w) 
or, A(k,w) = Fe a ; (10.118) 
It is now straightforward to obtain 
An 3 J(k, w) tk-x 
Atw) = [a pee, (10.119) 


The magnetic field, at any point, can now be obtained as 
B(x,w) = V x A(x,w) 


= fore ea ney) eikex, (10.120) 


Putting in the form of the current in (10.116), we see that the mag- 
netic field is orthogonal to the direction of motion of the charged 
particle (namely, B, = 0) and has the form 
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twa 


B(x.) = LEE f ay ae, Se FY) tons), 
Qc! k2 4 k2 we ea + #2 (1— ge) Fr) 


(10.121) 


The integral over k, in (10.121) can be carried out using the 
method of residues. We note that the integrand has poles at 


1 1 
2 
a: (a-3)-4 


(10.122) 
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If 6’ <1 (uv <2), we note that the quantity inside the square root is 
negative and, therefore, the poles are on the imaginary axis. Enclos- 
ing the contour in the upper half plane would pick up the contribution 
of the pole on the positive imaginary axis and it is easy to check that 
the integrals, in this case, lead to fields of the forms discussed in 
(10.47) and (10.48). 

On the other hand, if 6’ > 1 (v > c’), then, the quantity inside 
the square root in (10.122) can be positive for some values of ky, 
while it will be negative for other values. When k, is such that the 
quantity is negative, the poles will lie on the imaginary axis and 
the integration can be carried out, much like in the earlier case, by 
enclosing the contour in the upper half plane. For values of k, for 
which the quantity inside the square root is positive, the poles will 
lie on the real axis. However, since we are interested in retarded 
solutions, as discussed in (6.179), the proper prescription is obtained 
by letting (this gives the pole prescription for the retarded Green’s 
function or solution) 


wWwrwtie, 


whose effect, in the present case, is to push the pole at the positive 
value of k, to the upper half plane while pushing the other pole at the 
negative value to the lower half plane. Thus, enclosing the contour 
in the upper half plane would pick up two contributions — one from 
the pole on the positive imaginary axis and the other from the pole 
slightly above the positive real axis. This is the basic difference from 
the case 8’ < 1 and is a reflection of the existence of two retarded 
times in this language. Denoting by k, the generic location of the 
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poles, we obtain from (10.121) 


twox 
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B,(x,w) = euey, (emi) fay she i(kyytksz) 


* 


= qe v [as fu cilkyythsz) (10.123) 


The electric fields can now be calculated from Maxwell’s equa- 
tions, which implies that, away from the trajectory of the charged 
particle, we have (recall that we are assuming p = 1) 


 JE(x,t) 


B = 10.124 
V x Bex.) = 5 Ses) (10.124) 
leading to 
ic! 
E(x,w) = — V x B(x,w). (10.125) 
Wwe 


It follows now in a straightforward manner from (10.123) that 
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Equations (10.123) and (10.126) give the electric and the mag- 
netic fields produced by an unaccelerated charged particle moving in 
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a medium with a speed larger than the speed of light in the medium. 
To see that there is radiation, in such a case, let us calculate the 
energy radiated through the conical surface along the z direction as 
the particle travels a distance d along the trajectory. Let us consider 
a surface parallel to the x — y plane defined by z = z. Further- 
more, let us consider a strip of the surface of width d along the x-axis 
(ap < x < ap +d). Then, the total energy radiated through this 
strip (considering contributions from both the surfaces at +z9, as we 
will see shortly, the contribution is independent of the value of z9) is 
given by 


—oo —oo x0 
love) xrot+d ’ 
= 47 Re fo fo | da 5a Bia x, w) By (x, 0) 


ioe) xotd 


mane Jus fe | Pane ws) BS 


y (XW); (10.127) 


where we have used the fact that B = H when yp = 1 as well as the 
fact that B, = 0. 

From the forms of the fields in (10.123) and (10.126), we see 
that since both E,, B, have the same x dependence in the phase, the 
integrand in (10.127) is independent of x and, consequently, the x 
integration is trivial leading to a factor of d. Furthermore, defining 


we? 1 
k= 4a (1 — x) =i. (10.128) 


we note from (10.127) that we can write 


€ = 2dRe [os / dy c! E,(x,w) Be (x, w) 


—oo 
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(10.129) 


As noted earlier, this expression is independent of zp. 
The k, integration can be done in a trivial manner. We note 
from the definition in (10.128) that k, is imaginary for 


1 
Ww 1 \2 


Therefore, we can cutoff the integral over ky at these limiting values 
and obtain 


ko 
/ dky a 
—ko V ke a ki 
where we have used standard results from the table of integrals (see, 


for example, Gradshteyn and Ryzhik, 2.274 or this can also be done 
by elementary methods). With this, we obtain 


‘ is 2 
e= qd [aw (1-5) 
0 


: i ot 
= Pd f dw Ww (= = =) ; (10.132) 
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We can also define the energy radiated per unit length as 


es a 14 
0 


(10.131) 
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This can be thought of as the energy radiated per unit length of the 
trajectory of the charged particle. Thus, we see that, even though the 
charged particle is not being accelerated, by virtue of the fact that 
it travels faster than the speed of light in the medium, it leads to 
emission of radiation. This effect is known as the Cerenkov radiation 
(effect). (Equation (10.133) shows that if v > c’, energy is radiated 
since € > 0. On the other hand, if v < c’, no energy is radiated since 
Ect) 


10.6 Self-force 


So far, we have talked about a point charge which is an idealization. 
In fact, classically, we know that a point charge leads to singular 
field configurations (and energy) and, therefore, a better way is to 
think of a classical charged particle as an extended object of small 
dimensions with a charge distribution. In electrostatics, for example, 
one calculates the fields and energy of such a system by assuming a 
spherical charge distribution of a small radius. Such a description of a 
classical charged particle leads to interesting effects when the particle 
is not at rest. As we have seen, for a moving charged particle, the 
fields at any point are determined by the retarded time (and not by 
the instantaneous time). If the particle has an extension, then, of 
course, each element of the object will exert a force on every other 
element. If the particle is not moving with a uniform velocity, the 
retarded times associated with the action (force) will be different from 
that of the reaction (force). As a result, there will be a net force acting 
on the charged particle, commonly known as the “self-force” which 
will be proportional to the acceleration of the particle. Intuitively, 
we can see that something like this should happen from the following 
simple argument. As we have seen, an accelerated charged particle 
radiates energy and thereby loses kinetic energy. Therefore, radiation 
of energy leads to a deceleration implying that there must be a force 
acting on the particle due to the fields it produces. This is the “self- 
force” or sometimes also known as the radiation reaction. 

The self-force was first studied by Lorentz and was later gener- 
alized by Abraham. The derivation of the self-force is quite technical, 
but let us discuss it within a simple context. Let us assume that the 
charged particle consists of a charge distribution of small dimension 
d (in the limiting case of a point particle, we can take this to be 
zero). We will also assume that we are in a frame where the particle 
is instantaneously at rest. As before, we will express quantities at the 
instantaneous time (observation time) with a bar over them. Since 
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the size of the charge distribution is small, in calculating the effect 
that one element of the charge distribution produces on another, we 
can Taylor expand the terms in powers of the size (note that both x 
and € denote points inside the charge distribution whose dimension 
is small). For example, we note that we can write 


RV) =R+¢-) SO) Su SE 
tye Ee 
=R+¢-9-9 + La 
e . ol (—v)+--:, (10.134) 


where R(t’) = x—€(t’). Let us recall that the retarded time is defined 
as 


(10.135) 


Using this as well as the fact that the particle is instantaneously at 
rest (v = 0), we obtain, from (10.134), 

R(t). R(t!) « 
/ —. . ve 

R(t)=R- 502 v+ 63 V+er-. (10.136) 
We are assuming here as before that x (and, therefore, t’—t) is small 
and, consequently, a Taylor expansion as in (10.136) is meaningful. 
Furthermore, we keep expansions up to order R® because, as we will 


see shortly, that is sufficient for our purposes. 
Equation (10.136) leads to 


2(4! 
BVSR = Res 
Cc 


33 


which can be rearranged to the form 
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Iterating (10.138) and keeping terms to order Rk. we obtain 


R.v R= == = ae 
nya Fs AEE EM 8) 


oe a 7 
(10.139) 
Using this, we can rewrite (10.136) to leading orders as 
ss ots ee OD8e 
_ Ry R(R-vy Rv 
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As we have seen in (10.19), the electric field of a point charge 
can be written as 


K(x, t) - fe R x ((R— £) x ¥) 


Cc 


3 3 
(sR) c(sR) Bt 
(10.142) 
Thus, using (10.139)-(10.141), we can expand 
R(t’) - v(t! 
s(t’) R(t’) = REY tae ( d v( ) 
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and, similarly, 
Rit!) - Rt)v’) = RY RY RR-Vy 
c e233 Dee ; 
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1- =1- 10.144 
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The reason for keeping terms up to order RP’ in the expansion is now 
clear. Since sR ~ R and (sR)? occurs in the denominator (in both 
the terms), the dominant terms would come from terms up to order 
R® in the numerator. 

Using (10.143) and (10.144), we now obtain 


R — 2%) (1-2)? 1, Pex 3(R-v) Rwy 
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If we assume the charge density p(€) of the extended particle to 
be spherically symmetric, then the electric field produced at x (inside 
the particle) due to all the other charge elements of the particle would 
be given by (see (10.142)) 


(10.146) 


Thus, the self-force acting on the particle is obtained to be 


Fyer = [ee p(x) E(x, t) 
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(10.147) 


We can now use the expansions in (10.145) and note that, for spher- 
ically symmetric charge distributions, the terms in the integrand 
which are odd in R would vanish (recall that R = x — €). Asa 


result, we obtain 


F sci = [es dé p(x) p(&) 
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Here, we have used symmetric integration in the intermediate steps 
and have identified the self-energy of the system as 


=/ d3x ade L(x) 0S) =3/ d°a ave A cae. (10.149) 


In his studies of the forces acting on a charged particle, Lorentz 
had already argued that, when a particle is accelerated, there must be 
other forces acting on the particle besides the usual “Lorentz” force. 
In fact, he had already studied as an additional force precisely the 
second term on the right hand side of (10.148). This was further gen- 
eralized by Abraham, following the works of Larmour, Heaviside and 
others, and correspondingly, the self-force in (10.148) is also known 
as the Abraham-Lorentz force. If there is an external force acting on 
an electron, then, together with the self-force, the equation of motion 
for an electron can be written as 


AU... 26? 
mv = Fext + Feit = Fext — 302 © 1 303 Y 
. e? 
or, (my oe ae) vV=Fet + 23 Vv 
3c 
il Der 
, v=—Fatt+ ay, 10.150 
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where we have identified, for simplicity, V = v,v¥V = V and have 
defined 
4U 
Men = 3c2 m= my + Mem: (10.151) 


We can think of my as the inertial mass of the electron while mem can 
be thought of as the electromagnetic mass of the electron (charged 
particle). Neither is individually observable. Experimentally, one can 
measure only the observable mass m. 

In deriving Eq. (10.148), we have neglected higher order terms 
which would vanish in the limit that the particle has no structure. 
However, in that limit, the self-energy of the electron (particle) in 
(10.149) and, therefore, the electromagnetic mass diverges. In a quan- 
tum theory, such a phenomenon is handled through renormalization. 
Classically we can think of the electron not as a point particle, rather 
as one with a structure of the size of about (experiments put an upper 
bound of 10~!"cm on the size of the electron) 


2 
re = — © 3x 107 Bem. (10.152) 
Mc 


This is also known as the Lorentz radius or the Thomson scattering 
length. Consequently, the self-energy is finite. Furthermore, this 
distance scale also defines a time scale 

Jee Se 


——— = 10-4 sec, (10.153) 
3c = 33me? 


where we have put in the factor of 2 in the definition of the time scale 
for later convenience (see also the second term on the right hand side 
of (10.150)). This time scale is tiny showing that the expansion used 
is convergent. Moreover, since such a time scale is in the domain 
of quantum mechanics, we recognize that we can, at best, think of 
the classical equation in (10.150) as an approximate equation. If not, 
Eq. (10.150) leads to conceptual problems. For, suppose there is no 
external force present, namely, F.,; = 0, then we see that 


V=TV 
or, v(t) = v(0) er +constant. (10.154) 


Namely, we have a velocity that grows exponentially with time im- 
plying that the particle self-accelerates to infinite velocities. 

The problem with this run away solution can be fixed if we as- 
sume that the self-force exists only in the presence of other external 
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forces and that the radiation loss due to the self-force is small com- 
pared with the energy of the particle. We note that these assumptions 
are quite reasonable. First of all, the self-force as we see from (10.148) 
is proportional to the acceleration (as well as higher derivative terms) 
and, consequently, cannot exist in the absence of an external force. 
We also note that a charged particle of finite size cannot be in stable 
equilibrium unless external forces are applied. Therefore, the first 
assumption is quite reasonable. Since 7 is very small, the energy loss 
due to radiation in any finite amount of time can only be small. To 
see this quantitatively, let us consider an one dimensional charged 
oscillator in the presence of the self-force. 


mi + mug x = MTV, 
or, #€t+ugr=7i5, (10.155) 


where wg is the natural frequency of the oscillator. This is a third 
order equation in the time derivatives (recall that v = «). Choosing 
a solution of the form 


a(t) = 2(0) et, (10.156) 
we obtain, from (10.155) 

wr — iw? + iw? = 0. (10.157) 
This can also be rewritten as 

(wr)? — i(wr)? + i(wor)? = 0. (10.158) 


We note that the natural dimensionless variables in this equation are 
wT and wor. Assuming that wot < 1, we can obtain the solution to 
the cubic equation in (10.158) perturbatively as 


WT = wT — 5 (wor)? +O ((wor)? yy 


wt = i+ i(woT)? + O ((wor)?). (10.159) 


We can discard the last solution as unphysical since it leads to an 
exponentially growing solution. The other two solutions, on the other 
hand, lead to 


a) =a(0) ere t,t > 0. (10.160) 


Both these solutions are exponentially damped. We recall that the 
radiation component of the electric field is proportional to the accel- 
eration (%) which is proportional to w? and, consequently we expect 
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the radiation loss to be small. Furthermore, taking the Fourier trans- 
formation, we find 


(oe) 


1 
= dt e* x(t) 
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oo 
x(0) fe ei(wFwotZwor)t 
27 
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x(w) 


oes.) Sa 
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This shows that the oscillation of the charged particle no longer con- 
sists of a sharp single frequency. The intensity of the oscillations is 
obtained to be 


|a(w)|? bas |x(0)|? 


————— (10.162) 
4n? ((w Fw)? + SH) 


This shows a resonant behavior which characterizes the broadening 
of the line width due to radiation reaction (or the self-force). 


10.7 Selected problems 


1. The coordinates of a particle with charge g, moving in the x — y 
plane, depend on time as 


2 t2 
T= LOE a, Y= yoe B 
where 29, yo, 4,0 are constants. Determine ore for the radiated 


wave. 
2. A particle moves along the z-axis with a time dependence 
z= acos wt, 


where a,w are constants. Show that the angular distribution of 
the average radiated power is given by 


dP. q?cB*(4 + B? cos? 6) sin? 6 


(— = 
dQ? 3277a?(1 — 6? cos? 0)3 
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. Show that, for a charged particle with a linear acceleration 


a (namely, velocity is parallel to acceleration), the “time cor- 
rected” total radiated power is given by 
- 2q7 a? 1 


38 (1 — 62)3 


(What this means is that you should correct for the retarded 


time and define 
dP dP dt’ 


— — — 

dQ dQ dt’ 
and integrate this to obtain the total “time corrected” power 
radiated.) 


. For a real function, f(t), show from the definition of the Fourier 


transformation 
1 dwt 
fw) =s- die™ F(d), 
27 Joo 


that 
f*(—w) = lw). 


Using this, derive the relation used in this chapter that 


[- at |f(t)[? = 4m I dw [fw)/?. 


. Consider a transparent medium with an index of refraction n = 


1.5 in the range of visible light. Calculate the angle for the 
emission of Cerenkov radiation by an electron moving with a 
speed 0.9c. Determine the number of photons of wavelength in 
the interval 4000 — 6000 Angstroms, emitted per unit length of 
the trajectory. 


. A classical relativistic theory of the electron (due to Dirac) 


describes the electron motion by 


Ge =e 


LL 
dr a ext hd galt: 


where p* = mu with u* representing the four velocity of the 
particle. m,z7 denote respectively the rest mass and the proper 
time of the electron. Similarly, f4, fp denote respectively the 


relativistic generalization of the external force and the self-force. 
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From the fact that a relativistic force has to satisfy u,f" = 0 
(discussed in chapter 12), show that 


7 Qe? ce pl (Fo) 


self“ 3mc3 | dr2. m2c2 \ dr dr 
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CHAPTER 11 


Plasma 


11.1 General features of a plasma 


Conventionally, a partially or a fully ionized gas is called a plasma. 
The ionosphere in our atmosphere and the ionized gas in a discharge 
tube such as a diode provide examples of a plasma. However, one 
can generalize the definition and think of a plasma as a medium 
consisting of (free) positive and negative charges such that in any 
arbitrary volume the total charge is zero. That is, a plasma defines 
a charge neutral medium. If we consider a plasma of ionized gas, 
say for example, then while both the electrons as well as the posi- 
tively charged ions are free to move, by virtue of their large mass, 
the positive charges (ions) do not move very much. Thus, we can 
think of only the negatively charged electrons in a plasma to have 
appreciable motion. In some sense, therefore, we can think of the 
plasma as consisting of a large number of electrons moving freely in 
a positively charged background. This seems very much like the free 
electron theory of metals (in condensed matter physics). However, 
there are essential differences. First, the number density of electrons 
in a plasma (either in the laboratory or in nature) is much smaller 
than that in a metal. As a result, a classical description of a plasma 
leads to quite accurate results. Second, since the electron density is 
so dilute in a plasma, the effects of collision can truly be neglected. 
A plasma, therefore, appears to be a highly conducting medium. 
However, as we will see, it has very different behavior from the con- 
ductors that we have studied so far. A plasma in equilibrium develops 
strong restoring forces when disturbed externally. For example, let us 
suppose that we displace the electrons in a block of an infinite plasma 
(for simplicity) by an infinitesimal distance x along the x-axis. This 
would then lead to two charged surfaces, one positively charged on 
the left and the other negatively charged on the right as shown in Fig. 
11.1. Each of these surfaces will have equal, but opposite charge. For 
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Figure 11.1: The two charged surfaces which develop when the elec- 
trons are displaced to the right along the x-axis. 


example, if we assume the number density of electrons in the plasma 
to be N (which will also represent the number density for positively 
charged ions), then the surface charge density on the two surfaces will 
have the magnitude Nex. (We are assuming that e > 0.) Each of 
these surfaces will produce an electric field that can be calculated us- 
ing the methods of electrostatics. In fact, we have already calculated 
the electric field produced by an infinite charged surface and taking 
over the results from (2.79) (for a single plane the field is derived in 
(1.42)), we obtain that such a displacement will generate an electric 
field (only) within the two surfaces of the form 


E = 4r Nex €z. (11.1) 


The motion of the electrons (within the two charged surfaces) along 
the x-axis will now be subjected to a force leading to (e > 0) 


ma = —eE = —4nNe?z. (11.2) 


We recognize that this is the equation for a harmonic oscillator with 
a natural frequency given by 


9  4nNe? 
Wi = ‘ 
m 


(11.3) 


This is known as the plasma frequency and this analysis shows that, 
because of this displacement (disturbance), the plasma will begin to 
oscillate as (this is the complex notation and the coordinate of the 
particle will be given by the real part) 


a(t) ~ ert, (11.4) 


Thus, we see that, in this simple case, the plasma will oscillate only 
with the plasma frequency. Although this is not exactly the “plasma 
oscillation” that one talks about in connection with a plasma (which 
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we will discuss next), this simple example illustrates how the plasma 
tries to maintain its neutrality when disturbed slightly. 

If the plasma is subject to a driving force with a given angu- 
lar frequency, then it can oscillate with a frequency different from 
the plasma frequency (11.3). For example, suppose we have a har- 
monic electric field of the form (we are suppressing the coordinate 
dependence for simplicity) 


E(t) = E(0) e~“”, (11.5) 


acting on the plasma (with w representing the frequency of the har- 
monic field), then the equation for an electron in the plasma would 
become 


mx = —eE(t) = —eE(0) e~™. (11.6) 


The solution, in this case, clearly would have the form 


e e 


x(t) =x(0)e™ = E(0)e™ = 5 


— —> 11.7 

mw? mw ao) 
Namely, in this case the plasma will oscillate with the frequency of 
the driving force. It also follows from Eq. (11.7) that we can obtain 


the velocity of motion to be 
ees OF (11.8) 
mw 


This is, in fact, very suggestive in that we see that the current asso- 
ciated with the motion of a single electron can be written as 


a) - 2 

ie iw 
j= -ev = —_ E= —_-E 11.9 
J a mw 4nNw ’ ( ) 


where we have used the definition of the plasma frequency in (11.3). 
Relation (11.9) is very interesting in that it is reminiscent of the 
Ohm’s law, 


iNe2 iw? 
J=Nj=-Nev=——_E=—2 E=cE, (11.10) 
mw Arw 


except for the factor of “i” in the proportionality constant. This fac- 


tor simply implies that the electric field and the current are not in 
phase. In this sense, a plasma is somewhat like a dielectric medium 
and, as we will see shortly, this phase difference has important con- 
sequences. 
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In a plasma, of course, there are always random thermal oscilla- 
tions. When we can neglect thermal motions (because of their small 
magnitude at low temperatures or because of averaging of the random 
thermal motion), we can talk of a cold plasma. In such a case, the 
effect due to the driving force is dominant and (11.9) should hold. If 
the plasma is at a high temperature so that the thermal oscillations 
are not negligible, then one must use a statistical description of the 
plasma. Nonetheless, relations of the form (11.9) turn out to be fairly 
accurate within such derivations. 

Let us next analyze a simple example within the context of a 
plasma at finite temperature. Let us consider a plasma in thermal 
equilibrium at a temperature T. Let us introduce a single static 
charged particle carrying a charge q into the plasma. This will gener- 
ate a static electric field in the plasma and we would like to determine 
this field. Since the electric field is static, in order to calculate the 
field, we only need to determine the scalar potential ® which will be 
spherically symmetric. 

In the presence of the electric field generated by the static charge, 
the charged particles in the plasma will experience a force and, con- 
sequently, will rearrange themselves so as to attain a configuration 
of minimum (free) energy. We know that at a finite temperature T, 
the equilibrium density of particles is determined by the Boltzmann 
factor ener, where E,k represent the energy of the particle and the 
Boltzmann constant respectively. Thus, in the presence of the charge, 
the electron and the ion densities will take the forms 


Ne = Net, 
N, = Nei, (11.11) 
where N = e~% denotes the equilibrium density of the charged 


particles in the plasma before the introduction of the external charge. 
The scalar potential (and, therefore, the electric field) away from the 
location of the charged particle can be determined from Gauss’ law 
(the first of the Maxwell’s equations), namely, 


1 
or, = = (P=) & = —4ne(N; — N.), 


ob 2d : e® 
Oo, aa + Poe 87 Ne sinh (=) : Ca) 
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Here, we have used the spherical symmetry of the scalar potential. 

Equation (11.12) is difficult to solve in closed form, in general. 
However, let us assume that we have a plasma in equilibrium at a 
very high temperature kT >> e®. In this case, we can approximate 
the right hand side in (11.12) and write 


d?@ d. 2d6 81Ne? 
dr? or dr kT 


D=0. (11.13) 


We recognize this as the spherical Bessel equation of order zero and 
the solution that vanishes asymptotically has the form 


O(r)=—e , (11.14) 


where C is a constant and we have defined the Debye length as 


| kT kT 
ee pee 11.15 
81 Ne? \/ 2muw? ( ) 


The electric field is now easily obtained from 


C(r+rp) aoe 
—~.——e "D. 
rrp 


E=-VO=r (11.16) 
Thus, we see that the scalar potential as well as the electric field fall 
off rapidly for r > rp. Namely, the charged particles of the plasma 
will reorganize themselves so as to screen the external charge beyond 
the Debye length. For this reason, the Debye length is also sometimes 
referred to as the screening length. These examples illustrate that 
when a plasma is disturbed, it tries to restore its charge neutrality. 


11.2 Propagation of electromagnetic waves through a plasma 


Let us next consider the question of propagation of electromagnetic 
waves through a plasma. We assume that a harmonic electromagnetic 
wave of frequency w is incident on a plasma. Let the electron density 
of the plasma in equilibrium be Neg which will also be the density of 
positive ions in equilibrium. The incident electromagnetic wave will 
set up a local fluctuation in the electron density (we are assuming 
that the positive ions do not have appreciable motion) so that we can 
write 


Ne(x,t) = Neq + 7(x, €), (117) 
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where the fluctuation from the equilibrium value, n(x, t), is consid- 
ered to be small. As we have already seen, there will be oscillations 
in the plasma leading to a current density (see (11.9)) 


: 2 mee) 
Poe ee (11.18) 
mw 4rw 
where we are neglecting terms quadratic in the fluctuations, an ap- 
proximation which is also known as the linearized approximation 
(namely, since the velocity v is already a fluctuation, n(x,t)v is 
quadratic in the fluctuations). 


The first of the Maxwell’s equations, in this case, takes the form 
V -E=4ne(N; — N.) = —47en(x, t) = 4ap(x, t), (11.19) 


where we have defined p(x,t) = —en(x,t) to correspond to the fluc- 
tuation in the electron charge density. The other Maxwell’s equations 
have the forms 


V-B=0, 

Vxb= 
Cc 
4 f d we 

VxB=— -#e--# (1-3) (11.20) 
Cc Cc Cc WwW 


where we have used (11.18). The last equation in (11.20) suggests 
that we can define a permittivity for the plasma of the form 


2 


Pp 
7 i231) 


8) 
Ep =1— 


It is worth noting that €, < 1 as opposed to the case of a dielectric 
for which ¢ > 1. 

There are now several interesting cases to be discussed. If the 
frequency of the harmonic field coincides exactly with that of the 
plasma, namely, if w = wp, then we have 


& = 0. (11.22) 
In this case, the second and the fourth of Maxwell’s equations give 


V-B=0, 
VxB=0. (11.23) 
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Namely, the electron current, in this case, exactly cancels the dis- 
placement current so that the curl of the magnetic field vanishes. In 
the absence of sources, these two equations imply that the magnetic 
field vanishes identically, namely, 


B=0. (11.24) 
The other two of Maxwell’s equations take the forms 

V -E=4n70(x,t), 

VxE=0. (11.25) 


These are equations of the type in electrostatics implying that the 
electric field can be expressed as the gradient of a scalar potential. 
The difference is that here the fluctuations in the electron density 
have a time dependence leading to a time dependence of the electric 
field. 

This is the case normally referred to as the “plasma oscillations” . 
This can be seen more clearly as follows. The continuity equation 
gives 


or, 2 +iwpp=0. (11.26) 


Here, we have used Eqs. (11.18) as well as (11.19) (remember w = 
wp). Taking the time derivative one more time, we obtain 


2 

ve +wrp=0. (11.27) 
Namely, the density of electrons fluctuates in time with the plasma 
frequency. This is a cooperative phenomenon in the sense that, 
not one electron, but the plasma of electrons as a whole oscillates. 
However, there is no traveling disturbance that is generated. This 
should be contrasted with the transverse traveling wave solutions of 


Maxwell’s equations for which 
V E=0, 


corresponding to the fact that there is no charge density. (It is worth 

noting here that in a conducting medium, conductivity o is real lead- 
t 

ing to a dissipative solution p(t) ~ e 7 as we have seen in (8.55). In 
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contrast in the case of a plasma the conductivity o can be thought 
of as purely imaginary as noted in (11.10) which is the reason for the 
oscillatory solution.) 

When w ¥ wp, there can be traveling waves in the plasma. This 
can be seen as follows. We note that when w 4 wy, then we can 
truly associate the permittivity €, in (11.21) with the plasma. For 
example, we see that for a harmonic field, the continuity equation 
together with (11.18) leads to 


iw 
— twp =-V-J=—-7*(V-B), 
TU) 
we 
or; p= ae (V -E). (11.28) 


Using this in (11.19) as well as the definition in (11.21), we see that 
we can write the Maxwell’s equation, in this case, as 


V -(e@E) = 0, 
V-B=0, 
VxE=“B, 
Cc 
VxB=—“?"8, (11.29) 
Cc 


where we have assumed pup = 1. Equations (11.29) coincide exactly 
with (source free) Maxwell’s equations in a dielectric of permittiv- 
ity €). (Plasma behaves like an isotropic dielectric medium since €, 
is a scalar.) It follows from (11.29) that both the electric and the 
magnetic fields satisfy the wave equation 


2 
VE+ 2 E=0, 
Cc 


2 


V’B+ = B=0. (11.30) 
These have traveling wave solutions of the form 
E(x) ~ ek, B(x) ~ e**, (11.31) 
where 
pape a 
or, Ck? =w*— we. (11.32) 
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We have used here the definition of the permittivity given in (11.21). 

Relation (11.32) is interesting in the sense that it has exactly the 
same form as the wave number that we have already seen in the case 
of a wave guide. It implies that when w > wp, there is propagation of 
the electromagnetic wave inside the plasma without any attenuation. 
However, there cannot be any propagation of electromagnetic waves 
inside the plasma when w < wp. Therefore, we see that wp is the 
analogue of the cut-off frequency in a wave guide. There is a difference 
though. Unlike the wave guide, where there is loss of energy through 
dissipation when w < we, here the non-propagation does not imply 
dissipation. Rather, this simply implies that the incident wave is 
totally reflected in such a case. In fact, recalling that the index of 
refraction for a medium is defined as 


n= JEM, 


we note that the index of refraction for a plasma (ju) = 1), 


Ww2 
tp=a/e =i 1- = (11.33) 


becomes purely imaginary when w < wp. Taking the results of reflec- 

tion from a dielectric at normal incidence (see (6.51)), for simplicity, 

we see that, in the case of reflection of such a harmonic wave from a 

plasma at normal incidence, we have 
EB,  1-m 


Ei l+np' 


(11.34) 


Here we are assuming that the wave is traveling in vacuum before be- 
ing reflected from the plasma. Note that since np is purely imaginary 
for w < Wp, the right hand side of (11.34) has the absolute magnitude 
unity, implying that the coefficient of reflection is unity. Therefore, 
the wave is totally reflected. 

Thus, we see that an electromagnetic wave is totally reflected 
from a plasma when w < wy. Using the definition of wy, in (11.3), this 
condition is also sometimes expressed by saying that electromagnetic 
waves will reflect from a plasma if the number density of electrons 
will satisfy 


mu? 


Ress eee 
= Are?’ 


(11.35) 


or simply if the plasma is overdense. This can happen if the density 
of the plasma is high or the frequency of the harmonic wave is low. 
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This is, in fact, the basic principle used in transmitting low frequency 
radio waves. Let us recall that the ionosphere consists of a plasma 
of electrons and positive ions where the ionization is a consequence 
of radiations coming from the sun. As a result, low frequency radio 
waves cannot penetrate the ionosphere and are reflected back, leading 
to a transmission of such waves around the globe. The theory of 
propagation of electromagnetic waves in the ionosphere is, however, 
slightly more involved owing to the fact that the density of electrons 
in the ionosphere is not uniform. Rather, it changes with the height 
from the surface of the earth. 


11.3 Motion of the positive ions 


We have so far neglected the motion of the positive ions because 
of their heavy mass. Under certain circumstances, however, their 
motion becomes important as we will see later. Let us see how the 
motion of the positive ions can be included into our analysis and how, 
under the conditions that we have assumed, their contribution can 
be neglected in the earlier analysis. 

Let us recall from (11.6) and (11.8) that the motion of electrons 
in a plasma driven by a harmonic electric field leads to 


MeVe = —eH, 
ie 

Ve=- (11.36) 

Mew 

Similarly, the motion of the positive ions leads to 
MiVi = eB, 
Ke 
vi= (11.37) 
MyW 


669? 


We have used the subscripts “e” and to represent the respective 
quantities associated with electrons and ions. We note now that 
the total current density associated with the plasma (including the 
contribution due to positive ions) takes the form 


66399 
1 


ee nee, (11.38) 
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where we have defined the plasma frequencies associated with the 
electrons and the ions respectively as 


>  4nNe? 
Wie = ; 
p,e Me 
4nNe? 
w= Kw (11.39) 
My 


Correspondingly, when the motion of the positive ions is taken into 
account, the conductivity can be written as 


a 2 2 
= i (WS 6 + wes) : (11.40) 

The fact that the conductivity o is a scalar simply signifies that 
the plasma behaves like an isotropic medium. If we now substitute 
(11.40) into the Maxwell’s equations, we can derive, in this case, that 
the permittivity of the plasma takes the form 


1 
oe a © (we . + wr i) : (11.41) 


Namely, the permittivity also continues to be a scalar signifying that 
the refractive index of the isotropic medium has the form 


1. 
tty = ep = [1 - — (we +u2)). (11.42) 
We note now from Eq. (11.39) that 


We > wei, (11.43) 


since m; >> me (recall that a proton is about 2000 times heavier 
than the electron and the positive ion will be at least as heavy as the 
proton). Consequently, in our earlier analysis we can safely neglect 
the motion of the positive ions. However, there may be situations 
where the motion of the positive ions plays an important role and we 
will discuss such an example later. 


11.4 Effect of a background magnetic field 


Let us next consider the behavior of a plasma in the background of a 
constant magnetic field. This is quite important in the analysis of the 
propagation of electromagnetic waves through the ionosphere. This 
is because there is a magnetic field associated with earth and, con- 
sequently, the plasma in the ionosphere is subjected to this constant 
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background magnetic field. As we will see, this changes the nature 
of the plasma as a medium. 

Let us concentrate on the motion of the electron. In the presence 
of a driving electric field which is harmonic and a constant magnetic 
field, the equation for the electron takes the form 


or, V= arte (E+ aa B) ; (11.44) 
c 


where we have used the fact that the velocity has to be harmonic (with 
the same frequency) since the driving electric field is. Here, we have 
denoted the background magnetic field by B. (As a parenthetical 
remark, let us note that a driving electromagnetic field can also lead 
to a Lorentz force. However, since the velocity is already a fluctuation 
as is the driving magnetic field, such a term is neglected under our 
approximation of linearization. This is why we did not have a Lorentz 
force in the earlier analysis.) 

Since the velocity occurs on the right hand side of (11.44), solv- 
ing for the velocity is a little more involved. To invert the relation, 
let us define the cyclotron frequency associated with the background 
magnetic field as 


B 
oS (11.45) 
mec 
In terms of this, the velocity can be expressed as 
Q 
(v 4 iv x =) eis (11.46) 
Ww mu 


where 0? = 7. The inversion in (11.46) is best done in matrix form. 
We note that we can write (11.46) in component form as 


Pv; = 7 B; (11.47) 
where 


a 
Py = bij + ie €ijkQk- (11.48) 
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The inverse of this matrix can be determined in a straightforward 
manner and corresponds to 


1 QQ; i 
lee: eee ee 
Poy oe @ aye cn (11.49) 


which leads to the solution of (11.47) in components to be 
U,= —-— PP. EB; 
mw 
1 4 
= Se OR Oi; _ Wye i 7 Stak EB; (11.50) 
1e 


= fp apie ee. ie 
7 mu(1 — (£2 )2) 9 ete OF ey ROK OS 


mew 


where we have defined B” = B’ and this can be compred with the 
solution obtained in (11.46). 

Relation (11.50) is interesting because it shows that even though 
there is a relation between the components of the velocity and the 
electric field, the proportionality constant is a tensor in the presence 
of a background magnetic field. Consequently, in this case, the cur- 
rent density takes the form 


J; = —Nevr; = Oijk;, (11.51) 


where 


iNe? 1 i 
O45 = mul — (2)2) @ ae ae 050; = “e.0 


~ 4mw(1 — (2)2) @ Sg “0 (11.52) 


Substituting (11.51) and (11.52) into the Maxwell’s equations (as well 
as using the continuity equation), we find that in the present case, 
they take the forms (repeated indices are summed) 


Vil€p, ij Lj) = 0, 
VB; = 0, 
tw 


(V x E); = — B,, 
Cc 


tw 
(V x B); = =e Ep, iL; (11.53) 
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where the permittivity also has a tensor structure given by 


410;; 
epg = 83 — > 
Ww? Q0; i 
22 P 7 Cele us 
=> bij —_— (w? = ®) @ —_ a = “0 2 (11.54) 


Thus, we see that in the presence of a magnetic field, the con- 
ductivity as well as the permittivity become complex tensors. We 
are already familiar with the complex nature of such quantities. The 
tensor structure is new and simply signifies that the plasma ceases 
to behave like an isotropic medium in the presence of a background 
magnetic field. Namely, the properties of propagation depend on the 
direction and the magnetic field is responsible for this anisotropy. We 
note from (11.53) that, as is the case with harmonic fields, we need 
to concentrate only on the last two equations. (The first two are 
consequences of the last two.) Let us choose a traveling plane wave 
solution of the form 


Bee e | Be (11.55) 


Then, taking the curl of the third equation in (11.53) (and using the 
fourth), we obtain 


we 


(dijk* — kikj) Ej = > epg; 


or, (ss 7? (6, — “)) E; =0, (11.56) 


where we have defined the refractive index for the medium as 


7k? 
— a, (11.57) 

A nontrivial solution of (11.56) would exist only if the determi- 
nant of the coefficient matrix vanishes. Let us analyze this a little 
carefully. To simplify the analysis, let us assume that the magnetic 
field B lies along the z-axis. In this case, the only non-vanishing 
component of the cyclotron frequency is given by Q, = 03 = . 
Furthermore, let us define the dimensionless quantities 


(11.58) 
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so that the permittivity can be written in the simple form 


Ey 1€9 0 
Ep ij = —1€2 Ey 0 . (11.59) 
0 0 €0 


We note that without any loss of generality, we can choose our coor- 
dinate axes (x and y) such that the direction of propagation lies in 
the y — z plane, namely, 


k = k(0, sin 8, cos 9). (11.60) 


With this, we can represent 


he n? 0 0 
n? @ _ om ) — 0 n? cos? 6 —n? sin 0 cos @ 
0 —n?sin cos 0 n? sin? 0 


(11.61) 


Consequently, we are interested in the vanishing of the determinant 
of the matrix 


kjk; 
Epi — n? @ — a) 


(e _ n?) 1€9 0 
= —1€9 (eq — n? cos? ) n? sin 0 cos 0 
0 n? sin 6 cos 0 (eo —n? sin? ) 


(11.62) 


Let us look at the solutions for the vanishing determinant in two 
special cases. First, if 9 = 0, namely, if the direction of propagation 
is along the direction of the magnetic field, we see from (11.62) that 
the vanishing of the determinant gives 

€0 ((e1 oe me oy) =e (n? —-Eq- €2) (n? —eqt+ €2) = 0. 

(11.63) 


If «9 = 0, the index of refraction is undetermined and we see from 
(11.58) that this happens when w = wy. Namely, in this case, the 
plasma oscillates unaffected by the presence of the magnetic field 
(since the motion is parallel to the direction of the magnetic field). 
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In fact, it is easy to see from (11.56) that, in this case, EF, = 0 = Ey 
and only E, is nonzero so that the electron motion is along the z-axis 
and it does not feel the presence of the magnetic field. On the other 
hand, if w A wp (namely, if ¢g 4 0), then we have 


nv=eteQ=1- md ote ae = aye se) 
1-Y?2" 1-¥Y? 1-Y? 
XxX we? 
= es 11.64 
deaey w(w +2)’ ( ) 


where we have used (11.58). Note that, in this case, it follows from 
(11.56) that E, = 0 and since the electric field is perpendicular to 
the direction of propagation (and the magnetic field), the electrons 
feel the effect of the magnetic field. 

The other special case is when the direction of propagation is 
perpendicular to the direction of the magnetic field, namely, 6 = 7. 
In this case, we see from (11.62) that the vanishing of the determinant 
leads to 


(€9 — n”) (ex(e1 — 1”) — 3) = (n? — &) (ne) — ef + €) = 0. 


(11.65) 
The refractive index of the medium is now determined to be 
2 
Ww 
n= ée9=1- = 
Ww 
2 2 2472 
or, wes £2 eee ao et 
€] 1-Y? (1-Y?)(1—-X —-Y?) 
w (2 =) 
X(1-—X ~ we 
hy ca, SD) aaa we Pe (11.66) 
1-xX-Y? w? — w2— 0? 


The first case is interesting in that the refractive index is insensitive 
to the magnetic field. This is understood from the fact that Eq. 
(11.56), in this case, leads to E, = 0 = Ey. Only E, is nonzero so 
that the motion of the electrons is along the direction of the magnetic 
field. Correspondingly, they do not feel its effect. In the second case, 
on the other hand, E, = 0 and the electric fields are transverse to the 
direction of the magnetic field and, consequently, the electrons do feel 
its effect. Although one can solve the vanishing of the determinant 
for an arbitrary angle 0, these two special cases show the variation of 
the refractive index with the direction of propagation. 
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11.5 Faraday rotation 


Let us go back to Eq. (11.64) and analyze the result in some more 
detail. We see that when the direction of propagation is along the 
direction of the magnetic field (which we have chosen to correspond 
to the z-axis), E, = 0 if w # wy. Let us denote the two eigenvalues 
for the index of refraction, in this case, as 


ni=qdteg=1l- (11.67) 


= w(w oe Q) , 


The meaning of the two eigenvalues becomes clear once we recognize 
that since FE, = 0, we can restrict ourselves to the study of the matrix 
in (11.56) (or (11.62)) to the upper left 2 x 2 space. In this space, for 
example for n =n, we have 


kk €1 — n2 1€9 

2 aNMB \ + 

Aog — EaB ak My (5, = ke ) = ( oe mee 
2 €y — Ny 


€, — (E4 + €2) 1€9 1 -2 
= a CD ’ 
—1€9 €y — (€, + €2) a 1 


(11.68) 


where a, 8 = 1,2. It is immediately clear from the structure of this 
matrix that 


(Jeatye 42) 
Al J=-2e[ J}, Al. | =0. (11.69) 


On the other hand, for n = n_, we have 


1 : 
Aog = Eas amd n2 (503 = ni) = €2 ( a P (11.70) 


In this case, we find that 


et 2a) 
Al’). Al 2 Jae). |e (11.71) 


1 1 : : : 
The vectors = and (7) denote respectively basis vectors for right 


circularly polarized and left circularly polarized waves. 
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Let us next recall that right and left circularly polarized waves 
traveling along the z-axis can be represented respectively as (see, for 
example, (6.37) ) 


ER = (x » iy) Eo e ethRe 


Ey = (& + iy) Ey ett, (11.72) 


It follows from this as well as Eqs. (11.69) and (11.71) that traveling 
along the direction of the magnetic field in a plasma, the right and 
the left circularly polarized waves will suffer different rotations of 
phase — the right circularly polarized wave rotating with the index 
of refraction n while the left circularly polarized wave rotates with 
the index of refraction n_. The medium responds differently to right 
and left circularly polarized waves. This phenomenon is commonly 
known as the Faraday rotation. 

We note that in vacuum, a linearly polarized wave can always 
be written as a sum of a right and a left circularly polarized wave. If 
such a wave, initially linearly polarized along the x-axis, is incident 
along the z-axis (the direction of the magnetic field) on a plasma (at 
z = 0), then traveling through the plasma, the planes of polarization 
of the right and the left circularly polarized waves will rotate as 


1 
E= 5 (Er + Ex) 


= Perit [le — ip) ofR* + (K+ iG) ec") , (11.73) 
where 
eS eee (11.74) 
Cc Cc 


As a result, in traveling through a certain distance z, the tilt in the 
polarization will be given by 


1 Ww 
y= 3 (kr —ky)z= 96 (M+ —n_)z. (11.75) 
If the harmonic frequency is high compared to the plasma frequency 


as well as the cyclotron frequency, w >> wp, Q, then we obtain from 
Eqs. (11.67) that 


2 
¢) 
nee 1—-—& (1 + =) (11.76) 
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This leads to 


2 
= _ Hp? 
y= 90 (ht —n_)ze Fok ® 
Ire? B 


This shows that the tilt in the polarization planes is proportional to 
the distance traveled in the plasma as well as to the number density 
of electrons in the plasma. This has, of course, been derived assuming 
that the electron density is a constant in the plasma. If the density 
changes with distance, as is the case in the ionosphere, then the tilt 
is obtained to be 


a i dz! N(z (11.78) 


~ m2ctw? 
In either case, it is clear that the number density of electrons in a 
plasma (or the total number of electrons in a volume of unit height) 
can be determined from a study of the tilt in the polarization planes. 


11.6 Alfvén waves 


As we have seen earlier, in the absence of a magnetic field the effect of 
the positive ions can be safely neglected. In the presence of a magnetic 
field, however, the positive ions play an important role under certain 
circumstances which we would like to discuss. 

Including the contributions of the positive ions to our analysis of 
section 11.4 is quite easy. First, let us define the mass ratio between 
the electron and the ion as 


n= <1. (11.79) 


M4 


With this, we note that we can identify 


eB 
QQ; = = MWe, 
MC 
4n Ne? 
2 = 2 
pi a Mp, 
2 
Wwe. 
Xj — 7 = nXe, 
qQ) 
YS = 7y., (11.80) 
WwW 
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We recognize that the positive ions will also contribute to the conduc- 
tivity tensor as well as to the permittivity. The qualitative structures 
of these tensors will be the same and, if we choose the magnetic field 


to be along the z-axis, we can write the permittivity tensor as in 
(11.59) 


E1 1€9 0 
Ep ij = —1€2 El 0 5 (11.81) 
0 0 €0 


where 
69 =1-X,- Xj, =1-(14+7)X- 
x1— Xz, 


X. X; 
1-Y2 1-Y? 


(1+ 7)X-(1 — nYe) 


= [=o 3 eee 
Cee alee te, 
_ Aell. = nyo) 
(LaVPexe): 
XeYe Xi; 
gQ2= =z 
Le y2>- La? 
= (thee i tee 
a eS ere) 
XeYe 
~ — (11.82) 


(Vesey) 


We recognize that 7 < 1 and it is clear from (11.82) that when 
w? > nO2 = 0.Q; (or equivalently, 7Y2 « 1), we can neglect the 
contributions from the positive ions. This is exactly like the analysis 
before. However, at very low frequencies, w < OQ) = 7OQ¢, or equiva- 
lently, when 7Y, >> 1, the contributions from the positive ions play 
an important role. We see from (11.82) that in this limit, we can 
write 


X,(1 _ nY2) 
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oon ee Xe(—nYe) er Xe 
(Aer) nie? 
ie Note 
°° 0-Y20 —P¥2) 
UES Xe 
a  , 11.83 
CYR ~ P¥3 i 
Since Y, > 1, it follows that 
€1 > €2, (11.84) 


and, therefore, €2 can be neglected in all our manipulations. 
The relation (11.84) is significant in simplifying all the expres- 
sions. For example, we can now write the matrix (11.62) as 


kjk; 
€p,ij — n? @ = aa 


eran 0 0 
= 0 €,—n*cos?@ n*sin@cosd |. (11.85) 
0 n?sin@cos@ €) —n?sin?6 


The vanishing of the determinant of this matrix is now easily seen to 
give 


x Ww 
2 e p,e 
n =e elt =1+ ' 
nye 2 
he €1€0 
€y cos? 6 + €; sin? 0 
2 2 2 
Ww we, W 
7] Ws, el: 7az sin 0) 


The electric fields corresponding to the two roots can be de- 
termined from the form in (11.85). For n? = «&, we note that 
E, = 0 = E, while E, is nontrivial. The electric field is trans- 
verse to the magnetic field in this case. On the other hand, for the 
second root, we see from (11.85) that FE, = 0 and 

Ey n? sin 0 cos 0 € 

—_—.—— = -— coté. 11.87 
E, €, — n? cos? 6 al ( ) 
In other words, in this case, the electric field has a component parallel 
to the direction of the magnetic field in addition to a perpendicular 
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component. Let us note from (11.50) that in this low frequency limit, 
we can write for the first root (remember that the magnetic field is 
along the z-axis), 


. 2 . 
ze 8) Ie € 
i Par Hi eg 
Vey MeW ( =z) ( wW ) c Mee 


1e w 1); € 
IR ee ify ee oY |) ps ee E... 11.88 
Vi,y mi ( 4 ( ) x Mee e ( ) 


Namely, the component of the velocities perpendicular to the mag- 
netic field is the same for both the electrons and the ions. (Note that, 
for the positive ions, the magnetic interaction changes sign so that 
the imaginary term in the inverse relation also changes sign, which is 
why the velocities for the electron and the ion have the same sign.) 
Similarly, for the second root, we obtain 


VU, R 7 
e,x 20; y> 
e 
on RS E,,. 11.89 
Via meMe y ( ) 


Once again, we see that the velocity of the electrons and the ions 
perpendicular to the direction of the magnetic field are the same. The 
plasma, therefore, moves as a whole along the direction perpendicular 
to the magnetic field. 

These low frequency waves in a plasma are also known as the 
Alfvén waves. We note, in particular that when w < Q; and we have 
further we > 70? = O,.Q; (which is quite natural), the roots in 
(11.86) take even simpler forms 


2 2 


p,e Wp,e 
’ 11.90 
nQ2’ — nQ2 cos? 6 ( ) 


Conventionally, the quantity 


VQQ5 


Wp,e 


VA = G; (11.91) 


is also known as the Alfvén speed. 


11.7 Collisions 


We have so far talked about an idealized plasma where there is no 
collision between the constituents. While this is the case for a very 
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dilute plasma, in a realistic plasma such as in the ionosphere, there 
are collisions that need to be taken into account. In a partially ion- 
ized gas (or in the ionosphere), the electrons can undergo collisions 
with charge neutral molecules. Charged particles can also “collide” 
with one another, although the concept of “collision” is different in 
such a case. The effect of the collisions can be introduced into the dy- 
namical equations through a friction force. For example, the equation 
of motion for the electron under the influence of an external electric 
field, when collisions are taken into account, takes the form 


mv + mvv = —eE. (11.92) 


Here, v denotes the frequency of collisions which can be thought of 
as the inverse of the average time interval of travel between collisions 
for an electron. 

For a harmonic driving force of frequency w, we obtain from 
(11.92) 


—imwv + mvv = —eE, 


1e 
= ————_—_- E.. 11.93 
ia m(w + iv) ( ) 


As a result, the electron current density can be written as 


iN 2 
J = —Nev = ———_—__E=cE, (11.94) 
m(w + iv) 


where we have identified 


iN e? iw? iw? (w — iv 
pet, eb ee) (11.95) 
miwtiv) 4r(wtiv) 4n(w2+v?) 


We note that this reduces to (11.10) when v = 0. In the presence of 
collisions, we see that the proportionality between the current density 
and the electric field becomes complex which is the behavior of a 


lossy dielectric. The real part of this proportionality constant can be 
identified with the conductivity of the plasma and has the form 


ee 2 
iws(w — iv) Wey 

= Re 2 — PP 11.96 
meg ; An(w? +?)  4n(w? + v?) ( ) 


Substituting the form of the current density in (11.94) into the 
Maxwell’s equations (and using (11.95)), we can determine the per- 
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mittivity of such a plasma to be 


Peet _ 4no _ wa(w — tv) 
ie iw w(w? + v?) 
2 a) 
w two 
=1-—_,+_ , +—++_ > (11.97) 


The permittivity is complex signifying that propagation of electro- 
magnetic waves in such a medium will be accompanied by attenua- 
tion. The imaginary part of the permittivity, as is clear from (11.96) 
and (11.97), is related to the conductivity. The analysis of the solu- 
tions of the Maxwell’s equations can now be undertaken as we have 
done earlier, but we will not go into the details of this. 


11.8 Selected problems 


1. i) For a laboratory plasma, the number density of electrons lies 
between N = 10!?/cm? — 10'8/cm?. Determine w, for such a 
plasma. Calculate the same for the plasma in the ionosphere 
at the F-level, where N ~ 10°/cm?. 


ii) Determine the Debye length for a laboratory plasma at T = 
2000°K. 


2. Consider a monochromatic plane wave of frequency w propa- 
gating along the z-axis through a plasma. Assume that the 
nontrivial components of the electric and the magnetic fields 
are along the x-axis and the y-axis respectively. Calculate the 
time averaged radiated power per unit area normal to the z-axis 
when w > Wp and w < wp. 


3. A monochromatic plane wave in vacuum is incident normally 
on the plane boundary of a semi-infinite uniform plasma. Find 
the reflected and the transmitted waves, considering frequencies 
above and below the plasma frequency. For what value of the 
frequency is there a change of phase of 4 on reflection? 


CHAPTER 12 
Interaction of charged particles with 
electromagnetic fields 


12.1 Relativistic Lagrangian description 


We have seen earlier that Maxwell’s equations are manifestly Lorentz 
covariant. This is easily achieved by combining the electric and the 
magnetic fields into a second rank anti-symmetric field strength ten- 
sor of the form 


Fy = O,Ay — WA, =—Fiyy, py v = 0,1,2,3, (12.1) 
where the four component vector potentials are defined as (see (6.151)) 
A,, = (®,—A). (12:2) 


It is easily seen from the definition in (12.1) that 


1 OA; 
Fo; = Op A; — 0; Ap = = a OF t* — £4; 
Fi; = O;A; — 0; A; = ViA; = Vj AG 
= —€4jn(V x Ade = —€ijnBr, (12.3) 


where we have used the fact that A; = —(A);,0) = ig and 0; = V 
Given the field strength tensor F,,,, we can define a Lorentz 
invariant action for the free Maxwell theory of the form 


f= / d‘a £= / dtx (-z aan "Ew Esp) (12.4) 


In addition to being Lorentz invariant, this action is also invariant 
under a gauge transformation of the form (see (6.166)) 


Ayo) Ala) Oya), (12.5) 
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where a(x) is an arbitrary space-time dependent parameter of gauge 
transformation. Under such a transformation, 


Pip > 0u(Ap Ose) = 0; (Ay + 0,0) = 0, Ap Ay 
= Fy. (12.6) 


Namely, the field strengths are invariant under a gauge transforma- 
tion, something that we already know. However, as a consequence 
of this, it follows that the action in (12.4) is also invariant under the 
gauge transformation (12.5). 

We can derive the dynamical equations from the action in (12.4) 
as the Euler-Lagrange equations. In this case, since the Lagrangian 
density depends on the dynamical variable A,, only through deriva- 
tives, the Euler-Lagrange equation takes the form 


OL 
dO,A, 


Of gh =O, (1257) 


Oy, 0, 


As we have seen earlier (see (6.157)), Eq. (12.7) gives only two of 
Maxwell’s equations (in vacuum in the absence of sources), namely, 


V-E=0, 


1 OE 
VxB=- oe 
Cot 
The other two equations are contained in the Bianchi identity satisfied 
by the field strength tensor 


OnE + OP yy + O» Fv _ 0, (12.8) 


which follows from the definition of the field strength tensors in (12.1). 

We have just described Maxwell’s equations in the absence of 
sources. Since Maxwell’s equations (with sources) are also Lorentz 
covariant, we can try to introduce sources in a covariant manner as 
well. The simplest case is, of course, to consider the interaction of a 
charged particle with electromagnetic fields. Thus, we first need to 
give a relativistic description of the motion of a free particle. This 
is done in a simple manner as follows. First, let us consider a free 
particle moving along a trajectory in the four dimensional space-time 
manifold as shown in Fig. 12.1. Unlike the non-relativistic case, here 
we cannot parameterize the trajectory with t which is not Lorentz 
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invariant. Instead, we note that the invariant interval (length) in a 
Minkowski manifold is defined as (recall that x“ = (ct, x)) 


ds? = cdr? = ny dada” = edt? — dx - dx. (12.9) 


The parameter s and, therefore, the proper time 7 are invariant 


cae ) 


Figure 12.1: Trajectory of a relativistic particle parameterized by rT. 


under a Lorentz transformation. The trajectory can be labeled by 
these parameters. We note from (12.9) that in the rest frame of the 
particle where ~ = 0, the coordinate time can be identified with the 
proper time. This will, of course, not be the case in other Lorentz 
frames. 

Parameterizing the trajectory of the particle as x«“(rT), we note 
that the free particle Newtonian equation can be generalized to 


d?x'(r) 
where m denotes the rest mass of the particle. This is manifestly 
Lorentz covariant since m and 7 are Lorentz invariant scalars and x" 
is a Lorentz vector. Introducing a relativistic four velocity associated 
with the particle as 


LL 
w= ro) = (ere); (12.11) 
dt 
where 
dx 1 dt 
_ ax ee er 12.12 


we see that the four velocity transforms like a vector under a Lorentz 
transformation and that 


QM tytty = 7 (Ce —v*) =e, (12213) 
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which follows from (12.9) (or the definitions in (12.11) and (12.12)). 
Thus, the components of the four velocity are not all independent, 
rather they are constrained by (12.13). 

The free particle equation in (12.10) can now be written as 


du! 


— =0. 12.14 
m i 0 ( ) 


We see that the relation (12.13) is consistent with the equations of 
motion (12.14). Furthermore, the form of the equation in (12.14) 
allows us to define a relativistic four momentum associated with the 
particle as 


p= mu? =7me (1, ~) = ymc (1, 8), (12.15) 


so that the equation of motion, (12.14), can also be written as 


in 
ce =0. (12.16) 


It follows now from (12.13) that 


p= p= men’ Uy Uy =m. (12.17) 
Recalling that p“ = (4,p) (see (6.146)), we recognize this as the 
Einstein’s relation for a relativistic particle. Furthermore, let us note 
from Eq. (12.15) that we can now identify 

E 
E=ymce’, p= wea (12.18) 
Cc 
which we have used earlier in connection with the method of virtual 
photons (see (10.56)). In the non-relativistic limit, 6 < 1 (or v < c) 
and we have 


ull = (e,v), 
pY = mi(c,v), (12.19) 
so that Eq. (12.16) reduces in this limit to the familiar equation 


dp _ 


dt =e 
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The constraints in (12.11) or (12.17) arise because the system 
has a local gauge invariance, much like the Maxwell’s equations. To 
see this, let us note that we can write the action for a massive rela- 
tivistic particle as 


ds 
S=me fds=me fas 


1 
Lb da’ \ 2 
= me [ ad (1m) 7 oe fa a (12.20) 


where we are assuming that the trajectory of the particle is param- 
eterized by \ and have used Eq. (12.9). It is easy to see that this 
action is invariant under a local symmetry transformation. Namely, 
under a reparameterization of the variable 4 as 


A> €=€(A), (12:21) 
we have 
da dé da 


Consequently, under such a reparameterization, the action transforms 
as 
1 
da’ dx” \ 2 
S= me [ ar (tm SS) 
2 3 
dé \* da da” 
dX »{—) — 
~ me f ( (3) dé dé 
1 
dé da! dx” \ 2 
=e f a5 (1m Gee) 


= me | ag (me) =; (12.23) 


This is an invariance under a local transformation much like the gauge 
transformation in the case of Maxwell’s theory. Consequently, we can 
choose a gauge and, in particular, we can chose the trajectory to be 
parameterized by the proper time through the identification (which 
is also known as a gauge choice) 


N=T, (12.24) 
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which leads to 
ae) ew 


or, Tuvultu’ = ce. (12.25) 


With the gauge choice in (12.24), we note that the Lagrangian 
is a functional only of #4 = wn so that we can write the conjugate 


momenta as 


OL mck . 
Pu = OP = —+ = MIX py, = MU, (12.26) 
Bi (4¥@,)? 
where we have used (12.25). The Euler-Lagrange equation of motion 
now follows to be 


d OL dp, | 

aus = ap =O (12.27) 
which is the equation for the free particle, as we have seen in Eq. 
(12.15). Here, we see that it can be derived from the principle of 
minimum action in the Lagrangian framework (physically implying 
that the path followed by a free particle between two points is the 
shortest path). We also note from (12.26) that 


p= 7” pup, = mc’, (12.28) 


which is the Einstein relation (12.18). The fact that not all the com- 
ponents of the momenta are independent is a consequence of the 
gauge invariance which the system possesses. (Let us note here par- 
enthetically that the action in (12.20) is meaningful only for time-like 
trajectories. For massless particles, an alternative form of the action 
is more useful.) 

So far, we have talked about a free relativistic particle. To 
describe a relativistic particle subjected to a force, we can generalize 
the dynamical equation (12.10) as 


d2zt 
os 
ap ” 
dp" 
— = f 12.29 
or, dr f zp ( ) 
where f" represents the force four vector. From the fact that 
dp du! = md(u,u") 


—— pee A = 12. 
Oe ap de 2° * adr 0, cay) 


12.1 RELATIVISTIC LAGRANGIAN DESCRIPTION 403 


which follows from (12.9), we have 
uf! =0. (12.31) 


Namely, much like the four velocity and the four momentum, the 
components of the relativistic force are not all independent. In fact, 
explicitly we have from (12.31) that 


or, f_=——_=8-f. (12.32) 


We can determine the form of the relativistic force as follows. 
First, we note that in the rest frame of the particle v = 0. In this 
frame, we have 


oe = 0, | Oe ea (12.33) 


If we know the force F in the rest frame of the particle, then we 
can obtain its relativistic form by transforming to a general Lorentz 
frame. The coordinate vectors in a frame moving with an instanta- 
neous velocity v are related to those in the rest frame as 


v= ¥(2°+fB-x), 


x = (x - JA) + ee + sr’) (12.34) 


The physical meaning of Eq. (12.34) is quite clear. Only the compo- 
nent of the coordinates along the direction of the velocity of the frame 
(and, of course, the time coordinate) transforms, while the compo- 
nents perpendicular to the velocity of the frame do not. (Note that 
the first parenthesis on the right hand side of the second relation in 
(12.34) denotes the orthogonal component while the first term in the 
second parenthesis describes the longitudinal component of the coor- 
dinate with respect to 3.) Using this, then, the general form of the 
force in a frame with an instantaneous velocity v can be determined 
from its form in the rest frame to be 


(12.35) 
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It can be checked from the form of the components of the force in 
(12.35) that 


Up ft =u fo—u-f 
=cyB-F-—cy(1+(y-1))8-F=0. (12.36) 


Let us observe that in evaluating the force in a general frame, quanti- 
ties on the right hand side of (12.35) should be expressed in the new 
frame where necessary. 

Thus, we see that if we know the form of the force in the rest 
frame of the particle, we can determine its general covariant form 
through a Lorentz boost. With this, we can now describe the rela- 
tivistic form of the electromagnetic force acting on a charged particle. 
However, in the case of electromagnetic interactions, there is a sim- 
pler way of deriving this. We note from our earlier studies that the 
minimal electromagnetic interaction is linear in the (electromagnetic) 
fields. As we have seen, the electromagnetic field strength is a sec- 
ond rank anti-symmetric tensor. Thus, a natural candidate for a 
relativistic force appears to be 


FO Sy, (12.37) 


where a is a constant to be determined. Because of the anti-symmetry 
of the field strength tensor, this form of the force automatically sat- 
isfies the constraint (12.31), namely, u,f“ = 0. Furthermore, the 
constant a can be fixed by going to the rest frame of the particle, 
where the force takes the form (in the rest frame y = 1, u; = 0) 


faa = a Fu; = 0, 
Frest = Fu, = a(F up + F¥ uj) =a FY up, 
or, frest =acK=F. (12.38) 


Recalling that a charged particle at rest feels only an electrostatic 
force of the form 


F = gE, 


we determine that 
q 


a= =, (12.39) 
Cc 


where q represents the charge of the particle. As a result, the rela- 
tivistic form of the (electromagnetic) force is determined to be 


fea 2 Puy, (12.40) 
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so that the dynamical equation takes the form 

dpl q 

~~ feat per, . 12.41 

dr t c om ( ) 
It is easy to see from (12.40) now that in a general frame, the com- 
ponents of the force have the forms 


fo af poy, — Myon 
Cc Cc 
fist pig, =4 (F®uy + F%u;) 
—¢ aie Ene 


1 
or, f=r7¢q (z +—-vx B) ; (12.42) 
c 


where we have used the definitions in (12.3). That this leads to the 
usual Lorentz force can be seen by noting that 


1 
or, oP = 4g(BatvxB), 
c 


d 1 
or, P=a(B+ivxB). (12.43) 
c 


The form of the relativistic force can also be determined by the 
conventional method through a Lorentz boost. For example, we know 
that in the rest frame of the particle, a charged particle will only feel 
the electrostatic force so that 


a = 0, 

i.) =o: (12.44) 
where we have designated the electric field in the rest frame by E’. 
It follows now from Eq. (12.35) that, in a frame moving with an 


instantaneous velocity v, the components of the force will have the 
forms 


fl =o8-F=Ev-B, 
-F 
f=F+(7 i 


=q (( es ae) “ pe) (12.45) 
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The fields, on the right hand side of (12.45), are the rest frame vari- 
ables. They can be transformed to the new variables by noting that 
the components of the electric fields parallel to the velocity of the 
frame do not transform while the orthogonal components do so that 


E| = Ej, 
; 1 
L=7Y\{EL+-vxB}. (12.46) 
Cc 


Using these in (12.45), we obtain 


pi=Ev-5, 
fa ah (B-Bige t x8) | 
=7q (E+ “Vv x B) ; (12.47) 


which is the same result as in Eq. (12.42). 
We can now give a Lagrangian description of the interacting 
theory as 


S= peas (12.48) 


where we have chosen to parameterize the trajectory with (later 
identified with the proper time 7 of the particle through a gauge 
choice) and 


L=me(npts”)? + 2 A,(2(d))e". (12.49) 
Here, the first term is, of course, the Lagrangian for a free particle 


that we have already studied. The second represents the minimal 
interaction Lagrangian obtained in the standard manner, 


Sin = 5 f de Ay a)g"(e) 


=! i: dy A, (a(d)) a", (12.50) 
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where we have used the standard representation for the current den- 
sity associated with a charged particle, namely, 


"=a fas 


The action in (12.48) is invariant under reparameterization and, if we 
choose the gauge (12.24) (see also (12.26)), then we obtain 


~x(X)). (12.51) 


L 
ic ani = may + 2 Ay = = Dik Aw (12.52) 


which shows that the interaction is indeed that of minimal coupling. 
Here we have identified 


da 
—— = a 12. 
Dp mz" =m ae (12.53) 


which is also known as the kinematic momentum (or sometimes also 
as the mechanical momentum) of the particle. The Euler-Lagrange 
equation, in this case, leads to 


d OL _ OL 
dr0ée# Och 
r =i me = Ay) — 2 (8,A”)s =0 (12.54) 
O ’ dr Pu C LL Ly Ss * 
Noting that 
dA, 
a’ A, ev, 12.55 
Tt = (0"Ay)é (12.55) 
the Euler-Lagrange equation in (12.54) takes the form 
dp ti ee: 
AY’ — OA") a, = — FP’ uy. 12. 
‘anes en OVA") £ ; u (12.56) 
This is indeed the dynamical equation that we have discussed in 
(12.41). 


We have, of course, neglected the dynamics of the electromag- 
netic fields in this discussion. If we add the Maxwell term (12.4) 
to the action, then, the complete set of coupled equations of motion 
takes the form 


BE a lay 
dr Cc 


4 
6, Fe = — 3”, (12.57) 
Cc 
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where the current density has the form in (12.51) (with the identifi- 

cation \ = T). We note here that sometimes the second equation in 
(12.57) is also written as 

dp" 

m— 

dr 


with the identification in (12.15). 


= t FH, (12.58) 


12.2 Motion in a uniform electric field 


Let us next work out the solutions for a few interacting systems. Let 
us recall that the equations of motion (12.41) can be written as (recall 
that p! = mu! = ym(c,v) and y = $4) 


d me? 
Se ee 
dt fl we qv ? 
res 
d 1 
FT _ =a(E+lvxB), (12.59) 
3 


where we have used the identifications in (12.42). Let us note some 
general characteristics following from these equations. First, for a 
static electric field, we note that we can write 


E=-V6, 


so that the first equation in (12.59) takes the form 


d mc dx d® 
Se ge Se Wad ae Reet 
di | 7, _ at Tat" 
ce 
me? 
or, === + q® = constant. (12.60) 
1-¥% 


This is known as the energy relation since in the non-relativistic limit, 
it gives the energy conservation relation. (The time component of p" 
is related to the energy.) This equation also implies that when the 
electric field vanishes, namely, E = 0 (or © = 0), the speed of the 
particle v = |v| must be a constant. This would also be the case for 
a static magnetic field which does not produce an electric field (only 
a time dependent magnetic field can generate an electric field). 
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With these general observations, let us now examine the solu- 
tions for the motion of a charged particle in the presence of a uniform 
electric field. If we assume the electric field to be along the z-axis, 
then we have 


E = (E,0,0), B=0, 


where F is a constant and the fields can be generated by a scalar 
potential of the form 


®=-Er, A=0. (12.61) 


In this case, the equations of motion in (12.59) can be trivially inte- 
grated to give 


2 
a — gEx, 
yi-# 
= qEt, (12.62) 


where we are assuming that the particle is at rest at t = 0 so that 
the velocity is along the z-axis and, correspondingly, we have set the 
constants of integrations to zero. The ratio of the pair of equations 
in (12.62) determines 


(12.63) 


mc?t 
Zz — g Ft, 
[= 
x 
2 
of. Vee =er = ie (12.64) 


24 
2 2,2 me 
~ CP = 
Pe QE?’ 
22 
Or te ee (12.65) 
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The first form of the relation in (12.65) clearly shows that the motion 
is hyperbolic in the presence of a constant acceleration. This has to 
be contrasted with the non-relativistic case where 


ee 
x=%+-a 
0 2 ’ 


which describes a parabolic motion. The instantaneous velocity of 
the particle can be obtained from (12.65) and leads to 


dx ct 
PEP + 


We see from this that, as t + +too, the magnitude of the velocity 
approaches the speed of light, v > c. However, as t > 0, the particle 
comes to rest (v — 0). Therefore, in the intermediate time interval 
(—co <t < 0), the particle seems to feel a deceleration. We also rec- 
ognize that the motion will become non-relativistic when the electric 
field is weak. In particular, if 


E 
— its (12.67) 


then, (in a time interval t < 7%) we have from Eqs. (12.65) and 
(12.66), 


E 
vw t=at, 
m 
_ me 1 qE » 
~ qE 2m 
i: 
=ao+ 5 at”, (12.68) 


which is what we will expect. Here, we have introduced a to represent 
the instantaneous acceleration. 

In the derivation above, we assumed that the particle is initially 
at rest. However, in the general case when the particle initially has a 
momentum p©), we can solve the system of equations in the following 
manner. First, let us note that the initial momentum and the electric 
field define a plane where the particle motion is confined to. Without 
loss of generality, we can choose this to be the x— y plane (recall that 
we are assuming the electric field to be along the x-axis). Thus, our 
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equations in this case lead to 


2) 
me 
i-3 
pees he (p en gEt) (12.69) 


i-3 


By assumption, of course, the velocity has only x and y components. 
From the second equation in (12.69), we obtain 


2 2 
or, ~ (mt? + (p -- Et) ) = (p + gEt) : 
c 
2 
pe, ee PE 2 
’ C2 m2c2 + (p + qEt)”’ 
2 2,2 
ee er (12.70) 


Cc mec + (pO + qEt)” 


Substituting this into the first equation in (12.69), we obtain 


Paar 2 2 
2. @H? — C€ 22 (0) 
= TE = (mee + (p + 4Bt)’). 
1-4 Gs 
oF, 2= — mec? + (pO + qEt)”. (12.71) 
q 


This, of course, reduces to Eq. (12.65) when the particle is initially 
at rest, namely, p = 0. We can now solve for the y coordinate of 
the particle from (12.69), which yields 


dy _ pi” face 


dt om C2 
re: | 
mc + (pO)2 + 2qp© - Bt + Et 
cpy) Fe | gE*t+p©-E 
or, y= sinh —— ee 
qE E2(m2c2 + (p)?) = (p© -E)? 


(12.72) 
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Here, we have used the standard formula from the table of integrals 
(see, for example, Gradshteyn and Ryzhik, 2.261). We note from Eq. 
(12.70) that as t — +00, the speed of the particle approaches the 
speed of light as before. However, in the present case for the particle 
moving in a plane, the motion cannot be characterized as hyperbolic. 


12.3 Motion in a uniform magnetic field 


Let us next consider the case of a charged particle moving in a uniform 
magnetic field which we can take to be along the z-axis, namely, we 
have 


E=0, B=Ba, (12.73) 


where B is a constant. In this case, the dynamical equations, (12.59), 
take the forms 


d 2 
ti He) = 
tae 
B 
iy AY) ee eee (12.74) 


dt [,_ 2 c 
It is clear from the first equation in (12.74) that v? is a constant and 
we can write 


1 € 


2. ————— eer 
1-2 me?’ 


(12.75) 
where € represents the energy of the system (recall that the first 
equation gives the energy relation and we are denoting energy by € 
to avoid any confusion with the electric field). Furthermore, from 
the second equation we see that v, is also a constant. It follows, 
therefore, that 

vi = Vv? — wv? (12.76) 
is a constant as well. Since the z component of the velocity is a 


constant, we note that the solution for the z coordinate of the particle 
is straightforward 


Z= Zt vet. (12.77) 
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The second equation can now be written out explicitly for the 
x,y components of the velocity to give 


dvy qB 

— = ——_ 

dt yme ”’ 

dv B 

t= Som Up: (12.78) 


Recalling that v2 + uv = OF is a constant, we can write the solutions 


of Eq. (12.78) as 


( qB ) 
Uz = —V_ sin | — Tt], 
yme 
B 
Vy = —VL cos ee ) ; (12.79) 
yme 


These can be integrated so that, together with (12.77), we have 


z= 204+ vet. (12.80) 


Here, we have chosen the constants of integration (as well as the 
phases) such that at ¢ = 0, the particle has coordinates 7 = Sr = 
0,z = z and vz = 0, vy = —v,, vz = constant. We note that the mo- 


tion in the x — y plane is harmonic with a frequency 


ga See (12.81) 
ymc E 
where we have used (12.75). In general, we see that the frequency 
of motion depends on the energy of the particle. However, in the 
non-relativistic limit, where 7 ~ 1, the expression for the frequency 
becomes 


qB 
wy — 


12.82 
aa (12.82) 


which is independent of energy. This frequency is commonly known 
as the cyclotron frequency and is important in the study of cyclotrons. 
For a relativistic particle moving in a uniform magnetic field, however, 
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the relation is quite different and is of significance in the study of 
synchrotrons. Let us also note that, for v, = 0, the motion is circular 
in the x — y plane with the radius of the circle given by 


VL ymevy — Evy 


RZ ual 
Ww qB qBc’ 


(12.83) 


so that we can write the planar coordinates in (12.80) also as 


B 
zx = Rcoswt = Rcos (=) ; 
ymec 
B 
y = —Rsinwt = —Rsin (=) (12.84) 
yme 


12.4 Motion in uniform crossed electric and magnetic fields 


Let us next consider the case of a charged particle moving in uniform 
electric and magnetic fields that are orthogonal to each other. For 
example, we may have 


E = Ex, B= Bz, (12.85) 
so that 
E-B=0. (12.86) 


We can, of course, solve the equations (12.59) as before. However, a 
direct solution is much more involved. There is an alternative and 
simpler method for analyzing the motion in this case that we describe 
below. 

Let us recall that the electromagnetic field strength tensor Fj, 
is a second rank anti-symmetric tensor. We can construct from this 
two independent quadratic Lorentz invariant scalars, namely 


, i 
Fy FY = fn? Fay Pyo, Big BO 50 Fu Py: (12.87) 


where €#”? is the four dimensional Levi-Civita tensor. From the 
definitions of the field strength tensors in (12.3), it follows that 


F., Fe" = 2Fy,F° + F,;F% = 2(B? — E?). (12.88) 
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Furthermore, since (F“” = se? FY, is also known as the dual field 
strength tensor, €°%* = €ijk) 


poe 5 Ep = —B,, 

FY = 9% Fo, = eijnEk, (12.89) 
it follows that 

Fy Fe" = 26g F + FF = —4E-B. (12.90) 


Thus, we see that E-B as well as (B? — E?) are invariant under 
Lorentz transformations so that they have the same value in any 
Lorentz frame. As a result, when E- B = 0 (namely, when E and B 
fields are orthogonal to each other), depending on whether 


(B? af E’) > 0, = |B| > |E|, 
or, (B*’—E’) <0, = |B] <|E|, (12.91) 


we can go to a Lorentz frame where either EK = 0 or B = 0 respec- 
tively. (Note that if E-B 4 0, we cannot go to a frame where either 
B =0 or E=0.) Once we are in the frame where either the electric 
or the magnetic field is zero, then the solution in that frame is exactly 
the same as the ones we have found in the earlier two sections. To 
come back to the solutions in the original Lorentz frame, we simply 
have to make the appropriate inverse Lorentz transformation. Let us 
recall that in going to a Lorentz frame moving with a velocity u, the 
electric and the magnetic fields transform as 


E| = E), 
—_ u 
EY = y(u)(Ei + s x B1), 


Bi = By, 


BY = y(u)(Bi — - xE,), (12.92) 


where the “parallel” and the “perpendicular” decompositions are 
with respect to the velocity u. 

Let us first consider the case when |E| = E > B = |B| and 
consider a frame moving with a velocity u such that 

u ExB 


c E? 


(12.93) 
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Such a transformation (frame) is allowed since 


uw «#E®B? -(E-B)? _ B? 


ie eae eae a (12.94) 


where we have used the fact that the electric and the magnetic fields 
are orthogonal. In this case, therefore, we have 


¥(u) = ———— = —__—.. (12.95) 


We note that such a velocity is orthogonal to both the electric and 
the magnetic fields (u- E = 0 = u-B) and, consequently, in this case, 
we have 


Furthermore, under such a transformation, we have (since there is no 
component of the fields parallel to the velocity) 


B= 7(u) (E+ = xB) = yw) (p+ Ex2)*8) 
=o(y (e+ EBB E) 
a ae FE= WE 
B’ = (0) (B- 2x8) =m (B-EXD**) 
= (0 (p- PAB—E BE) 
= 7(u)(B ~ B) =0. 588) 


Here, we have used the orthogonality of the electric and the magnetic 
fields in the intermediate steps. 

This shows that for orthogonal electric and magnetic fields, when 
E > B, we can find a Lorentz frame where the magnetic field iden- 
tically vanishes. Furthermore, the electric field, in this new frame, is 
along the same direction as the original field, only scaled by a Lorentz 
factor. The solution to this problem is, as before, unbounded motion 
and is not very interesting. 
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Let us next consider the case when E' < B and choose a Lorentz 
transformation with 


ot (12.97) 
c 6©B* ; 
In this case, we have 
2 2 p2 2 2 
u E* B* —(E-B) E 
ee (12.98) 
so that it is an allowed transformation. For the present case, 
1 1 
+a) = ——. = —__.. (12.99) 
ees {== 
c Bz 


We note here parenthetically that when E = B, the frame moves 
with the speed of light and, therefore, is not meaningful.) 

Once again the electric and the magnetic fields are orthogonal 
to the velocity u and, consequently, 


Bi Bi 


Furthermore, we have 


E’ = y(u) (E+= xB) = >(u) (E+ (E <8) “B) 
= 7(u) (z eee rE) 
= 7(u)(E— E) =0, 
B’ = (u) (B mare B) =4(u) (B _€ x8) x =) 
= 7(u) ( _ (EB —e ==) 
=e a B= 7 '(u)B. (12.100) 


Thus, in this case, we see that the electric field vanishes in the 
new frame and the magnetic field is along the same direction as the 
original field, but scaled by a field dependent Lorentz factor. For 
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simplicity of comparison with earlier results, let us choose E = Ex 
and B = Bz. In such a case, we see that 
u_ ExB_~ E 


SP og ge (12.101) 


Namely, the frame is moving along the y axis. If we assume that 
the particle has no initial velocity along the z-axis, then following 
the analysis of the last section, we can obtain the solutions which 
would suggest that the particle will be moving in a circle in the plane 
perpendicular to the magnetic field with a radius 


R' _ y(u')mev', = y(v')mev', (12.102) 


/ ae 
qB qBy/1-% 


In fact, with initial conditions as before, we can write the solutions 
to have the form (see (12.80)) 


B' 
x’ = R' cos eee ‘ 
y(v')me 
/ 


B 

y =—-R' sin( °_ 7) = -/R? — 2. (12.103) 
y(v')me 

The solution can now be transformed back into the original frame. 

Since the frame is moving along the y-axis, the Lorentz transforma- 

tions take the forms 


f= a(u) (1 y), 


y' = y(u) (y — B(u)ct), 
ee (12.104) 


and this leads to 


y="Oy = Ba) = —V/ B= 22, 


E EP 
Ors es =F =a 1 ye ae, (12.105) 
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where, as before, 


yu)mevs 


ae 


Here we have also used the fact that, under an inverse Lorentz trans- 
formation, 


ROR, vow, v0, 


and so on. In this case, we see that the motion corresponds to an el- 
lipsoidal motion superimposed with a constant “drift” velocity along 
the y axis. This is known as a trochoidal motion. 

We note from the equations of motion (12.59), that when 

v ExB_u 


a soe 12.106 
ay er ( ) 


the Lorentz force identically vanishes (see also the first relation in 
(12.100)), namely, 


q (z + eae) =q(E—E)=0. (12.107) 


In this case, the particle would move along the initial trajectory com- 
pletely undeflected by the presence of the fields, independent of its 
mass. (Namely, f = 0 also implies that f° = vi = 0, see (12.32).) 
This is a very important feature which is utilized in creating a veloc- 
ity filter. Namely, if a number of particles are incident on a region 
with crossed electric and magnetic fields (with E < B), then only 
those particles that have the initial velocity coinciding with (12.106) 
would travel undeflected. Correspondingly, one can choose different 
electric and magnetic fields to select the desired particles with a given 
velocity. 


12.5 Motion in a slowly varying magnetic field 


The fact that the magnetic force v x B introduces a curvature to 
the trajectory of a charged particle is exploited profitably in many 
physical situations. For example, this is quite useful in the study of 
confinement of plasma as well as in astrophysical studies of plasma. 
Let us recall that a charged particle in a uniform magnetic field, 
has a circular path with a “drift” velocity along the direction of B 
(normally taken to be along the z-axis). (Sometimes, one separates 
out the circular motion to talk of a uniform motion of the “guiding 
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center”.) However, in many of these physical systems of interest the 
magnetic field is not uniform. Although the magnetic field is static, 
it varies with space, particularly longitudinally. A general problem 
of this kind is, of course, very hard to solve. However, when the field 
varies slowly, we can determine the behavior of such systems quite 
well. Namely, if the field varies slowly within the radius of curvature 
of the trajectory, we can think of the particle to be still executing 
circular motion with a radius 
_ ymevy 


12.108 
= (12.108) 


where both v,, B will now be functions of position (although slowly 
varying). 

If we assume that the magnetic field is everywhere parallel, then 
without loss of generality, we can choose this to be along the z-axis, 
B = Bz. However, in this case, it follows from the second equation 
of Maxwell 


V-B=0, 


that B = B(x,y) and that, since in general, the curl of the magnetic 
field will not vanish, such a configuration must have an associated 
steady current and we see that, in this case, the magnetic field can- 
not depend on the (longitudinal) z coordinate. As we noted earlier, 
in some physical situations, we do need a dependence of the magnetic 
field on the longitudinal coordinate which can arise only if the mag- 
netic field is not parallel everywhere. For confinement of plasma to a 
small region in space, for example, we would expect the plasma not 
to extend beyond a certain vertical and horizontal dimension. Under 
the action of a magnetic field, as we have seen, the particle moves 
in an orbit whose radius is determined by the magnetic field. Thus, 
we see that with a suitable choice of a magnetic field, the plasma 
can be easily confined to a given vertical dimension. Let us note 
also that if we have a magnetic field that is converging along the z- 
axis in some region, then the magnetic force acting on the charged 
particles will be so as to force it into the interior of the region (see 
Fig. 12.2). Therefore, there will be a component of the force along 
the z-axis which would decelerate the “drift” velocity. As a result, 
at some point along the horizontal (z) axis, the “drift” velocity will 
vanish (the “guiding center” will come to rest) and then, the direc- 
tion of the drift will change. This would lead to a containment of 
the charged particle along the z-axis as well, as shown in Fig. 12.3. 
This process is known as “mirroring” and is used to trap plasma by a 
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Figure 12.2: The Lorentz force directing the particle into the interior 
of the region. 


magnetic field by forming a “bottle” with one “mirror” point at each 
end (namely, converging magnetic fields at both ends). 


AR 
== EE 


Figure 12.3: Confinement due to a magnetic field (magnetic bottle). 


Keeping this qualitative picture in mind, let us consider a mag- 
netic field with cylindrical symmetry, B = (B,,0, Bz). We assume 
that the components of the magnetic field do not depend on the an- 
gular coordinate. In this case, the second equation of Maxwell leads 
to 


p Op az 0, 
O(pB,) _—_— OB, 
or, ars a dara (12.109) 


To leading order, if we assume that ne is independent of p, this 


equation can be integrated and leads to 
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» OB, 
Oz’ 


1 OB 
or, at Aa 


1 
Be=-- 
PPp 5? 


(12.110) 


The constant of integration is easily seen to vanish (with the assump- 
tion that B, = 0 at p = 0). It is clear now from (12.110), that for 
slowly varying fields ( Hop <1), B, is much smaller than B, within 


a radius of the size of R. Consequently, we can approximate 


B= |B Bz, (12,711) 
to write 
1 OB 
B,x~--p—. 12.112 


From the time component of the equations of motion, (12.59), 
we note that in the absence of an electric field, v is constant. How- 
ever, unlike the earlier case of motion in a uniform magnetic field, 
here a non-vanishing B, leads to a magnetic force along the z-axis. 
As a result, v, and, therefore, v, will no longer be constant. In 
fact, looking at the equation for the z component of the velocity (see 
(12.59)) for a particle moving in an orbit of radius R, we have (y is 
a constant since v is) 


d 
— (ymvz) = * Bp, 


dt 
due __1gRo OB __ 104 OB 
dE 2ymce Oz 2B Oz 
1 v2 (0) OB 
a —— 12.113 
2 B(O) dz ( ) 


Here, we have used the fact that the velocity of the particle, in the «— 
y plane, is given by v, = —v, @ (see (12.79)), v, = une (see (12.83) ) 
as well as the relation in (12.112) for a particle moving in an orbit of 
radius R. Furthermore, since the fields are slowly varying, we have 
approximated the coefficient multiplying oe (which is already small) 
by its value at z = 0 which can be thought of as the leading order 
approximation. It now follows from (12.113) that (the assumption 


here is that at t = 0, the particle is at z = O and that at ¢ its 
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coordinate is z) 


Ls, Mensa os 0) 08. 
Qdz “dz dtdz dt 22B(0) dz’ 
i eee, __ v7 (0) _ 
or, 9 (uz v;(0)) = 2B(0) (B(z) B(0)), 
2 
gee ee vi (0) B(z) 
Of: =u BO” (12.114) 


where we have used 
v2(0) + v7 (0) = v2(0) = v’, (12.115) 


since v is a constant (because there is no electric field). Furthermore, 
using (12.115), we can rewrite the relation in (12.114) as 


ee ei ee vj (0) B(z) 
co BO)” 
oe MLO) 
' Ba) BO” (12.116) 


Relation (12.116) gives an adiabatic invariant associated with 
this problem. Namely, it says that the ratio of the square of the 
perpendicular velocity to the magnetic field 


Oak 7 qRvL, 


Biz) ymc’ 


(12.117) 


is an adiabatic constant of motion. Physically, what this means is 
that an adiabatic invariant is not a true constant of motion because 
of the variation in the fields. However, when the fields change slowly 
(adiabatically), the change in an adiabatic invariant is even slower 
than that of the field. We note from (12.117) that as B(z) increases, 
v, must also increase for this ratio to be constant. However, since v = 


,/v7 + v2 is a constant, this also means that when B(z) increases, v, 
must decrease, something that we had seen qualitatively earlier. The 
magnetic flux associated with the particle motion (through a circle 
of radius R) can now be seen to be an adiabatic invariant for the 
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problem as well. Namely, 


y?micty 


2R_ 
TR°B=T 7B 
rym oF 


q Bz) 


_ re mic v1 (0) (12.118) 
g BO)’ 


where we have used (12.108) and Eq. (12.118) follows by virtue of 
(12.116). Similarly, we can define a magnetic moment associated with 
the particle, which will also be an adiabatic invariant for the motion, 
namely, 


qu quwR? 
—7R?t = 
mt a) 
yme vt yme v4 (0) 


eee mie (12.119) 


All the adiabatic invariants quantify the same qualitative be- 
havior that we had discussed earlier. For example, from (12.117) we 
see that as B(z) increases, vi increases and, therefore, R decreases. 
In this case, it follows from (12.114) that v, decreases. This shows 
that by having a strong convergent magnetic field, a plasma can be 
confined to a narrow region in space both vertically and horizontally. 
The points z = zo where v, vanishes are known as “mirror” points. 
The plasma is turned back at this point and, consequently, one can 
construct a magnetic bottle with two “mirror” points at the two ends. 
The standard mechanism for confining plasmas is, therefore, to have 
a region with stronger magnetic fields at the two ends and a weaker 
field in the middle. In this case, the plasma is trapped oscillating 
back and forth between the two “mirror” points. A similar natural 
phenomenon is also observed in earth’s magnetic field. Because the 
magnetic fields are strong at the poles and weaker at the center, pos- 
itive and negatively charged ions in the atmosphere are trapped and 
oscillate back and forth between the “Van Allen” belts. 


12.6 Particles with spin and the anomalous magnetic moment 


We have thus far considered the motion of particles carrying only 
a charge. However, a particle may also have an intrinsic structure 
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leading to an intrinsic magnetic dipole moment ps, or an intrinsic 
electric dipole moment d. In the presence of electric and magnetic 
fields, these intrinsic moments lead to interaction energies of the forms 


Emagnetic =p-B, Eclectric = A: E. (12.120) 
In a quantum theory, these moments are described in terms of the 
spin of the particle as 


Seg aha ee sg. (12.121) 


MC 


WIS 


L= 


where g = 2 and f = 0 for point charged particles as predicted by 
Dirac’s theory and any deviation of g from this value (or a non-zero 
value for (g — 2)) is known as the anomalous magnetic moment of 
the particle. Quantum mechanically, spin is, of course, an opera- 
tor. However, by Ehrenfest’s theorem, the expectation value of this 
operator can be taken to correspond to the classical spin degrees of 
freedom of a relativistic particle. 

Just as under a Lorentz transformation electric and magnetic 
fields get mixed, so do the electric and the magnetic dipole moments 
under such a transformation. In fact, the electric and the magnetic 
dipole moments (six in number like the components of the electro- 
magnetic field strength tensor) can be combined into a second rank 
anti-symmetric tensor M,,, = —M,, with 


Moi = —d;, Mi; = —€ijkUks (12.122) 


so that the additional interaction energy of the particle (with intrinsic 
moments) in the presence of electric and magnetic fields takes the 
relativistic form 


1 ie 
eintrinsic = 9 MY Fy = M" Fo; “7 5 MY" F,; 


al 
—Moi Fo: + 5 Mij Fi; 


1 
= —(-d,;)E; + 5 (—€:jkHk)(—€ijmBm) 
=d-E+p-B. (12.123) 
The important thing to note from (12.123) is that this interaction 
energy is invariant under a Lorentz transformation, much like the 


rest mass of a particle. (Recall that energy normally transforms like 
the time component of a four vector.) Therefore, we can obtain a 
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Lagrangian description of such an interacting system from (12.49) by 
replacing 


mc > me ( w) =mcA, (12.124) 
where we have identified 
A= (12.125) 


2mc? 


Namely, we can consider a Lagrangian of the form 
L=mcA(nw ts’)? + 2 A, (a) 2", (12.126) 


with such a nonminimal coupling. This Lagrangian leads to the 
canonical momentum (in the gauge (12.24)) 


OL 


pan = = mAgz,+ = 2 Ay = = Api + fy. (12.127) 


Let us first consider the case when M,,, is a constant tensor. 
In this case, the Euler-Lagrange equations following from the La- 
grangian, in the gauge (12.24), lead to 
drt! 
nm = p ST, 


dt 
d OL OL 


dr Ox act : 
ay 
dr A 


or, 


E Fu, +m(d,A) (ent! — ula?) | 


1 
“2 [bene ahrnnter 

(12.128) 
Here “comma” denotes a derivative. We note that the first term, 
inside the square bracket, represents the usual minimal interaction 
of a charged particle (although the coefficient is now modified by the 
A term). The second term which represents a new force involving 
derivatives of the field strength tensor, is manifestly transverse to u,, 


as any relativistic force should be (see Eq. (12.31)). Second, we note 
that for 


ee BS (12.129) 
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which would normally be the case, we can approximate 
Aw, (12.130) 


in which case, the dynamical equation for the momentum takes the 
form 
dp" 


1 
es oF My oa M Fy, (en” —ultu’)|. (12.181) 


The set of equations in (12.128), however, is incomplete in the 
sense that there is no dynamics for the spin variable. We do know 
that a spin angular momentum precesses in the presence of a magnetic 
field. However, the reason that we have no dynamics for the spin 
variable is because our derivation of the equations has been from the 
Lagrangian and in order to have the dynamical equations for the spin, 
we should also have a dynamical Lagrangian for the new variables 
representing the spin degrees of freedom. This can, of course, be 
done. However, it is much simpler to obtain the equations for the 
spin in an alternative manner. Let us note that since both the electric 
and the magnetic dipole moments are proportional to spin, the tensor 
M,, describing spin must be highly constrained. Let us define a spin 
four vector from the dual of M,, as 


1 
sh= G cH AP ny, Myo. (12.132) 


This is known as the Pauli-Lubanski spin variable. In the rest frame 
of the particle p“ = (mc,0,0,0) and then, it is easy to see that the 
space component of s“ is proportional to the magnetic dipole moment 
and, therefore, to spin. It is also clear from the definition in (12.132) 
that 


1 
vie = 7 Pee =). (12.133) 


Namely, much like the relativistic force, not all the components of s¥ 
are independent. Rather, we have 


39 =. (12.134) 
In the rest frame of the particle, the spin four vector takes the form 


oO, 5): (12.135) 
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For completeness, let us also note that we can invert the relation 
(12.132) to write 


Mw = Seah”. (12.136) 
It follows from this that 
oO Mag = mu Mig = 0-= 8M iy. (12.137) 


Let us note that in the rest frame of the particle, we can identify 
the space components of the spin variable as the spin of the particle 
(up to multiplicative factors). Furthermore, in the rest frame of the 
particle, we know the equation for the spin in the presence of external 
electromagnetic fields to correspond to 


ds q (9g f 
pe ee i 1971 
a 4 (gsxB+isxs) (12.138) 


From this, we can transform to any other Lorentz frame in a simple 
manner. First, let us note that we can write 


(S x B), = —FijS; = F/S; => Beg’ 

(S x E),; = €:jn5j Fox = By’ st, (12.139) 
where we have defined the dual of the field strength tensor as 

~ 1 

Be eHYAP Fr (12.140) 


With this, it is easy to see that the generalization of the equation for 
the spin to any frame can be given by 


ds¥ GD 5 \ wut f ox \ wut 
— = 4 |2 oop predates ! eR ee 
dr me E sie a ee C2 Bu len 


— = 8,— wu". (12.141) 


It is easy to check that this equation reduces to (12.138) in the rest 
frame of the particle. The last term in (12.141) vanishes in the rest 
frame of the particle. However, it is essential in a relativistic gener- 
alization in order to satisfy the constraint in (12.133). For example, 
let us note from (12.141) that the terms in the square bracket are 
orthogonal to u,. Consequently, it follows that 


ds du* 
tg = ae 
bb 
gg Ey, (12.142) 


dt 
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which is consistent with (12.133) and holds only because of the pres- 
ence of the last term in (12.141). 

Equation (12.141) is still not in a simple form. It can be further 
simplified using the dynamical equations for the particle in (12.128). 
In fact, for a uniform field (and for A = 1), we can use (12.128) to 
write the equation for the spin in any Lorentz frame as 


dst q |g 1 ge) aN 
ae = ne ig FRY gs) + a (Z = 1) 8)\F Pau cul 
eke HMM gy ate = 8,F¥u,u" (12.143) 
2 yer een e 


There are several things to observe from this equation. We note 
that for a particle without an electric dipole moment (f = 0) moving 
in a uniform magnetic field (Fo; = 0), the equation for the spin takes 
the form 

ds q 


=2 
Gmc (ors, + wg) oP up) (12.144) 


Writing out the equations explicitly, we obtain, 


ds gq ya(g — 2) 

Grane one Oe 

ds? _1d(v-s) _ ya(g—2) 

oe SOE) 12.145 
ap ae ode Ime ~ ab) ( ) 


where we have made the identification in (12.134). The time rate 
of variation of the longitudinal component of the spin can now be 
calculated using (12.128) and the second relation in (12.145). 


d(v-s) _idwv:s) (Wis), dv 


dr v dr vs dr 
_ 1d(v-s) 
yu dr 
Ng: 
gna 8 (s x B), 
d(v¥-s)  q(g—2).. 
or, dt = OIE. Vv: (s x B). (12.146) 


Here the second term on the right hand side in the first line van- 


ishes because v - gv = 0 which follows from the second equation in 


(12.128) for a uniform (constant) magnetic field. Equations (12.145) 
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and (12.146) show that when g = 2, the longitudinal component of 
the spin (also known as the helicity) does not change with time, while 
the spin precesses with the same frequency as the cyclotron frequency 


However, when the particle has an anomalous magnetic moment and 
(g — 2) # 0, then the longitudinal component of the spin changes 
with time and, therefore, along the trajectory of the particle. Conse- 
quently, the anomalous magnetic moment associated with a charged 
particle can be experimentally determined and the current measure- 
ments have it vanishing for a point particle up to an accuracy of about 
10-'°. Furthermore, the experimental measurements are in excellent 
agreement with the predictions of quantum electrodynamics. 


CHAPTER 13 
Scattering and diffraction of 
electromagnetic waves 


In classical mechanics as well as in quantum mechanics, we are famil- 
iar with the phenomenon of scattering where a particle or a number 
of particles incident on some center of force suffer deflection in their 
trajectories because of the action of the force. Similarly, electromag- 
netic waves can also undergo scattering. For example, we can imagine 
a plane wave incident on a perfectly conducting sphere. The incident 
fields would induce a surface current on the sphere which, in turn, 
would generate electromagnetic fields and would lead to total fields 
(incident plus scattered) which will be different from those associated 
with the incident wave. So, conceptually the scattering set up in elec- 
tromagnetism is quite similar to what we are used to. The meaningful 
concept in such an experiment is again the cross section. However, in 
the present context, the differential cross section is defined as (classi- 
cally we have only electromagnetic waves and no particles) the ratio of 
the average energy scattered per unit time per unit solid angle along 
the direction (0,¢) to the average incident energy per unit time per 
unit area. 


__ Average scattered energy /second/solid angle 


60.) = — Se, 8 


Average incident energy /second/unit area 


We note that in a scattering experiment involving waves, there are 
three length scales involved, namely, the size of the scattering source 
d, the wave length \ of the incident wave and the distance R from 
the scattering source where observations are made. The observations 
are, of course, made far away from the scattering source so that R > 
A,d. When A > d, the phenomenon is commonly characterized as 
scattering while for \ < d, it is called diffraction. As we will see, the 
techniques involved in the study of the two phenomena are different. 
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13.1 Scattering from a perfectly conducting sphere 


It is clear that the problem of scattering corresponds to solving a 
boundary value problem, much like what we have done in electrostat- 
ics or magnetostatics. However, in the time dependent case, there are 
very few problems that can be solved exactly. Scattering from a per- 
fectly conducting sphere is one such example. In general, therefore, 
we have to develop some approximate methods for dealing with such 
problems. In this section, however, let us see how the boundary value 
problem can be solved exactly in this case. 

Let us assume that the scattering sphere has a radius d and that 
a monochromatic plane wave of frequency w is incident on it along 
the z-axis. We assume that the center of the sphere coincides with 
the origin of our coordinate system. First, let us recall some facts. 
We know from the study of scattering (in quantum mechanics) that 
a scalar plane wave, which is a solution of the Helmholtz equation, 
can be expanded in terms of spherical harmonics as 


elk x = elke = etkr cos 6 
lore) 
= Soi (2 +1) je(kr) Pe(cos 8) 
L=0 


= So it Var QUF1) jelkr) ¥20(8), (13.2) 
L=0 


where j¢(kr) denote spherical Bessel functions and we have used the 
definition 


¥i0(8) = 
This shows that a scalar plane wave contains only waves with angular 
momentum projection m = 0. 

Let us next recall that a circularly polarized harmonic electro- 
magnetic wave traveling along the z-axis in vacuum will have electric 
and magnetic fields of the forms (factoring out the time dependence, 
see also (11.72)) 


Bax(x) = ZX Eg1(x) = +7 Ep (x), (13.3) 


where the first sign corresponds to a right circularly polarized wave 
and the second to a left circularly polarized wave. (For simplicity, we 
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are assuming fields of unit intensity.) Of course, the right and left 
circularly polarized fields in (13.3) can be expressed as superpositions 
of electric and magnetic multipole fields which we have discussed 
earlier. Therefore, for the fields in (13.3), we can write in general 
(see the discussion in sections 9.4 and 9.5 on multipole expansions, 
in particular, see (9.116) and (9.117)) 


B(x) = >> fae(€,m)je(kr) Yom 


Lym 
+ “bell m)V x (Jelkr) Xen) 
Bax(x) = >. | — paz (E,m)V x (Je(r) Ye) 
Lym 
+ by (l,m) uk) Yem| (13.4) 


Here, we have used the well behaved spherical Bessel functions for the 
expansion of the plane waves (and not the spherical Neumann func- 
tion) since the plane wave is well behaved everywhere. The constants 
+(¢,m) and b+(@,m) specify respectively the amounts of magnetic 
multipole terms and the electric multipole terms present in the wave 
corresponding to a given (€,m). Furthermore, Y¢m(9,¢) represent 
the vector spherical harmonics defined in (9.114). 


Q 


To determine the expansion coefficients az(¢,m),b<(,m), we 
need to understand some of the properties of the vector spherical 
harmonics. We have already seen in (9.115) that 


[eo Yom (9, ?) : Yem(9, om) = ee Omm’ « (13.5) 
Let us next note that for any arbitrary radial function f(r), we have 


V X (felr)Yem(9,0)) = (Vfelr)) x Yom + felr)V <x Yom 


_ dfe(r) Rx Vin + __felr) Vx LYom, (13.6) 


dr e(@+ 1) 


where we have used the definition of the vector spherical harmonics 
given in (9.114). Furthermore, using the relation (9.122) we obtain 


V x LYpm=-i (rv?-v (1472) You 
= 
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= —ir(V?Yam) + i(VYem) 
ir 1. 

= = F(E+1)Yom + ft LY pia: (13.7) 
r 


Here, we have used the fact that the spherical harmonics depend only 
on the angular coordinates and are eigenstates of L? (see Eq. (9.97)) 
and that 


1 0 a 1 
v= (2) ie L?, (13.8) 


~ 2 Or Or 


We have also used the decomposition of the gradient given in (9.108). 
Substituting all these relations into (13.6), we obtain 


V x (felt) Vem) = AV EEF 1) = fel ¥em 


+ (BO OD 5 vem (13.9) 


dr r 


It follows now that 


Je Youn (VX (felr)Yem)) 


feo Yo mL: (V X (felr)Yem)) 


d 
=o (SE, BO) far yg gb: te x em) 


aeyeees | ae, (+ ae 4) fo YormL: (rv x L)Yem, (13-10) 


r/Ol+1) \ dr 
where we have used (9.98). Furthermore, from the definition of the 
angular momentum operator in (9.95), it follows that 


L- (re x L) = en Lirj Lr 
= —1€jjk€ipgTp V q?j Lr 
SS Vierg be TeV Gt ele) 
=-i(r-L4+rV-L+r-L—-Vj(rjr-L)) 
= 0. (13.11) 


Here we have used (9.98) as well as the fact that the defining relation 
in (9.95) leads to 


V-L=0. (13.12) 
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As a consequence of (13.12), it follows now that 
/ dO YE my (VX (felr)¥em)) = 0. (13.13) 


With these identities, we are now ready to determine the coef- 
ficients of expansion in (13.4). Using (13.5) and (13.13), we obtain 
from Eq. (13.4) that 


Q 


-(£, m)je(kr) = [2 Yom B Ere 


ih 
= ——__ | dO (LY),,)* - (& $ iy) ce” 
Ty | ao b¥m" FH 


1 
a fs fo (Lave) etkz 
le 1) 


= CEE [00 ¥iu et, (13.14) 


where we have used the standard definition 


Ls = Ly +ily =L- (& + iy), (13.15) 


as well as the action of L+ on spherical harmonics. If we now use the 
expansion of the plane wave in (13.2) as well as the orthonormality 
of the spherical harmonics, we obtain 


(= m)\(€£m+41) 
200 + 1) 


Q 


=(£, m)je(kr) = 


x Soi 4 Ql $1) jo (kr) if 12 Yomi ¥e,0 
e 


(C=emj(e x= m+ 1) 
(e+ 1) 


x SS ie Qn (2l’ + 1)je(kr) 6¢,¢'Om,F1 
ev 


= if \/2n (20 + 1) je(kr) Sm,x1, 
or, az(€,m) = i*\/2n(20 + 1) dm51- (13.16) 
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Similarly, using (13.3) and (13.16), we can determine 


o 


= (2. m)je(kr) = fo Yeni £ Ba 


— Ey : dQ bo iS Eri 
= tiaz(l,m)je(kr), 
or, b;(f,m) = tiaz(é,m) 
= 47°), /2n(26 + 1) bm <1. (13.17) 


Substituting Eqs. (13.16) and (13.17) into (13.4), we obtain 


Exp = >_ i /2n (2 +1) 
l=1 


x [sel acan EY x (elk) ¥ee) 


Bar = >) /2n(2 +1) 
l=1 


x Ev x (je(kr) Ye¢1) + tele - (18.18) 


We see that since the projection of the angular momentum along 
the z axis is unity for circularly polarized waves, only the m = +1 
azimuthal quantum numbers enter into the multipole expansion of the 
electric and the magnetic fields (which is the reason ¢ = 0 is excluded 
from the sum). This has to be contrasted with the expansion of the 
scalar plane wave which involves only m = 0. 

With these basics, let us now discuss the scattering of a plane 
electromagnetic wave from a perfectly conducting sphere of radius d. 
The incident wave can be right or left circularly polarized (or linearly 
polarized which is a superposition of these two) and would scatter 
due to the presence of the sphere. Therefore, at large distances away 
from the scattering source, we expect outgoing spherical scattered 
waves. We can, therefore, write the total electric and magnetic fields 
to have the forms 


Eat = Ee a Ee? Bri = Bon) + BE, (13.19) 
where we can assume the incident plane waves Een) Ber) of unit 
intensity to be given by (13.3) or (13.18). On the other hand, we 
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expect the scattered waves to have outgoing spherical wave forms at 
large distances. Therefore, following our earlier discussions, we can 
write 


x fer(On) ir)¥en _ #9 , (11 ory¥e)| 


: |! Vx (n{ (ier) Yo41) ps ids (OA? (erYXe| , 
(13.20) 


where hn (kr) is the spherical Hankel function of the first kind de- 
fined in (9.91) which is spherically outgoing at large distances. The 
fields in (13.20) have exactly the same forms as in (13.18) except for 
the constant coefficients c<(@),d<(¢) which will be determined from 
the boundary conditions. 


As we have already seen, there are no electric and magnetic 
fields inside a perfect conductor and the conditions satisfied by the 
electric and the magnetic fields on the boundary surface are given by 
(see (7.4)) 


axE|=0, Aa-B|=0. (13.21) 


For a perfectly conducting sphere of radius d, the boundary is at r = d 
(we are assuming that the origin of the coordinate system lies at the 
center of the sphere) and the unit vector normal to the boundary is 
the radial unit vector r. Thus, imposing the boundary condition on 
the electric field, we obtain 


Bx (Bin a EY) ) 20, (13.22) 


r= 


Let us recall from Eq. (13.9) that 


tx (V x (fe(r)Yem)) = Gee + a) i x Veg) 


dr Tr 


= (240) £9 v,, 


dr Tr ’ 


eae (rfe(r)) Yom; (13:23) 
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where we have used the definition of the vector spherical harmonics 
in (9.114) as well as the orthogonality relation (9.98). Furthermore, 
we note that 


[eo Yom! . (¢ x Yess) = 0, (13.24) 


which follows from (13.11). 
Using these identities, we obtain from (13.22) 


[e9¥in- @x BM +BED)]_ =o. 
O.. d(l) 0 (1) at 
on, [5 (an(hr)) + SOS (raQ(ar))] 0, (1825) 


where we have used the orthonormality of the vector spherical har- 
monics in (9.115). Similarly, the boundary condition on the magnetic 
field (see (13.21)) leads to 


jo(kd) + 0) 5 (na) =0. (13.26) 


Relations (13.25) and (13.26) determine the arbitrary coefficients 
present in the definitions of the scattered waves, namely, 


we = 2d, = (28 
° n\” (kd) nh (kd) 
i) = — Rider) 
DRO (kr)) 
Or L r=d 
8 (pp, (2) 
x(rh;’(k 
= ene = 1 (13.27) 
ar (rhp (kr)) bey 
where we have used the definition of the spherical Bessel functions in 
(9.91). 


Let us recall that hn) (kr) = (n\? (kr))*. Therefore, we see that 
the first term on the right hand side of each of the defining relations 
in (13.27) has unit modulus. This allows us to define phase angles of 
the forms 


pie = nh? (kd) 
hy (led). 
8 (pp) 
sy S(rh,’(k 
2, — — mad us r) : (13.28) 
ar (rhe (kr)) aa) 
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We can think of 6,6) respectively as the magnetic and the electric 
phase shifts in the @th multipole fields. This is completely parallel to 
the analysis of scattering in quantum mechanics. In fact, in terms of 
these phase shifts, we can write 


~(€) = (e7%¢ — 1) = 2ie™ sin bp, 


ior) 


dz(€) = (ce? — 1) = 2ie*e sin 6}. (13.29) 


Correspondingly, the scattered electric and magnetic fields can be 
written as 


EGO = 7 Qn (20 + 1) ee — 1h? (krYVeq1 
+ ey x (Af (kr) ¥ee))) 
BS LS it VROlTD = (oy x (hy (kr¥o.¢1) 
l=1 
+ i(e%e — LAY (kr) Yee. (13.30) 


Let us next consider the asymptotic forms of these fields for 
large r, far away from the scattering source. In this case, we know 
that 

AY (kr) > (—a)et} ail (13.31) 

is kr ~ : 


It follows, therefore, from Eq. (13.9) as well as (13.31) that for large 
5 


(—i)*et*r 


V x (AM (krY¥e1) fx Yor. (13.32) 


Substituting these into the expression for the scattered electric and 
magnetic fields, we obtain that, for large r, 
ikr 
Ee? + 


f.(9, 0), 


BE? 5 # x EE, (13.33) 
where we have defined 


(0,6) = 3 ane +1) 
l=1 


x le’ sin d¢Ye+1 + ie sin Opt x Yori|. (13.34) 


440 13 SCATTERING AND DIFFRACTION 


In analogy with the discussion of scattering in quantum mechanics, 
we can think of f;-(6,¢) as the vector scattering amplitude. We note 
that the second relation in (13.33) is what we would expect in the far 
(radiation) zone. 

Let us note now that the average power radiated by the scattered 
wave per unit solid angle through a large spherical surface of radius 
R is given by 


ape) _ ene ~ (sc) (sc) \ x 
dQ. - (Bet x (Br) ) 


- 2 Bp 


a lf-(0, d)|2. (13.35) 


We also note from the form of the incident wave (13.3) that it is a 
plane wave traveling along the z-axis. Therefore, the average incident 
power per unit area is given by 


Cc x inc inc)\ x 
Iai = a (Bh? x (BON) ) 


Cc 


EC inc) . 
=| las 


(13.36) 


In this case, we obtain the differential cross section for scattering, 
(13.1), to be 


on (9,¢) = |f(0, 6). (13.37) 


This clarifies the meaning of f;-(0,¢) as the (vector) scattering am- 
plitude. The total scattering cross section can now be obtained by 
integrating the differential cross section and, using the orthonormal- 


ity relations for the spherical harmonics, we obtain 


gee ay 


awe 


= (2¢ + 1) [sin? dp + sin? 5] . (13.38) 


l=1 


This shows that the magnetic and the electric multipole fields con- 
tribute incoherently to the total scattering cross section (there is no 
cross term because of (13.24)) although, as we will see, there can be 
interference terms present in the differential cross section. 
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With these general observations, let us calculate the differential 
scattering cross section in the long wave length limit kd < 1. This 
would particularly be true for scattering by small particles. In this 
case, from the definitions of the spherical Bessel functions we obtain 
that 


_ je(kd) (kd)24+1 
tan oe = | (kd) (0+ ((2e — 1) 
20+1 
or, Oe yxy ia) > 
(22+ 122 — DI! 
2 (rjo(kr)) £41 kd)2é+1 
Br (rne(kr)) | _ (2 + 1)[(2@ — 1!) 
or, 6) % --41 Oe. (13.39) 


This shows that the higher angular momentum components of the 
phase shifts fall off rapidly with @ in the long wave length limit. There- 
fore, we can approximate the expression for the scattering amplitude 
by keeping only the lowest order term corresponding to ¢ = 1. We 
note from (13.39) that 


(kd)? 
3 ’ 
Using this, the scattering amplitude in this approximation becomes 


V6 
f£(0, ) y “— 61 (Yi51 + ir x Yi71) . (13.41) 


Furthermore, using the properties of the angular momentum opera- 
tors and the spherical harmonics, we obtain 


Or (9, ?) = |f(9, ¢)|? 


6, &— 


Oy & —26;. (13.40) 


y= \61|? ((Yi1l? + A\Yy <1? 


+4Im (Yi . (¢ x Yi,71))) 


. (1 + cos? #) — cos 6 . (13.42) 


= d?(kd) 
Here, we have used the definitions of the spherical harmonics in 
(9.138) as well as L in (9.95). The cos@ term represents the inter- 
ference between the magnetic and the electric dipole terms (¢ = 1). 
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We note that the differential cross section is the same for both the 
right and the left circularly polarized waves. Furthermore, it is pro- 
portional to the fourth power of the frequency and has a peak in the 
backward direction 6 = 7. Integrating this, we obtain 


107d? 


(kd)*. (13.43) 


gare = fao |f-(0, 6) |" = 


The interference term does not contribute to the total cross section. 
The dependence of the scattering cross section on the fourth power 
of the frequency is a characteristic of dipole fields and is known as 
Rayleigh’s law. 


13.2 Kirchhoff’s approximation 


We have already discussed briefly about the Kirchhoff’s representa- 
tion in section 6.9. However, the discussion there was in terms of 
the scalar potential. The basic observable fields in the Maxwell the- 
ory are, on the other hand, vector fields, namely, the electric and the 
magnetic fields. Thus, in this section we will generalize the discussion 
of section 6.9 to vector fields. Let us, however, emphasize that the 
components of the electric and magnetic fields can be thought of as 
scalar functions (as far as the discussion of the Kirchhoff’s represen- 
tation is concerned) and, as a result, we can, in principle, carry out 
the discussion from the results already derived earlier. But, for com- 
pleteness as well as continuity with the earlier section on diffraction, 
we will discuss here Kirchhoff’s representation for vector fields. 

Let us recall that if we Fourier transform the time variable (see 
discussion in section 9.4), Maxwell’s equations in a dielectric medium 
take the forms 


Ar 


Vere 

V-B=0, 

VxE="B, 

VxB= <TH y “YE. (13.44) 


Defining 
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we note that (13.44) leads to 


Z: 
Vx (Vx E)-PE=— yg, 
Cc 
4 
Vx(VxB)-PB=—“VxJ. (13.45) 
Cc 


In the absence of sources, both the electric and the magnetic fields 
are transverse and, consequently, (13.45) reduces to the Helmholtz 
equations 


(V7? + k?) E(x,w) = 0, 
(V? +k?) Bex,w) =0, (13.46) 


the solutions of which we have discussed in detail in section 9.4. 

In the presence of sources, on the other hand, we see from (13.45) 
that both the electric and the magnetic fields satisfy an equation of 
the form 


Vx (Vx V)—F°V = 4rf, 
or, (0,0; _ Oi; (Vv? + k?)) Vj = Ar fi, (13.47) 


where V; stands for the three components of either the electric or the 
magnetic fields and f; the sources. (Repeated indices are assumed 
to be summed.) To solve such an inhomogeneous equation, we will 
make use of the method of Green’s functions. In this case, we note 
that the Green’s function will be a tensor and from (13.47) it follows 
that the equation satisfied by the Green’s function would have the 
form 


(Or — dim (We + k?)) Ginj (x _ x’) i 4n6;30° (x _ x), (13.48) 


From the definition in (13.48) we see that the Green’s function is a 
second rank symmetric tensor, namely, 


Gij (x = x’) = Gyi(x’ = Xx). (13.49) 


Furthermore, the particular solution of an inhomogeneous Helmholtz 
equation of the form (13.47) can now be written as 


Vix wo) = [ete Gij(x — x’) f;(x’). (13.50) 


The form of the Green’s function satisfying (13.48) can now be de- 
termined along the lines discussed in section 6.8. First, we note that 
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the Green’s function for the scalar Helmholtz equation (9.87) satisfy- 
ing the boundary conditions that at large distances it represents an 
outgoing wave has the form 


a(x) = —, (13.51) 
where x = |x|, namely, 
(V? +k?) g(x) = —4163(z). 


It can now be easily checked that the tensor Green’s function in 
(13.48) is related to the scalar Green’s function as 


Gij(x — = (a 0,0; + a) g(x — x’). (13.52) 


The symmetry (13.49) of the Green’s function is manifest in the form 
(13.52). 

The Green’s identity (3.67) or (6.197), in this case, can be de- 
rived as follows. Let us note that for an arbitrary vector V; and a 
second rank tensor Ajj (not necessarily symmetric), we can write 


[eee [Vi (aia, = ,;V'?) Aj = Aik (aa, = 6,0") v;| 
= f ae! &f [Vj (Opin — A Ajx) + Aru (BV; — 5M] 
= f as'nt [Vj (Qin — Ayn) + Ape (01V) — 240)] 


= fas! [— (ni — nh) apn + Aunt (Yj — BV) 
(13.53) 
where we have used Gauss’ theorem. Furthermore, n’ denotes the 
unit vector normal to the surface S’. There are now two cases to 
consider. If we identify 


Vi(x') = E;(x',w), Ai; (x,x’) = Gij(x — x’), (13.54) 


then, in a region within the bounding surface (free of sources), (13.53) 
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leads to 
Ej(x,w) = —z fas (( [(n), Em —n mij) O;Gmi 
enue EjmeGmin, Be 
vai 
= i ! ! ! ik ! 
= ap ds Ejlm (n x E),, 0; Gos —- Vai Br€mjeni Gui 5 


(13.55) 


Here we have used (13.44) in a source free region as well as (13.48). 
It is clear that (13.55) can determine uniquely the electric field when 
the values of the tangential components (of the electric field) are 
specified on a given surface provided the Green’s function satisfies 
the boundary condition 


€jmN~¢Gmp(X — x’) = 0. (13.56) 


The Green’s function satisfying such a boundary condition is known 
as the electric tensor Green’s function and is denoted by Ge °) Choos- 
ing such a boundary condition, we obtain from (13.55) 


1 e 
Ej(x,w) = a ow (n’ x E(x’))  emjeOsGO (x—x’). (13.57) 


The magnetic field can now be determined from (13.44) to be 


Bi(x,w) = YF (9 x B(x,u)); 


= VE fast ( n’ x E(x (x’)), € jem €ipqO/O,G) (x —x’), 


ae 
(13.58) 

The combination 
€ jem €ipqQO,G) (x — x’), (13.59) 


in the earlier equation is sometimes also referred to as the magnetic 
tensor Green’s function (up to a multiplicative constant). Thus, we 
see that the Green’s identity allows us to solve for the electric and 
the magnetic fields in terms of the boundary values of the tangential 
components of the electric field on a given surface and the electric 
tensor Green’s function. 


446 13 SCATTERING AND DIFFRACTION 


Similarly, identifying 
Vi (x’) = B,(x’), Aj; (x, x’) = Gi; (x — x’), (13.60) 


in a source free region (within the bounding surface), we obtain from 
(13.53), 


B,(x,w) = —z fas'[( [(n), Bin — ni mBj) HGmi 
+t,/Eeuk €jmeG min; Ex] 


1 : 
= —z fee [esem (n’ x B),, Gy + t/epk Em€mjer;Geil- 
(13.61) 


We see once again that if we have the electric tensor Green’s function, 
then the magnetic field can be solved uniquely in terms of the bound- 
ary values of its tangential components specified on a given surface 
as 


1 e 
By(x,w) = fds! (n! x BOX), enjeGl (x - x’). 
(13.62) 
The electric field then follows from (13.44) to be 


EEN i= (V x B(x,w)), 


ak 


(n’ x B(x’); €jlm€ipqQO,Go), (x —x’). 


el ! 
~ On /eiik , ad 
(13.63) 


This analysis makes it clear that the electric and the magnetic fields 
can be determined uniquely if the values of the tangential compo- 
nents of either the electric or the magnetic field are given on a given 
boundary surface. However, specifying the tangential components of 
both the electric as well as the magnetic fields on a boundary over- 
specifies the system unless the tangent components of the electric 
and the magnetic fields on the boundary are consistent. In such a 
case, the electric field at any point within the region bounded by the 
surface is given by (13.55), namely, 


1 
Ej(x,w) = Tk Jes lejem (n! x E),,, Ges 
Lk; 
aa Bmemgen,Gui| (13.64) 


Wan 
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The relations obtained above are exact in the sense that there 
has been no approximation used so far. However, determining the 
boundary conditions in a given problem, (namely, determining the 
tangential components of the electric and the magnetic fields on the 
boundary) is in general difficult and it is here that approximations 
creep in. In particular, Kirchhoft’s approximation uses the notions 
from geometrical optics in estimating the tangential components of 
the fields on a boundary surface. For example, let us assume that we 
are considering diffraction of electromagnetic waves from a spherical 
conducting surface. In this case, the surface of the sphere can be 
divided into two parts, one that is illuminated by the incident wave 
and the other that is in the shadow. Kirchhoff’s approximation con- 
sists of assuming that in the illuminated part of the spherical surface, 
we have already seen from our studies on reflection from a perfectly 
conducting surface (see the discussion in sections 8.2 and 8.3) that 


nx E=n x (BM) + Bre) = 0, 
nx B=nx (BO) + BO) = an x BOM), (13.65) 


Using these we conclude that, in the illuminated part of the sphere, 
we can write 


nx Bom) — nx EL), nx Bom) =nx BOS, (13.66) 


On the other hand, in the shadow part of the spherical surface, Kirch- 
hoff’s approximation assumes that there is no total field so that 


nx El) = —-nx E&), on x Bon) = —n x BE, (13.67) 


Here the subscripts I and II refer to the two regions of the surface of 
the sphere. 

Without going into too much technical details, let us indicate 
how Kirchhoff’s approximation can be used to calculate the diffrac- 
tion of a plane wave from a conducting sphere. Let us assume that 
the plane wave is incident in vacuum (€ = 1 = 2) along the z-axis ona 
perfectly conducting sphere of radius a. Thus, we identify k=2Z=n’. 
We assume that the origin of the coordinate system coincides with 
the center of the sphere. Then, we can consider a point outside the 
sphere to be contained in a region bounded by the surface of the con- 
ducting sphere as well as the large spherical surface at infinity. With 
a little bit of analysis, it can be shown that the surface integral over 
the large sphere at infinity vanishes. Thus, we can write the scattered 
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electric field in terms of the fields on the surface of the conducting 
sphere as 


(sc) a= 1 sc 
Be x) = —z fas! lejem (n’ x EI ) Ge 
= tk BO enjeniGei 


1 a 
= ers [os léjem (k x Ee). IG; = i BE emekjiGei 5 
(13.68) 


where the surface integral is over the conducting surface. As we have 
noted earlier, the surface integral can be divided into two parts, one 
over the illuminated region and the other over the shadow region and 
the boundary conditions are different for the two regions in Kirch- 
hoff’s approximation. We see from (13.67) that we can write the 
contribution from the shadow region as 


8¢ 1 1. inc 
Ene (x) = Ae Jew lejem (k x Ef ) Ge 
1B) emsekjGei : (13.69) 


The shadow region has an interesting property that as long as 
the observation point x does not lie inside the surface of the sphere, 
the shadow integral can be evaluated over any surface bounded by 
the diametric vertical plane (that separates the illuminated and the 
shadow regions). This property can be easily proved using Gauss’ 
theorem, but the consequence of this is that the shadow integral can 
be simplified and evaluated over the diametric plane. Here z = 0 
and we can parameterize x’ = p = xé, + yé,. Furthermore, if the 
observation point is very far away from the surface of the sphere, 
namely, x > 2’, then we can approximate 


g(x — x!) a eB = g(x) eo, 
G ion eae rae 13.70 
g(k—-x) & [- rm) + 6:3 | glx)e , (13.70) 


where we have used the definition of the tensor Green’s function in 
(13.52). Using this in (13.69), we obtain that at large distances away 
from the conducting sphere, the contribution coming from the shadow 


13.2 KIRCHHOFF’S APPROXIMATION 449 
region has the form 
EY? (x) © = g(x) fw |—zf? + (k x Bo) | etkx! 
= “ g(x) ES") / dsc (13.71) 


where me) represents the amplitude of the incident wave and we 
have used the relation 


k x Bo) = — pln), (13.72) 


The surface integral can now be done in a straightforward man- 
ner 


ew eT ik x’ — | eaoae! etkpsin 6 cos(¢—$") 


a pdp 27 Jo (kp sin @) 
0 


7 aJ\(kasin 0) 


=2 
ksin@ ’ 


(13.73) 


where we have used the formulae from the standard tables (see, for 
example, Gradshteyn and Ryzhik, 6.5615 and 8.4111). Putting to- 
gether all these, the contribution from the shadow region at large 
distances can be written as 


iaJ;(kasin 0) e%*® 


sin 0 x 


Ey) (x) © Bee), (13.74) 

The contribution from the illuminated region can also be cal- 
culated in a similar manner. However, the integral, in this case, is 
slightly involved (simply because it has to be carried out over the 


hemisphere) and we will not go into the details of that. 
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